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Aswe learned in last month’s column, in the 1760’ s Euler wrote only two articles on series.
There was E-326, a paper on the so-caled centrd trinomia coefficients and the subject of that column.
In researching that column, | aso looked at the other paper, E-393, De summis serierum numeros
Bernoullianos involventium, or “On sums of seriesinvolving Bernoulli numbers” While the paper itsdlf
didn’t turn out to be dl that interesting, the path that leads to the paper isfascinating. It is the story of
the Bernoulli numbers

Bernoulli numbers are a sequence of rationa numbers that arise in adazzling variety of
gpplicationsin andlysis, numerica analysis and number theory. When Charles Babbage designed the
Andytica Enginein the 19 century, one of the most

important tasks he hoped the Engine would perform was JACOBI BERNOULLL,
the cdculation of Bernoulli numbers. PeOfell. Bail. & eriukque Socir, Reg, Scentiac
Man?:ﬂ..a';&m Cﬂ:-zli:;d:i‘mm
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After B, dl Bernoulli numbers with odd index are Impenfis THURNISIORUM, Fratcum.
zero, and the non-zero ones dternatein sign. They first > bee it

appeared in 1713 in Jakob Bernoulli’ s pioneering work on
probability, Ars Conjectandi. Jakob Bernoulli (1654-1705) was the older brother of Johann Bernoulli
(1667-1748), who was, in turn, Euler’ s teacher and mentor at the University of Basdl.
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Sometimes people smply omit the Bernoulli numbers with odd index from the list, and write B,

wherewe write B,, . They, of course, must then make certain modifications to their formulas, and, in
generd, ther formulas are abit smpler.

Bernoulli was studying sums of powers of consecutive integers, like sums of squares,

1+4+9+16+25=55
or sums of cubes
1+8+27+64+125+ 216+ 343 =784

In modern notation (Bernoulli did not use subscripts, nor did he use S for summations or ! for
feactorids) Bernoulli found that

If nislargeand p issmal, that means that the left hand Sideis asum of ardative large number
of rdatively smal powers, and if we know the necessary Bernoulli numbers then the sum on theright is
sampler to evauate than the sum on theleft. Bernoulli himsdlf issaid [G+S] to have used thisformulato
find the sum of the tenth powers of numbers 1 to 1000 in less than eight minutes. The answer isa 32-

digit number.
Bernoulli numbers arisein Taylor seriesin the expansion
X & x
=q B.—.
ex = ka:O K k!

Bernoulli numbersare dso involved in the expansions of savera other functions, including

asin x
tan X, _X Iog = and others.
sin & x

Euler encountered Bernoulli numbersin his great solution to the Basel problem when he showed

that
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though he did not recognize them at thetime. In the same paper, Euler dso evauated

£ 1
A
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for the first severd even vdues of n. Only later would he redize that these other sumsinvolved the
Bernoulli numbers. Infact, if niseven, then
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Euler dso failed to recognize the Bernoulli numbersin 1732 when hefirgt did hiswork on the
Euler-Maclaurin formula. Maclaurin dso missed them when he discovered the formulaindependently in
1742. Aganin modern form, the result says that for sufficiently smooth functions f, a series based on f
and anintegrd of f arerelated by

léf(l():é)]f(x)dx.g. f (1);1‘(“) +é(§;k)!(f2k—l(n)_ f2k-1(1))+Rn(f1p)

where R (f, p) isaremainder term that usudly disappears rapidly asp increases. [G+S] Theformula
can be used either to estimate the series on the left knowing the integral on the right, or conversdly, to
edimate the integra by evauating the series. Euler used the series on the | eft hand side of thisformula

¥
in 1732 to estimate the values of infinite seriesand to find § k_12 to Sx decimd places. Thisisaso how
k=1
he found the first properties of g, the so-called Euler congtant. Maclaurin used the other sde of the
formula to estimate the vaues of integrals from series

The Bernoulli numbers are rdated to Euler’ s congtant g by
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Thereisdso an astonishing result due to Kummer [G+S] rlating Bernoulli numbersto Fermat's
Last Theorem. Kummer noticed that a prime number p is specid if it does not divide the numerators of
any of the Bernoulli numbers By, By, B, ... By.3. Such primesare now called regular. Thefirst prime
that isnot regular is 37. Kummer showed that if p isaregular prime, then Fermat’s Last Theorem, that

xP + yP =zP hasno nontrivid integer solutions, istrue for p.

In 1921, Eric Temple Bdl, author of the well-known popular mathematics history book Men of
Mathematics, proved [B]:

Theorem: If p is an odd prime which does not divide 4" -1, then the
numerator of B,  isdivisbleby p.

There must be thousands of such results, and Bernoulli numbers continue to be studied today .
JSTOR reports over 150 “hits’ on the key words “Bernoulli numbers’ since 1990.

Let usturn now to 1755, when Euler published his Institutiones calculi differentialis [E212]. At
that time, only afew of the results above were known, and their links to Bernoulli numbers were
gpparently not yet recognized. The results that were known seem to be:

1 Bernoulli’ s own results on summing powers of integers. Bernoulli showed how
thisinvolved Bernoulli numbers, hence the name.

2. The Euler-Maclaurin summeation formula

3. Taylor series for various functions.

4. Euler’ sevauation of z(2n).



Then, through all the trees, Euler seestheforest. It must have been awonderful fedling to see
how so many different aspects of mathematics are linked through these mysterious Bernoulli numbers.

Euler devotes dmost dl of chapters 5 and 6 of Part 2 of his Calculus differentialis to results
related to Bernoulli numbers, and on page 420 (page 321 of the Opera Omnia edition) he attributes them
to Jakob Bernoulli and calsthem Bernoulli numbers. Unfortunately, only Part 1 of the Calculus
differentialis has been trandated into English, S0 readers who want to enjoy it in Euler’ s words must
either brave the Latin or find a copy of the rare 1790 German trandation.

Euler begins his chapter 5, “Investigation of the sums of series from their generd term” with a
quick trestment of Bernoulli’ s results on summing sequences of powers. Then he repeats his own
results from the 1730's [E25] on the Euler-Madaurin formula and gives the recursve relation on the
coefficientsin that formula. Euler doesn’t mention Maclaurin, so heis probably unaware of hiswork on
the subject.

Then he shows how those coefficients arise from the Taylor series expansions of I X_X and
- €
—cotaéL °
32 g

Eventudly, after quite abit of work, he ligts the Bernoulli numbers, naming them after Bernoulli
in the process, and shows how they are rdated to the coefficients in the Euler-Madaurin formula

This done, he extends occurrence of Bernoulli numbersin the expangion of E cot gel x0 to the

more generd form P cot &b 0

n ng

the theoretical parts of his expostion, he gives some of the properties of the Bernoulli polynomias and
notes that Bernoulli numbers grow faster than any geometric series.

= and usesthat to rdate Bernoulli numbersto the values of z(2n). To end

Euler spends the rest of these two chapters doing gpplications of Bernoulli numbers, including
cdculating the Euler-Mascheroni constant, g, to 15 decimal places.

All thisis rather unexpected in atextbook on differentia caculus.

With this, Euler did not write again on Bernoulli numbers until 1768. Infact, in the intervening
13 years, he wrote only four papers on series. Besides the one on centra trinomid coefficients that was
the subject of last month’ s column, he wrote one paper on gpproximating pi, one on trig functions, and
one on continued fractions.

We have dready said that the 1768 paper, E-393, “didn’t turn out to be al that interesting,” but it
might be worth summarizing itsresults. Euler opens E-393 with alist of Bernoulli numbersand aligt of
the coefficients that arisein z(2n), and shows how two lists are related. Then he gives hisrecursive
relation on the zeta coefficients.

Then he legps to the Euler-Maclaurin formula. Up to this point, most of the essay isjust anew
version of what he had presented in the Cal culus differentialis. From here, though he gives adifferent

way to show the relation between the Bernoulli numbers and the expansion of —- 1cot 8_ x_ Thenhe
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uses this same technique to give new relations between the Bernoulli numbers and a variety of other

. . . xeY+e¥ 1
functions and numbers, indluding — - —and
" 2e¢’-¢e¥ 2 e’ -1

Findly, he gives the vaues of integrals

Inx)"
like Ql El x)) dx, for n odd, in terms of the (n + 1) Bernoulli number. None of thiswould have been

appropriate to include in the Cal culus differentialis.

Bernoulli numbers are till abit mysterious. They appear frequently in Julian Havel’ s recent
book Gamma, about Euler’ s constant, and people continue to discover new properties and to publish
articles about them.

Simon Singh [§] quotes Andrew Wiles as describing the process of mathematical discovery with
the colorful words “Y ou enter the first room of the mansion and it's completely dark. Y ou sumble
around bumping into the furniture but gradudly you learn where each piece of furnitureis. Findly, after
gx months or so, you find the light switch, you turn it on, and suddenly it' sal illuminated.” 1t must
have been something like this for Euler, when he saw how the “furniture’ was arranged around the
Bernoulli numbers,

In Euler’ stime, though, light switches hadn’t yet been invented.
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