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How Euler Did It
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Euler worked for aking, Frederick the Great of Prussia. When the King asks you to do
something, he' s not redly “asking.” In thelate 1740's and early 1750's, the King “asked” Euler to work
on anumber of practical problems. For example, the King had a party paace named Sans Souci. Euler
was asked to design the hydraulics to run the fountains at Sans Souci. He aso asked Euler to do the
engineering on acand. Another time, when the King was running out of money, he asked Euler to
cdculate the probabilities o the King could try to pay his debts by running a lottery.

At about the same time, Euler was turning his talents to andyzing ordinary and frivolous things.
He solved the Kénigsburg Bridge Problem, and the Knight's Tour problem, as well as andyzing some
|otteries other than the one the King asked about. Among these other problems was a card game, called
“lejeu de rencontre,” or “the game of coincidence.” He reported hisresultsin a paper, E-201, published
in the Mémoires of the Berlin Academy under the title “ Calcul de la probabilité dansle jeu de
rencontre” Richard Pulskamp’strandation of thisarticle isavailable on line [F], and the origind,
besides gppearing in Series| Volume 7 of the Opera Omnia, is on line through the Euler Archive [EA]
and the Berlin Academy [B].

CALCUL DE LA PROBABILITE
DANS LE JEU DE RENCONTRE,

rpar M, EULER.

Rencontre takes two players, whom Euler names A and B. Their descendents still populate
mathematics problemsworldwide. The players have identical decks of cards. They both turn over
cards, one a atime and at the sametime. |If they turn over the same card at the same time, thereisa
coincidence, and A wins. If they go dl the way through the deck without a coincidence, then B wins.

The problem is to caculate the probability that A will win. The probability will, of course,
depend on the number of cardsin the decks. Euler takes this number to bem. The problem ill gppears
in many modern texts on probability, and the solutions given usually resemble Euler’s. Since Jakob
Bernoulli’s Ars Conjectandi had appeared in 1713, Euler has a his command many of the standard tools
of probability. In particular, we assume that al of the m! possible permutations of the deck of cards are

1




equiprobable (Euler uses naither the notation m!, nor the term “equiprobable’) and that the probability
that A winsisthe number of successful arrangements divided by the number of possible arrangements.

Fird, we get a couple of amplifying assumptions that do not cost us any generdity. First, we
assume that the cards have numbers, 1, 2, 3, ... m, rather than designs. Second, we assume that A turns
over cardsin theorder 1, 2, 3, ... m, so that the outcome of the game depends only on the order of B's
cards.

Euler proceedsin hisclasscad expogtory style. He sarts with the easiest examples m=1, 2, 3
and 4. He does the case m = 4 two different ways, with the second method providing the idea that leads
to agenerd solution.

The casem = listrivid; A wins. If m = 2, there are two arrangements for B’s cards, 1,2 and 2,1.
A winsin the first case and loses in the second, so the probability that A winsisYa

We get some hints that Euler has some interesting ideas when he shows usthecasem = 3. He
gives us the table below, enumerating the six possible ordersfor B's cards, and with some entries

crossed out. Before we explain what Euler says about this table, the reader should try to figure out what
the table is about on hisher own:
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One thing to do would beto crossout dl the I'sinrow 1, dl the 2'sin row 2 and the 3'sin row
3. Then, any column thet till has al its numbers represents an arrangement of B's cards that resultsin a
win for B. Thiswould show that B winstwice, columns 4 and 6, and A wins four times.
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That's not what the table does. Columns 1 and 2 describe games in which A winson the first
move, S0 Euler has crossed out al the outcomes after row 1; they don’t matter. Column 5 represents the
game in which A wins on the second move, so Euler has crossed out the outcome after row 2. Column 3
describes the game in which A wins on the last move. There' s nothing left to cross out, so Euler
explainsin the text that Column 3 represents the game in which A wins on the last move.

Thisisour first clue to what Euler intends to count. He will calculate the number of waysthat A
canwinonmovei if therearem cards. So far, histable would look kind of like this:

Number of cards
[ [ [l
Number of ways I 1 1 2
that A canwinon I 0 1
move number -- 1T 1




That is kipping ahead a bit, though. Euler sicksto form and consdersthe case m = 4. He gives

the following teble:
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It takes some squinting, but we see that there are 6 ways that A wins on the first move, 4 waysto
win on the second, 3 ways to win on the third, and 2 ways to win on the last move. Thiswould add
another column of data to the table we made alittle earlier.

Now, Euler sets out to figure out how the table works. He studies the case m = 4 and asks about
the gamesin which A winson thethird card. He extracts from the table above al the games for which
thereisa3inrow 3, and gets the following sub-table:
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We notice that thistable isdmost exactly like the firgt table, the table of outcomes for the 3-card
game, but al the 3's have been changed to 4’ s (though, for no gpparent reason, the columns have been
rearranged alittle bit.) From these, he takes away those gamesin which A wins on thefirst card (two
games) or the second card (one game), and the three games that remain must be the onesin which A
winsthe 4-card game on the third card. Euler has discovered the seeds of a recurrence relation, by
which the number of waysto win a4-card game on a particular moved depends on the number of ways
of winning various 3-card games. It will take some notation to untangle it. Unfortunately, subscripts
had not yet been invented, so Euler has to make do without them.

Suppose there are m cards in the deck, and that the total number of possible gamesisM. We

know that M

a be the number of cases for which A wins on the first move,
b be the number for which A wins on the second move,
¢ be the number for the third move,

etc.

=m!, but the factoriad notation hadn’t been invented yet, either. Now, let



Easy andyss showstha a :M.
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Now, consder the gamewith m + 1 cards. Euler denotesby M’, &', bb’, ¢’ etc. the corresponding

numbers for the larger game, and asks how the numbers for the (m + 1)-card game are related to those
for the m-card game.

M =M.

Somepatsaeeasy; M =M (m+1)and a'=
m+1

Now, there are M casesin which A turns over a2 on the second card, but some of these must be
excluded, snce they are casesin which A hasdready turned over al onthefirst card. The andyss
Euler did on the reduced table tells us to look at the m — card games to find that there are a such
arrangements, so that

b=M-a.

Likewise, there are M casesin which A turns over a 3 on the third card, but from these we must
subtract those casesin which A has dready won on the first or the second card. Thet is
c=M-a-h.

The pattern continues. We can write these relations in asmpler form:
a=M

b=a-a

c=b-b

etc.

Euler uses these results to calculate the following table for up to 10 cards. Thisisthe sametable
we derived ourselves for up to 3 cards.

NOMBRE DES CARTES

I IV | vV ovE | VD | VHE ] IX X
it 2| 6 ] 24 120 | 720 | 5040 | 40320 | 362880
$l-lo |t 4 158 g6 | doo | 4320 | 35280 | 322500
el -1 1« 3 L 14 78 | 504 | 3720 | 30960 | 357280
dl-i-1-1 2 | 12| 64| 926 | 3216 | 27240 | 256320
ei-[- |- 1 - 0 §3 1 367 | 2700 | 24024 | 22G0R0
Flol-1-1 - . 44 | 309 | 2428 | 21234 | 205056
el-t- -1 - - 265 j 2119 | L3806 | EE3822
Ll |~ - - - . 1854 | 16687 | 1650714
il=1-7-1 - - - - - e | 14833 | ra8329
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The hard work is over, but Euler promised to calculate the probahilities, too. Let A be the
probakility that A winson the firs move of an n — 1-card game, B the probability he wins on the second,
C the probahility he wins on the third, and so forth, and let N be the number of possiblen — 1 — card
games. Thatis N=(n—1)!. Smilaly, lee A’, B', C and N’ be the corresponding probabilitiesfor an n
— card game.

Itiseasy to seethat A=

Now, B':%. But,b =a —a,and N' = nN, so

n-3
® -2 1
Smilar caculations show a clear pattern:

1
A==

n
11
B_n n(n-l)
ool 2 1

n n(n-1 n(n-1)(n-2)
1 3 3 1

n n(n-3) n(n-1)(n-2) n(n-1)(n-2)(n-3)

Numerators are rows from Pascd’ s triangle. Denominators are permutation numbers.

Euler sumsthe columns. The probability we seek, that player A wins on some move, isthe sum
of the n probabilities on the left hand Sde, A'+B'+C'+.... He sumsthe right hand sdes as columns,
snce the denominators match. Thisis easer than it looks, Since he knows lots of identities about
Pascal’ striangle.

For the first column,

1+1+...+1=n,
9 thefirg term of the sum will ben/n= 1.
For the second column,
1+2+3+..+n= n(n-2)
2
a(n-1)6
. & 2 B -1
90 the second tarm of the sum will be ————=—
n(n- 1) 12
For the third column,
n(n-1)(n- 2)

143464+ 000" 2)
2 123



0 thethird term of the sum will be —=— .
X3
Wow! Numerators dternate 1 and —1, while denominators are factorids!  So, the probability that
A winsplaying with an n — card deck is

Asn grows, this convergesrgpidly to 1/ e. For n =10, it isaready accurateto six decima
places. It isan astonishing result.

Now, about our title, “derangements.” In discrete mathematics, combinatorics and abstract
algebra courses, we learn about permutations, one-to-one and onto functions from a set to itsdf. They
have dl sorts of wonderful properties; they form agroup and they are fun to count.

A derangement isaspecid kind of permutation, s , with no fixed points. That is, it never
happensthat s (X) = x. Asapermutation, everything gets moved. Derangements correspond to those
rearrangements of the deck for which A wins the game of rencontre.

Derangements sometimes appear as “the hat-check problem.” One (obvioudy rather dated)
verdon goeslike this.

Ten men go into a restaurant and check their hats. As they are leaving, the
lights go out, and each man gets a hat at random. What is the probability
that at least one man gets his own hat?

Thisis obvioudy 10-card rencontre in disguise. Now that we know how Euler did it, we know

that the answer, to & least Sx decimd places, is 1 .
e
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