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Euler wrote about 800 books and papers. An exact number ishard to define. The* officid”
number of entriesin Enestrom’ sindex is 866, but that includes a number of letters and unfinished
manuscripts that Euler never expected to be published. Euler probably intended to finish some of the
manuscripts, but others he had probably abandoned as dead-ends. Moreover, though most of Euler’s
|etters were ssimple communications, Some were more like “open letters,” intended to be shared widdly,
50 they were more like publications than private communication. Taking al of thisinto account, an
estimate of “about 800" publications seems quite reasonable.

Euler wrote hisfirgt article in 1725, and it was published in 1726. He died in 1783, but papers
intended for publication continued to gppear until 1862, 79 years after his death. Below, we givea
graph and atable describing the decades that Euler wrote 810 of his books and articles.
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Of the 810 books and articlesin this database, the Editors of Euler’s Opera Omnia classfied 81
of them, exactly 10%, as being about series, and so published them in volumes 14, 15 and 16 of Seriesl|.
The Editors used what some might think is an expanded definition of “series’ that dso incudesinfinite
products and continued fractions. The timing of Euler’ swork in series has a somewhat different shape
than hiswork as awhole, as seen in the graphics below.

Euler's writing on series, by decade
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Euler' sinterest in series seems to be declining through the heart of his career, in the 1740's and
1750's, to the point where he wrote only two papers on the subject in the whole of the 1760’'s. One of
those papers was on properties of the Bernoulli numbers, and the other, the one we discuss here, on
properties of aparticular series.

This column’s paper is E-326, written in 1763 and titled Observationes analyticae, or
“Andytical observations” Euler plansto sum the middle terms of powers of quadratics, starting with
the very smple quadrtic, 1 + x + xx. Hebeginsby listing the powersof 1 + x + xx:

1
1+ X+ xx
1+ 2x + 3%+ 23+ x*
1+ 3x+6x2+ 73 + 6x* + 3x° + x°
etc.

Now we look at the terms
1, 1x, 3x2, 7x°, 19x* 51x°, 141x5, etc.

The Encyclopedia of Integer Sequences, [EIC] cdlsthe coefficients “ centra trinomid
coefficients”  Euler wants to know the rules that give these numbers.

He begins by rewriting
(1+ x+30)" = (x(1+x) +1)".
He expands the right hand Sde as abinomid, getting



X" (1+x)" +% X1+ x) "+ n(1n>Ql) X2 (1+x)" " +etc.

Thisisjust the Binomia Theorem. It would look more familiar if Euler had written this paper just afew
years later, after he introduced an dmaost modern notation for binomid coefficients, writing ?%9 where
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we would usudly write a@g
&k g

Thislast expression gill contains binomids, so Euler steadfastly expands it again and combines
like termsto find that the coefficient of X" is

o109 (- )(0-2)(n-3), na- 9(n-2(n-I(n-4)n-9),
12 1Rx12 13103

Armed with thisformula, Euler caculates the first 12 terms of his sequence. If he had accessto
the online Encyclopedia of Integer Sequences, then in just afew moments he could have found over 20
terms:

1,1, 3,7,19, 51, 141, 393, 1107, 3139, 8953, 25653, 73789, 212941, 616227, 1787607, 5196627,
15134931, 44152809, 128996853, 377379369, 1105350729, 3241135527, 9513228123, 27948336381,
82176836301, 241813226151, ...

Having found a direct formulafor the centrd trinomid coefficients, and listing the first twelve
coefficients, up to 73789, Euler begins a section mysterioudy titled:

EXEMPLUM MEMORABILE INDUCTIONISFALLACIS

Formulas are sometimes cumbersome, and thisformulais particularly so. Trueto form, Euler
sets out to find arecursve formula for these numbers. He writes his sequence in one row, the triple of
the sequence, offset by one position, in the second row, and subtracts the first row from the second. It
lookslike this:

1 1 3 7 19 51 141 393 1107 3139 etc.
3 3 9 21 57 153 423 1179 3321 etc.
2 0 2 2 6 12 30 72 182 etc.

Now Euler notices (non sine ratione evenire videtur, “not without thought it is seen to turn out
that) dl the numbersin thislast row are the double of triangular numbers, and so have the form mm + m,
for various values of m. Some people used to call these products of consecutive integers of the form
m(m + 1) oblong or Pronic numbers, but Euler does not use these terms.
So, what vaues of m give these particular vauesif mm + m? Euler cdlsthese vdues of m the
indices, and the indices go
1,0,1,1,2 3,58, 13, etc.

Thisisthe Fibonacci sequence, sarting just alittle bit early, with first two terms 1 and O,

rather than the more familiar sarting point 1 and 1. Actudly, this gpparently wasn't called the
Fibonacci sequence until the late 1800’ s, but that wouldn't keep Euler from knowing alot about the
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sequence. In particular, he knows from his work on difference equations and generating functions that
the nth term of this sequenceis given by the formula

.n-2

1 @+50° 1 a- 45
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Let us do something Euler couldn’t do, because subscripted sequences hadn’t been invented

yet, and denote these values by f,.
From this, Euler can deduce arecursive formula. If we write the sums of the centrd trinomid

terms as

- O

14+ X+ 32 +7X +19x* +...+ Px" + Qx™ + tc.

then for the datain thistable 3P — Q = (f,, + 1)fp.

Euler dso derives adirect formulafor P, and a second recursive formula that is homogeneous
(i. e onethat does not involve n.)

With these, we can find centrd trinomid coefficients quickly and eesily, and we get

1,1,3,7,19, 51, 141, 393, 1107, 3139, 8955, 25675, 73945, €tc.

But wat aminute! Thisisn't the same sequence we started with! 1t is the same for the first
nine terms, up to 3139, but for the tenth term, this has 8955 where there should be an 8953, and after
that the differences become even larger. Now we see the meaning of the title of this section, which
trandates as“ A notable example of fseinduction.” He had warned us. There redly are two different
sequences, each defined by reasonable and interesting patterns that agree for the first nine terms, and
then become different.

Euler dill has an article to finish, but nothing ése this interesting happens. He finds the
correct recursive relation directly from the formulas (so it is correct): if P, Q and R are consecutive
coefficients, then the nth term is given by the relation

n+1
R=0Q+
Q n+2

(Q+3P).

That done, he spends the rest of the article by investigating the central coefficients of powers
of generd quadraicsof theform a + bx + cxx.

In 1753, Euler had written an E-256, Specimen de usu observationum in mathesi pura,
“Example of the use of observation in pure mathematics.” It was an article about number theory,
showing how experiments on integers of the form a® + 2b* led him to obsarve that such forms are
closed under multiplication. Thistold him what to try to prove, and soon led to a proof of that and
severd related results.

Ten yearslater, he gives usagraphic illugtration of the limits of observation, and thet it shows
mathematicians wha might be true, not necessarily what istrue.
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