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Sam Kutler, now retired from S. John’s College in Annapolis, once pointed out that there are
three great congtants in mathematics, p, e and g, and that Euler had arolein dl three of them. Euler did
not discover e or p, but he gave both of them their names. In contrast, Euler discovered, but did not
name g, the third and least known of these congtants.

Thisgisusudly known as the Euler-Mascheroni constant, acknowledging both the work Euler
did in discovering the constant in about 1734, (more on this later) and the work of Lorenzo Mascheroni
(1750-1800). Mascheroni was apriest and a professor of mathematics a the University of Paviain
Italy. AsMascheroni studied Euler’s books on integra calculus, he took careful notes and extended
severd of Euler’ sreaults, especialy those involving the constant that now bears his name. Mascheroni
published his notesin 1790 under the title Adnotationes ad calculumintegrale Euleri. The editors of
Euler’s Opera Omnia have republished Mascheroni’ s Adnotationes as an appendix to the second volume
of Euler’sintegrd cdculusin Series 1 volume 12 of the Opera Omnia. Mascheroni’s Adnotationes are a
model of awonderful way to learn mathematics. find an excellent book on the subject and work through
it, theorem by theorem, working examples, checking proofs, and extending results when you can. It
does't make very exciting reading, though. It'sabit like reading someone ese's homework
assignments, watching that person struggle, but eventualy master difficult concepts.

Euler made hisfirst steps towards discovering gammathe congtant in the same letter to Chrigtian
Goldbach dated October 13, 1729 in which he dso first mentioned gamma the function. Goldbach and
Daniel Bernoulli had been working on “interpolating a sequence’ by finding a function that “naturaly
expresses’ the sequence, and that is dso defined for fractiond vaues. We learned in last month's
column how the gamma function interpolates the series of factoria numbers.

Bernoulli and Goldbach were dso working, without much success, to interpolate the partid sums
of the harmonic series. In modern notetion, they were looking for afunction f (x) suchthat, if nisa

positiveinteger, then f (n) = a % . Intheletter, Euler hinted a his solution, daiming that he had found
k=1

such afunction, and that f (£) =2- 2In2, but Euler did not give details. Instead, he published the

details afew years later as De summatione innumer abilium progressionum, “ On the summation of
innumerably many progressons.” [E20]




In his aticle, Euler asks usto look at theintegral () —=—

1 dx. If nisapogtiveinteger, we can
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expand the integrand as a geometric series and get

L X xRt b XL
1-x
Integrating this gives
N 1- X" N 2 n-1
Q T x dx:Q(1+x+x + -+ X7 JdX
e x X x g
= QX+ e —
e 2 3 n =0
:1+£+l+ +1
2 3 n
Taking f (n) :Ql 11 X_dx givesthe nth partid sum of the harmonic series. Sincetheintegral
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iswdl-defined evenif n isnot an integer, we seethat f isafunction that interpolates the partid sums of
the harmonic saries. It isthe function that Bernoulli and Goldbach had been unable to discover.

If wetake n =%, we get, by arather tricky bit of integration, the details of which we will omit,
just like Euler did,
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as Euler had daimed in his letter to Goldbach.

Euler triesasmilar trick on the sum of the reciprocals of perfect, taking a stab a the Basdl
problem, but he gets an integrd that he's unable to evauate. He does manage to approximate it, though,
and thus makes amgjor step towards his solution to the Basel problem, which he discovered just two
yearslaer. Detalsarein my book. [

In both of these projects, partid sums of the harmonic series, and the Basdl problem, Euler
notices how sumslike § f (k) areclosdly rdlated to integrals Qn f (x)dx, and that as n getslarge, the

k=1
difference between the two seems to converge to a constant.



In E20, Euler didn’'t follow up on thisidea, but he soon returned to it with E25, Methodus
generalis summandi progressions, “Generd methods of summing progressons.” There he gives hisfirg
account of what we now cal Euler-Maclaurin summation. Using Euler’ s notation, if sisthe sum of a
sequence the terms of which are “naturaly expressed” by afunction t(n), then Euler found that

bdt gd’ dd*
+ +

+etc.
dn dn®* dn’

s= 6dn+at+

where the Greek |etters are congtants that will eventualy turn out to be related to the Bernoulli numbers.
It will take Euler 20 years to discover that reationship, though.

Thisformulatells us thet the difference between asum, s, and anintegrd, (ytdn, isequd to
bdt gd* dd%

+ + +
dn dn® dn’
edimate. Maclaurin was interested in using finite sums to gpproximate definite integras, but Euler used
improper integrals to gpproximate infinite series and definite integrals to gpproximate finite sums. Since

the Euler’s and Maclaurin’s approaches were so different, the summation formula bears both their
names, even though Euler found his version at least eight years before Maclaurin’ s work.

at +etc. For some functionst, this error term converges quickly and is easy to

For Euler and Maclaurin, each series or function had its own error term, given by the formula
above. They were ableto calculate the error termsfor particular cases. The error term for 1/x is
approximately 0.577, the value we now cdl g, whilefor 1/ x* it is gpproximately 0.645. Mascheroni put
his own name next to Euler’sin 1790 by caculating the error terms corresponding to many other series
and functions, and showing how dl the error termsinvolved the vaue g.

Findly we turn to the question, who firg caled it g? Havil [H, p. 90]. Dunham [D] and Glaisher
[G] dl tel usthat it was Mascheroni. Twice | have checked the Opera Omnia edition of Mascheroni’s
Adnotationes, and Mascheroni consgtently usesthe symbol A. Jeff Miller [Mi] cites a source that saysiit
was Euler in 1781 who firgt used g. | have checked al of Euler’'s 1781 works, and | find him using A and

C, but not g.
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Miller and Glaisher dso cite an 1835 article by Carl Anton Bretschneider [B], and, indeed, in the
paragraph shown above, from page 260 of that article, we find Bretschneider using g to denote the
congtant. We aso see him citing Euler and, esewhere on the page, Mascheroni, and the work of “vir cl.
Kramp,” who caculated g to 31 decimad places. Thisis curious, Snce the vaue cited isthe same as the
one calculated by Mascheroni, given to 31 decima places but correct only to 19 places. The vaueto 31
places generated by Maple™ is0.577215 664901 532860 6.

So, who really firg caled it g? Asisthe case for many questions of the form “who was the firgt
to...?7" I’'mnot sure, but | don't think it was Euler or Mascheroni. Though the history of the congtant g
is confusing and riddled with errors, and the secondary sources disagree, [D, G, H, Mi] | think it was
probably Bretschneider. He' s not very famous, and perhaps he deserves to be known for this, if for
nothing ese.
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