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Much of amodern coursein elementary number theory hasits rootsin Euler (though the notation
islargdy dueto Gauss.) Euler, inturn, cites as hisinspiration the works of Fermat, Diophantus,
Goldbach and Pdll, among others. This month we will ook &t the so-called Pell’ s Equation,

y> =ax® +1, a, x and y integers, named after the English mathematician John Pell (1611-1685), who
lived about a hundred years earlier than Euler.

It was Euler who attached the name “Pdll’s equation” to thisformula. People often say that
Euler made a migtake in atributing the equation to Pell, but the entry on Pdll at MacTutor [O' C] reports.

Pell's equation y* = ax’+1, where a is a non-square integer, was first

studied by Brahmagupta and Bhaskara Il. Its complete theory was worked out by
Lagrange, not Pell. It is often said that Euler mistakenly attributed Brouncker's
work on this equation to Pell. However the equation appears in a book by Rahn
which was certainly written with Pell's help: some say entirely written by Pell.
Perhaps Euler knew what he was doing in nhaming the equation.

Euler’ sfirst excurson into Pell’ s equation was his 1732 paper E-29, bearing atitle that trandates
as “On the solution of problems of Diophantus about integer numbers” The main result of this paper is
to show how certain quadratic Diophantine equations can be reduced to the Pdll equation. In particular,

he shows that if we can find a solution to the Diophantine equation y* = an® +bn+ ¢ and we can find

solutions to the Pell equation, g° = ap® +1, then we can use the solutions to the Pdll equation to
congtruct more solutions to the originad Diophantine equation. He aso shows how to use two solutions
to a Pell equation to congtruct more solutions, and notes that solutions to a Pell equation give good

rationa approximations for Ja. When Euler discovers the connection between the Pell equation and
continued fractions, most of this becomes obsolete, so we will not dwell oniit here.

Euler returns to the Pell equation more than 30 years later with his paper “On the use of anew
agorithm in solving the Pl problem,” E-323. The Summarium at the beginning of the article
announces thet the new adgorithm will enable usto find eadly asolutioninthecasea = 61. Thisis
rather dramatic, since the smallest solution to the equation p? =61 +1 has p aten-digit number and q
aninedigit one. To find such solutions by hand would indeed be arduous.




Euler begins to describe his dgorithm with an example, using a = 13. We know that J13is
between 3 and 4, so he writes

Vi3=3+<
a
where we know that a > 1. A bit of dgebrafindsa to be exactly

J13+3
I
Knowing that 3<+/13<4 makes it easy to show that 1 < a < 2, so we write
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where, again, b > 1. Anadmogt identical calculation shows that

b= 4 :1+E.
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If we pause to take stock of what has happened, we get a clue to what Euler isdoing here. If we make
the subgtitutions, we get that

1+=

Euler is building a continued fraction. He continues, finding, inturn, d, e, and f, and hefindsthat f = a,
s0 the processiis cyclic, and, after theinitia 3, the coefficientsthat repeat are 1, 1, 1, 1 and 6. He does
some more examples, including a = 61, 67, 31, 46, then 54. In each case, he notes that thereis an initid

integer followed by a pattern that repeats. The initia integer, he denotes v, isthe integer part of Ja.
Thisisfollowed by apaindromic sequence of integers, followed by theinteger 2v. Then the
palindrome and the 2v repeat. He gives atable of the cyclesfor dl non-square integers from 2 to 120.
He ds0 notes some of the very interesting patterns within these cycles. Hardly any of these properties
werein E71, Euler’ s pioneering paper on continued fractions.

With the existence of these patternsin place, though, he is ready to use some results of his earlier
paper. That paper has been trandated into English and published in the journd Mathematical Systems
Theory. [E71] Euler reviews some of his results on how to evauate continued fractions if you know the
pattern of the “indices”

To evaduate the continued fraction corresponding to a sequence of indices, make atable as

below:
Indices \Y; a b c m n
X 1 \ av+l (avtl)btv M N nN+M
y 0 1 a ab+1 P Q nQ+P

Today we would say that the sequence of numerators, X and of denominatorsy, each satisfy a
recursve relaion of order 2, with initia conditions 1, v and O, 1 respectively.



Let'sdo an example. Theindicesfor J3ael,1,2,1,21,2 ec., sov=12v =2 adthe
pdindromeisjust 1. To evaduate the first severd vaues of the continued fraction

J3=1+ =
1+
1
2+ 1
1+
2 +etc.

we gart with atable

Indices 1 1 2 1 2 1 2
X E v X,

y 0 1 Y,

Now, v = 1 since 1<~/3<2. Thenext index is 1, so X, =1x+1=2andy, =14+ 0=1, gving

Indices 1 1 2 1 2 1 2
X 1 1 2
y 0 1 1

The next index is 2, so we get
Indices 1 1 2 1 2 1 2
X 1 1 2 5
y 0 1 1 3

Continuing,
Indices 1 1 2 1 2 1 2
X 1 1 2 5 7 19 26 71
y 0 1 1 3 4 11 15 41

These quotients give progressively better gpproximations of 3, dtemati ng between being too
large and being too smdl. Thelast one, 71/41, is accurate to three decima places. But solutionsthe
Pdl equation 3qq+1= pp aso have quatients that approximate /3. Infact, severa, but not al of these
quotients give rise to solutions to the equation, (p, ) = (0, 1), (1, 2), (4,7), and (15, 26). Inthis
particular case, the pattern of solutions and non-solutionsis fairly smple, but Euler’s paper givesrules
for the pattern of solutionsin every case. We leave finding and describing these patterns to interested
readers and to students in search of anumber theory project.

Also, some quotients give rise to solutionsto 3gq- 1= pp , and Euler gives ways use these

solutionsto find solutions to Pdll’ s equation.

Eight yearslater, in 1773, Euler returns to the Pell equation with E-559, “New aids for solving
theformulaaxx + 1 =yy,” not published until 1783. In this paper, he gives ways to generate solutions
of the Pdll equation from solutions to related equations, app — 1 = pp, app —2 = pp, app + 2 = pp and
app + 4 = pp. Thisprovidesakind of converse to the main results of E-29, published 50 years earlier.



Euler wrote over 160 papers that the editors of the Opera Omnia have classfied as* number
theory.” They fill volumes 2, 3, 4 and 5 of series|, 1bout 1700 pages. The three papers we have looked
a here comprise only about 2% of Euler’s number theory papers, but they extend from one of hisvery
first papers, E-29, to one of hislast, E-559, published in 1783, the year Euler died. Though the Pell
equation was arelatively minor aspect of Euler’ swork, it did hold hisinterest for hiswholelife. And it
isdll interesting today.
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