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Let z be any function of two variables x and y, one knows that the first differentiation,
depending on taking only either the variable x or the variable y, yields to the first degree
differential formulas: % and g—;. The second differential yields to these three second order
differential formulas: %’%7 2—25. The third differential yields to these four third order
differential formulas : gxg,ajiay, 832@/27 <9y The fourth differential yields to these five

4 4 4 4
fourth order differential formulas: - Pz afg o5 8:1?2 557 aiays ,gyi, and so on. We are dropping
here the brackets, within which we usually put those formulas, as there is no ambiguity
to worry about in the researches that we are doing.

Having set that up, I will consider here the following expressions:
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and so on. In general we will have the following:
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Here I first observe, that each of these expressions can be immediately obtained from
the preceding one, and we will see that we will always have:

1’Q:I8x+yay 1.P
—_ .. 9Q 0Q
3.S:x8 +y8y—3R

4.T—1'a+y —4.5

and so on. Where we have to notice that if we put O for the formula preceding the first
one P, we will have O=z; giving P = x. 83: O 1y, a —0.0.

To prove the truth of all these equatlons let’s start by the first one, which expresses
the value of Q, and since P = x.5Z + y. a , the differentiation will give us
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From there, we will get this equation:
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which easily reduces to this form: x.% + y.%—g = P + @, and moving forward we get

oP 6P

For the second of our equations, since we have supposed
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we get
0Q _, 0= , 00: L0 9, 9%
ar oz Vozay T o T “Vorzay v rdy?’
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Now the combination of these formulas will give:
oQ  0Q 00z 00z 00z Pz Dz D3z 3032
— = 2zx.——+4xy 2yy.— 3 3
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This equation 0bv1ously reduces to the following one: x. (933 +v.3 8Q = 2@ + R, in such a
way that R = .99 + Y. 82 2Q).
To show the truth of our third equation, since we have

R=2"— 0% + 3z 0 + 3z 0 + 0
~ o8 Y orzay " O arayr T oy
we then get :
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These two equations combined give:
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equation that obviously reduces again to this one:
8R R
=3R+ S,
8:1: Y%y Jy *
where one has therefore IR OR
S=xr— — —3R.
T ox +y dy

It will be superfluous to show by the same computations the truth of the following
equations, since it is already clear that similar operations will always yield to equations as
assigned above. But these beautiful relations between the quantities P, Q, R, ... will take
us to the advantage of finding the integrals, and even complete integrals of the following
differential equations: 1) P =0; 2) @ =0; 3) R = 0; 4) S = 0; and so on. For this
purpose, we just have to solve the three following preliminary problems.
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PRELIMINARY PROBLEM I

Find a function of two variables x and y, which is v, such that it becomes

8v+ ov
Tor y@y

SOLUTION

= 0.

Since v is function of x and y, assume that differentiating it, taking both x and y as
ov

variables, one finds dv = paaj + q(?y, in such a way that p = 5% and ¢ = and subject

to satisfy the equation: x >+ y 2 ay = xp+yq = 0, from which one has ¢ = — P This value
pxay = p(@). So this formula has to be

(y@:v—zaz)

being substituted, it will give dv = pdzr —

integrable. Thus one reduces it to the form. ov =1p , where setting % =p, to
have pyot = v, it is clear that for this formula to be integrable, py has to be a function
of the only variable t, and thus the integral will be a function of the same quantity t.

Let’s use in the following for arbitrary functions , the symbols U,B,C,D and so on
such that U:t or B:t, or C't represents an arbitrary function of ¢. In addition of that we
will use as in general, for differential of any order: 0. U :t =0tU’:t,0.U’ : t = 0tU” : t,
0.U” :t=0tU”’: t, and so on. Having noticed that, our last equation integrated gives
v = U:t, or because of t = £, we will have v = U : %; in such a way that one can take
as v any function of £; where it is good to notice that all these functions are understood
as homogeneous functions of zero dimension of z and vy :

PRELIMINARY PROBLEM II

Find a function of two variables x and y, which is V| such that there is

87)_’_@
oxr Oy

SOLUTION

Let, as before, Qv = pdx +qdy, and since p = 57 et ¢ = 37, we will this condition to be
satisfied nv = px + qy. Let’s eliminate the letter q 111 these two equations, by multiplying
the first by y and the other by 0y, and by taking off the last from the first, we will have
this one: yov—nvdy = p(yOx—xdy); where one must find the function p, for this equation
to become integrable.

To turn the first part of this equation into an integrable one, It’s enough to divide it
by y™*!, from which one gets

yov — nvdy v yoxr — xdy
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But since the formula y@aﬁy;;vﬁy is the differential of %, Let’s represent our equation under
the form:

v p yr—zxzdy p .

yroymt gy yrtt oy
where it is obvious that 7 =L+ must be function of g and since the integral Wﬂl be therefore
such a function as well, we will have, 1ntegrat1ng thls equation, yin = U : %; from which

we will get this value for the function needed: v =y U : %

Since a function of £ being multiplied by £ 4o or in general by : , always remains a
function of £ > instead of U: 5 we will be able to write y—B T and thus the found Value

for v will be able to be expressed by v = 2"B : £ or v = 2" 'y B : 2 orv=a"" 2B :
and so on. But one knows that all these functions are called homogeneous, which the
number of dimensions is everywhere equal to n.

PRELIMINARY PROBLEM III

Find a function of two variables x and y, which is V, such that there is

v 0
nv = xﬁ— + ya—; — U -
SOLUTION
Let again dv = pdx + qdy, to have p = 52 and ¢ = 57, and one will this condition to

be satisfied: nv = pz +qy +y U : z Now from these tvvo equations, one forms this one:
yOv — nwdy = p(ydx — xdy) — vy Oy U : L
Y

To solve this equation let’s put % =t, or x = yt, and instead of U : t, let’s write T, in

such a way that T is a given function of ¢, and because of dx = tdy + y0Ot our equation

will be 9.4 = £2& — Ty =19y,
Let’s now integrate, as permitted, and since

yk—n yk—n
/Ty)‘_"_lay = )\ — nT — / mTlat,

assuming that 9T = T'0T we will have after integrating

A n
= T+

T
v,

from which one sees that the formula 2= + y T must be any function of ¢, that we will
denote B :t, and thus we will have this 1ntegrable equation :

yAfn

=B:t—
A—n

v
o

Y

T,



and therefore v =y"B : t — AyTAnT.

Let’s put back now the value § for t and U : t for T, where one must notice that
the symbol U denote a given function of %, as it appears already in the given differential
equation. But the symbol U will indicate here any arbitrary function of £, which is
introduced in the ordinary integrations. Consequently we will have for the solution of our

problem the following value of the function v, namely

A
U:y”Bzg— 4

o U "

Here one will perhaps ask what will be the value of v, in the case where the exponent
A would be equal to n, since then the last member of our equation would become infinite?
To rule out this difficulty let’s put A = n+w, where w denotes an infinitely small quantity,
and we will have

v =gty =yt (1 wly),

we will have then v = y" B : 5 — M U
it will be permitted to put instead of B : 5 this formula: éU : § +C : i, where C
stands for any arbitrary function, and by substituting these values the infinite members
cancel out and the integral needed for the case A = n will be v = y"C : % —y"lyU : %
Now we will be therefore able to solve the following problem.

: % Now as B denotes an arbitrary function,

1 PROBLEM

Find the complete integral of the differential equation

0z 0z 0
Y or + y@y -
or figure out the nature of the function z.

Here we therefore have P = 0, and the first preliminary problem will first provide us
with the integral needed, since we just have to write z instead of v, and from there our
complete integral will be z = U : % Or we will take z to be an arbitrary homogeneous
function of zero dimension of x and y.

Taking for example

_xT =Yy
T iz tyy

we will have
0z  dxyy

dx — (zx +yy)?

and
0z  —dxxy

dy  (vx +yy)?
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, thus

62 N 0z 0
T or y@y ‘
Similarly, by takind
Tty

VIT + 3y’

0z  yy—uxy

or  (zx+yy)®’

we will have

and
0z  xx—uwy

dy  (vz+yy)*

and from there we openly have
0z 0z

2 PROBLEM

Find the complete integral of the differential equation of second degree:

- 00z e 00z N 00z
0xdy y@x@y v dy?

=0.

SOLUTION

One supposes therefore here that () = 0, and from there, since we proved above

orP  oP
— P
Q= T +ya :

we will solve this first degree differential equation

8P oP

P
6’x +y8y

for which the integral is given by the second preliminary problem by putting P instead of
v and n = I, thus we have P =y U : £, where C is an arbitrary function. Let’s put now
instead of its value P and we will have to solve this first degree differential equation:

0z 82



This equation being compared with the third preliminary problem gives us n = 0,
A =1 and v = z; consequently the complete integral needed of our equation will be

Y

z:B:z—yU:f
Yy Y

or, both functions are arbitrary, one will be able to put

z:U:£+yB:§,
Y Y

which consequently has two arbitrary functions, as the nature of second order differential
equations requires it.

3 Problem

Find the complete integral of this third order differential equation:

o L3 Dz 43 Dz N ,0%2 0
2°—— + 3xxYy—"— + 3T =0.
ox3 y@xz(‘?y yyaxﬁyQ 4 0y?

SOLUTION

Here the point is therefore to take R to 0, and giving R its value above, we will have
to solve this equation:
0Q | 0Q

Ty —

ox yay
which  being compared with the one on the second preliminary problem, gives v =
Q and n = 2, thus its complete integral is Q = y? U : 2.

20 =0

Now having @) = x%—i + yg—]; — P, we will have to solve the equation

oP oP x
oy P=ypU:Z
x8x+y8y Y Y

which, being compared to the one on the third preliminary problem, gives v = P, n =
1, A =2, which being substituted gives the following integral

P:szz—yQU:E
Y

or since the functions are arbitrary, we will have

P:yQUngryB:



Finally therefore since P = 222 =+ y 2z a , we will have to solve this equation:

0 0
oy =y’U = +yB: -,
Ox dy Yy

which being compared to to the one on the third preliminary problem gives us v = z, n =
0, and for A we will have two different values, either A = 2 or A = 1; as it is obvious that
both can be treated similarly; consequently the complete integral of the problem will be

z=DB: E—yU = —y*U:
Y Y y

or by changing the characters,signs of arbitrary functions, we have

Z:sz—l—yB:z—l—ng:E
Y Y )

4 PROBLEM

Find te complete integral of this differential equation of fourth degree:

0z 0z 0z 0z 0z
4 3 4
oot T gy TSI W g s T 5 5 T g

SOLUTION

We will therefore have here S = 0, or

aR OR
ax + ya—y —3R =0,

which is compared to the second preliminary problem, gives v = R and n = 3 and thus
R=y2U: 3 Putting instead of R its value, we will have to solve the equation

09, 94 _ 37T
8 —l—ya -3Q=y"U:

< |8

which compared to the third preliminary, because of v = @, n =2 and \ = 3, gives
Q= QB:£+y3U:£7
) Y
or

Ox dy



there is therefore v = P, n =1 and A = 2 or 3, thus we get

P:yB:E—FyQU:E—l—y‘gU:z,
Y Y Yy

or
0z 0z x x x
r— 4y—=yU:=+9y’B: = +13°C: -,
dy "0y y y y

which after comparing gives v = 2z, n =0 and A = 1 or 2, or 3, which gives
x:B:f—yU:E—yQUzg—y?’U:z,
Yy Y Yy Y

or
z:szquB:z—i—yQC:f—ky?’D:
) Y Y

5 GENERAL PROBLEM

Find the complete integral of this differential equation of degree n:

onz n oz nn—1 oz
n + _mn n—2_ 2

-1
= 4 ete
T o T y@x”—lé)y * 12 © Y 0x"20y? e

SOLUTION

Here it is easy to see that doing the successively the operations as in the previous
problems, one will get to this complete integral

c=U:24yB: v 20t 4y IN D
Y Y Y )
where the number of arbitrary functions is n, and thus equal to the degree of the given
equation; thus one sees that the integral of each degree has all the integrals of all the
lowest degrees, moreover it has a term that belongs exclusively to the degree given.
Here are therefore the integrations of all the differential equations

1. P=0
2.Q=0
3. R=0

4. S =0 and so on.
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by assigning to each of these letters the values that was given to them at the beginning,
and the method that we used requires for each case as many integrations as the degree
of the differential given. However, a young geometer, doing the previous calculations, has
observed that all these solutions could be executed more easily upon one integration, and
this method still has this big advantage on the one that we used so far, that it extends
also to the integration of the composed differential equations with this general form:

Az+ BP+CQ+ DR+ ES + etc =0,

where all the degrees of the differentials are joined together, and where all the constant
coefficients A, B, C, D, etc. can be taken arbitrarily. And the resolution of all these
cases can always be done from the only second preliminary problem, which gives for the

differential equation

ov ov
x— +y— —nv =0,
dy

this complete integral v = y" U % To clarify this new method, we will add the following
problems.

PROBLEM I

Find the complete integral of this differential equation of first degree Az+ BP = 0, or

0z 0z
Az + B(x% + ya—y) = 0.

SOLUTION

For this effect, let’s put in the preliminary problem v = az, to have this equation:

0z 0z
— =0,
a(x b + yay) naz =
so the integral is
z==9y"U : L
Y

Now instead of x Z + y 2z a , let’s put its assigned value P, and the equation that we just
integrated will be aP — naz = 0, which, compared with the given one Az + BP, gives
A = —na and B = a, consequently, a = B and A = —na, or A+ nB = 0. From this
equation, we get the value of n = —%, the integral of the given equation will be y" U : £
This solution doesn’t have anything that could not be done by the previous method, but
the following problem will raise up the price of the new method.

PROBLEM II
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Find the complete integral of this differential equation of second degree
Az+ BP+CQ =0.
SOLUTION

To solve this equation, let’s assume that the preliminary problem v = az+ bP, to have
this integral

&z—i—bP:y"U:g,
Y

which is consistent with the equation

0z 0z oP oprP
9z 9% g Y P =0,
a(:r:ax +y8y) naz + b(z e +y8y) nb 0

Let’s put now in this equation, instead of x% + y%—IyD, its absolute value got from the

formulas assumed at the beginning, which is P, instead of the formula x% + y%—}; let’s put
this absolute value ) + P, and we will have this equation:

aP +bQ) + bP — naz — nbP =0,

or
—naz+ (a+b—nb)P+bQ =0,

which being compared with the given form

Az+ BP+CQ =0,

gives us for the letters @ and b the following values: b = C, a = B — C + nC, and
0=A+n(n—1)C, from where one must get the value of n.

But since this last equation is of second degree, it will have two roots, namely « and
B, from each one, we have particular values for a and b, which are:

a=B+(a—-1)C, b=C forn=a«
a=B+(-1)C, b=C forn=2.

From there, we will have two integral equations:

(B+(a—1)C))z+CP=y*U :

(B+(B-1)C)2+CP=vy"B:

Now from these two equations, we just have to chase the letter P, which we do by taking the
difference, we get (z — 8)Cz =y* U : % —y°B : %; and since the functions are absolutely

arbitrary, one will be able to represent the integral in this form: z = y* U : % —y’B : %

12



Corollary

From there we easily deduce the integral of the equation () = 0, that we solved above;
we just have to suppose A = 0 and B = 0 and C' = 1 and then the equation for the
number n becomes n(n — 1) = 0, so the roots are n = 0 and n = 1, consequently a = 0
and [ =1, so the integral of this case will be

z:U:EerB:
Y

PROBLEM II
Find the complete integral of the differential equation of third degree:
Az+BP+CQ+ DR =0,
SOLUTION
To get to the solution of this problem, suppose in the second preliminary problem that
v=aZ +bP + cQ,
and the integration gives us first this equation:

aZ +bP +cQ=y"U : 2,
y

and this integral is convenient with the following differential equation:

0z 0z oP oP 0Q 0Q
a(a:a—x + ya—y) naZ + b(x— + ya—y) nbP + c(x— + yﬁ_y

Ox Ox )= ne@ =0

Now instead of the differential formulas, let’s put their finite values, and we will get to
this equation:

aP +b(P+ Q)+ c¢(R+2Q) —naZ —nbP —nc@Q =0
which is reduced to this form:
—naZ + (a+b(1 —n)P)+ (b+ (2 —-n)c)Q + cR =0,
which being compared with the proposed gives us the equations of the following conditions:

A=-na; B=a+b(l—n); C=b+(2—-n)c; D=c.
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Having therefore from the last D = C| the third one will give us b = C' + (n — 2) D; next
the second equation gives us a = B+ (n — 1)C' + (n — 1)(n — 2)D = 0; and this value
substituted in the first gives this final value:

A+nB+n(n—-1)C+n(n—1)(n—-2)D =0;

which being of third degree has three roots, namely «, [ . each of these roots will give
us 2 particular values for the letters a, b, ¢ which being reported to the root «, suppose
that for the root (3, we have a’, I’ ¢ and for the root v we have these ones: a”, b”, ", each
of these case will therefore give us a particular integral equation, and these equations will

be
aZ +bP + cQ = y*bU

JdZ+VP+JQ=y"B:

d"Z+V'P+JQ=y"C:

S I I8 IR

Now it is easy to find for each of these equations some multiplicands such that, adding the
product together the quantities P and Q are destroyed and since these multiplicands don’t
change the nature of the arbitrary functions, one will get this way to the final equation

z:yaU:g—l—yﬂB:gij”C:g

which express the complete integral of our differential equation proposed.
Corollary

To get from there the integral of the equation R = 0, we just have to put A =0, B =
0, C' =1, and then the cubic equation for the number n will become n(n —1)(n —2) =0,

so the three roots are clearly 0, 1,2 so that a = 0, =1, v = 2; where we get the integral
needed for this case

U:£+yB:£+yQC’:£,
) Y Y
which matches perfectly with the one found above.
PROBLEM III
Find the complete integral of this differential equation of fourth degree:

Az+ BP+CQ+ DR+ ES = 0.
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SOLUTION

To solve this equation, let’s put in the preliminary second problem v = az+bP +cQ +
dR, and we will have first this integral:

az—i—bP—i—cQ—FdR:y”U:E,
Yy

which will be convenient with this differential equation:

0z 0z oprP oP 0Q
— +y—)—naZ +b(x— +y—) — nbP —
a(wax—i—yay) naZ + (xax+yay) n +c(:1cax+
0Q OR OR
ya—y) —ne@ + d(x% + ya—y) —noR =10

Now instead of writing the differential formulas, we write their finite values, to get
this equation:

aP —naz +b(Q + P) — nbP + ¢(R +2Q) —nc@ + 9(S +3R) —ndR =0
for which rearranging terms will give
—naz+ (a+b(1—n))P+ (b+c(2—n))Q+ (c+d(3—n))R+dS =0.

It just remains to identity this form with the proposed one, which yields the following five
equalities:

1. A= —na;

2. B=a+(1—n)b
3. C=b+(2—n)c
4. D=c+ (3 —n)d
5. E=d.

The last gives us first d = E; the fourth gives ¢ = D + (n — 3)E; then form the third ,
we get b= C(n—2)D + (n — 2)(n — 3)E; the second will give a = B+ (n — 1)C + (n —
1)(n —2)D + (n — 1)(n — 2)(n — 3)E; finally the first takes us to this equation for the
determination of the number n :

A+nB+nn—-1)C+((n—-1)(n—2)D+n(n—1)(n—2)(n—3)E = 0.

15



This last equation being of fourth degree, let o, 5, v d the fourth values of the number
n, so each will produce for the letters a,b, ¢, d, particular values. Let’s put for the root
« these same letters a,b,c,d, for the root 5 : o, 0, c,d for v : o’ b",c",d", and for
0: a”, b, " d"; and so we will have four different forms of the integral equation found

, namely:
aZ +bP +cQ+dR =y U : =

Y

dZ+VP+dQ+dR=y"B: L

' Z+VP+"Q+d'R=yC :

amZ—f-b”/P—l—C/”Q—i—dmR:yéDZ

<
<y IR

After finding these four equations, it is easy to eliminate the three quantities P, @, R, in
such a way that it will remain on the left just the the quantity Z, and as the functions

from the left, being multiplied by certain constants, don’t change their nature, we will
get the final equation:

y*U : E—l—yﬁB : E+yVC' : E+y5D : z;
Y Yy Yy Y
where it is good to point out that to find this equation we didn’t need to find the values
of a,b, c,d, neither even the multiplicands, for the elimination of the quantities: P, @, R.
GENERAL PROBLEM IV
Find the complete integral of the differential equation of any degree:
AZ+BP+CQ+DR+...=0
SOLUTION

All the solution of this equation reduces to the equation to determine all the values of

the number n; and it is clear from the previous problems that this equation will have the
form

A+nB+nn—1)C+nn—1)(n—2)D+...=0,

which will go up to the same degree of the proposed differential equation, and from there
the number n will have as many values that we denote by the letters «, 3,7, 9,

. and
then the complete integral of the proposed equation will be

T T T Zz
ywU:~+y’B:~+y'C:=+y’'D:~+...
Y Y Y Y
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which has as many arbitrary functions as the given differential.
Here it is good to notice that the since the two variables x,y are used in the calcula-

tions, instead of the powers y*,y”, 17, ... we will be able to put also the similar powers
. . . . XL
of z, namely 2%, 2%, 27,.... And in fact, if we consider the formula y* U : %, since “’;—A is

also a function of f, instead of U : % we will be able to put ‘;—iF : §§ and so we will have

My AF § So taking A = a, instead of the formula y*U : % we will be able to put
x*U 5; and it is also clear that we will be able to write in general z#y” U : 5, as long
as the sum of the exponents p and v are equal to aie., p+v = a.

This solution will have no difficulties, as long as the values of the exponents n, that we
suppose to be a, 3,7, 0, ... are all reals and different to each other. But in the case where
some of these values are imaginary or equal to each other, one turns to certain reductions
to make the integral real in the first case; or for the other case the necessary number
of arbitrary functions stays non-reduced, without which the integral will no longer be
complete.

To overcome all these difficulties, let’s start by considering the two cases where the
values of n are found imaginaries, namely «, 3, and one knows that these two values
always get written to the forms o = p+vV —1 and f = p— vV — 1, and so the terms of
the integral which depend on those values will be y*™*V~-1U : % and y**VIB : f; and
to reduce them to the reality ,assume that

U: :F:E%—O:x
Yy

x
Y Y

and
T

B:ng:E—O:—,
) ) )
and then these two terms in turns will be reduced to the form:
x x
qu . _(yszfl 4 yfVVfl) 4 y,u(yuvfl . yfuvfl)o -2
(Y (Y
Let’s put here in the imaginary powers e/ instead of ¥, taking e to be the number for
which the hyperbolic logarithm is 1; and the first formula 3V ~! + 47" ~! will become
e’V 4 e=vV=1 and the other 4V~ — y=*V~! will become eV~ — e=*V =1 However,
we know by the reductions known that

eVl eVl = 2cos0,

and
eVl — eV =2V — 1 fin v.

So as v = vly, our two terms will have the form

y*.2cosv.F : f +y 2V —1finv.0 : f;
Y Yy
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where we can discard the real constant coefficients and the imaginaries. We will then
have, instead of the two terms proposed, these ones:

y" cosvlyF : l + y* fin vly. O : f,
) Y

all the times that « = p+ vV — 1 and 8 = p — vV — 1. from there it is clear that when

the number of imaginary values of n is 4,6, 8, 10, . .. since each couple always get reduced
to these two formulas p+ vV — 1 and p — vV — 1, the reduction will be always done the
same way.

To give an example, let’s take the case where the equation, to determine the number n
becomes 1+nn = 0, which is of second degree, where we had found A+nB+n(n—1)C = 0,
one must take A=B=C=1, in such a way that the differential equation to be solved will
be in this case z + P + ) = 0, or expanding it:

+8+8+88+2 882+8820

z2+T— TX— — =0.

ar Yoy T oz T aray T Va2

And since for n we have the values a =V — 1, = -V — 1, and thus u =0 and v = 1,
we conclude first that z = cos.lyF : % + sindy.O : § To better clarify these case, let’s
F % =0and O : % = 5, in such a way that a particular integral will be z = %sin.ly,

where we get % = i.sm.ly and g—; = —;—y.sm.ly + ﬁcos.ly, and next 8‘95 = 0 and
00z T i n x ; p 00z x . l L
= ——sin.ly + —cos.ly and — = —sin.ly — —cos.ly.
xdy  yy Yy gy y?

These values being substituted in the equation z + P + @) = 0, will give
z= Ecos.ly P = zcos.ly Q= —fsin.ly — Ecos.ly
Y Y Y Y

for which the sumis 24+ P+ Q =0

Let’s move to the case where one or two values of of n become equal to each other.
Assume first that o = [, and in the integral form found the two first terms y*U
f +vy°B : f will be reduced to only one function, and thus the integral will no longer
be complete. To fill this number, let’s § = a + w, taking w to be infinitely small, and
because of 1’ = y®.4* and y* = 1 + wly, we will have % = y* + wyly, where the two
first terms will become y* U % +y*B : % +wy®lyB : % instead of the two first terms,one
can simply write y* U i, and B : % instead of y“B %; in such a way that instead of
the first two terms, we will have : y*U : g +y*lyB : %

To give an example of this case, assume that the equation to determine the number

n, is nn = 0, and this equation will be of second degree, for which we have in general
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A+nB+n(n—1)C =0, where we must put A =0, B+ 1, C' =1, in such a way that
the differential equation to be integrated will be P + @ = 0, or

0z 0z 00z 00z 00z
) + 2z Yy

xa—x—l—y@—y—l—m:ax 8x8y+yy8y2 = 0.

Having therefore for the resolution of this equation nn = 0, the two equal values of n
will be @ = 0 and B = 0; consequently the complete integral needed of this equation is
z=U": % + yB : %; where it will be useful to show how this value satisfy in general the
proposed equation. To do this, we will differentiate these formulas according to the rules
established below OU : v =0vU’ : v and OU’ : v = 0vU” : v, and we will find:

9z 1y v g T
or vy y oy Yy
9 _ zg,r 1p o gy, @
dy vy vy oy Yy gy y’
00: _ 1.2 lps. 2.
0x? Yy y oy Y
00z _ 1y ¥ _Zygn. 2, lp, @ Wp, o tlyp, o
00y Yy y oy Yy ooy Yy gy y ooy Y
8—3522—2 ’:E—i-%U”:E—iBzf—Q—iB’:z—b—@B’:z iin”,—;
o2y y oy vy oy y oy y oy Y

from where we get the following formula:

poty ti W T g. T Ty,

v _tlyp,. T
) Y ) Y Yy oy Y Y )

I

or P = —B : £. The same way , we will find Q = —B : § Thus we get directly that
P + @ = 0. This seems to be so necessary that one finds nowhere particular rules to
differentiate the functions with two variables.

Considering now also the case where not only that the two roots a = f but there
is a third one v which is equal to them. For the two first a = [, we just reduce their
corresponding terms to this form: y*U : 5 + y*lyB : 5 on which we must add the
third term 3" C : %, to join the first one. Now let’s put v = o + w, and since y* =
1+ wly + %wg(lyQ), we must go here up to the third term, since the second term will
join the second of the preceding terms. from there it is clear that these three terms, by
changing the arbitrary functions, will be reduced to the following three terms:

y* U : f +y*lyB : f +y*(ly)*C : L
) ) Y
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To give an example, consider the case where the equation for the number n has this
form: 1 3n + 3nn n® = 0, for which the three roots are all equal to each other, namely
a = 3 = = 1. This case belongs therefore to the differential equation of third degree
Az + BP + CQ + DR = 0, for which we had found: A +nB + nnC + n3D =0 — nC —
3nnD+2nD we must therefore do: A=1, B—C+2D = -3, C—3D =43 and D = —1,
and so C =0, B= —1and A =1, in such a way that our differential equation will be:
z— P+0.QQ — R =0, for which the complete integral , because of o = 1, will be:

yU : EerlyB : E+y(yl)20 .z
Y Y Y

To clarify this by an example, let’s do: U =0, B =0 and C : 5 = %; in such a way
that a particular integral will be z(ly)?, from where we have the following differentials:

0z 0z 2xly

a. (ly)2) a3 = )

0 oy Yy
0= 00 oy 002 oy
0z 7 9xdy oy Iy yy  yy
Pi_, os _, 0 _2
ox3 T 0x20y ) 0xdy:  yy  yy
03z dr  2x  Adxly 6x  4dxly
— =D 2 Y
oy’ vy y oy

From there we get
z=z(ly)* P =x(ly)* + 2zly and R = —2xly,

from where we get: 2 — P — R = 0; which agrees perfectly.
From there it is already obvious that the number n had four equal values, namely

a = 3 =~ =J0. Instead of the four terms that immediately get into the integral, we must
put these ones:

x x x x
z=9°U:~+y*lyB: = +y*(Ily)*C : = +y*(ly)*D : =+ ....
Y Y ) Y

And so whatever number of equal roots, the reduction of the integral will no longer have

any difficulties. In the remaining one understands easily that the two letters x and y can
be exchanged in all those formulas.

To prove that, I will show that instead of the terms: y*U : T+ y*(ly)B : - one
will be able to write 2*U : T + x*(lx)B : ,- For this fact I notice that because both
terms bears an arbitrary function of %, one will be able to multiply it by Z—z, which gives
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U %+ z*(ly)B : =; next since [ =z —ly is a function of 2, instead of U : =, we
will be able to write U : % + lgB : %, and then we will have
x x
U : — 4 2%(lz)B : —;
) Y
from where one understands easily that this permutation can always happen.
The integration of this enough general differential equation:

Az+BP+CQ+DR+ER+ES+...=0,

where P, (), R, S, ... mark the differential formulas pointed out above, will be looked as
an excellent part of this analysis that solve functions of two variables, and that one must
distinguish from the ordinary analysis which works only single variable functions. As it is
now clear that these two kinds of analysis are very essentially different to each other, not
only with respect to the functions that they solve, but also with respect to the methods
used to solve them. This is why the denomination of partial differences, which many
geometers use, to mark the analysis of functions of two variables, doesn’t seem much to
me to express their true character.

Besides that difference, on can sometimes notice a good harmony between these two
kinds of analysis. So when solving, in the ordinary analysis, this differential equation:
Az + Bm% + C’ng% + D:fg% + ... = 0; and that we ask what function of z one
must give to the quantity z, For this equation to be complete: The ordinary method of
integration leads to this algebraic equation: A+ nB +n(n —1)C +n(n —1)(n —2)D +
n(n—1)(n—2)(n —3)E + ... = 0; from where one must get all the roots a, 3,7, 9, ... of
n, and the complete integral is expressed in the following way:

2=Uz"+ Bz’ + C2" + D2’ + . ..

where the letters: U, B, C, D,....stand for arbitrary constants. this form has therefore
a very good link with the form of the integral that we have found above for the function
z of the two variables of x and .
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