EXPANSION OF THE INTEGRAL FORMULA OF
0z(3+22)
f (14-22) %/(1-&-622-&—24)
THROUGH LOGARITHMS AND CIRCULAR ARCS

LEONHARD EULER

1. 81
This is not able to be done unless it is established that z = }f—; From here we
will make
95 — 20x and3+zz:2(1—x+xaﬂ): 2(1 + %) .
(1—2)? 1422 1+ zx (1+2)(1 4+ xx)
Then certainly
8(1 4
14622+ 2% = w, and therefore
(I—a)
4/1 4
V(1 +62z+2%) = VIt

1—=z
The proposed substituted formula then has this form:

s [ dw(l+a?)
2t (=) Tt

2. §2

We tear apart the aforementioned into a form which has two parts: 2% (P+Q),
so to make:

P—/ ox andQ—/ 230z
) (- VI Tt ) =)Vt

which we unfold. For the first part we set up ——%— = t, in order to have
V(e ’

P = f i(ﬁ@). The substitution becomes becomes % = t* and from here

zt = %, and therefore 1 — 2* = 11_72:44' Next, from 4Inz = 4Int —In (1 — *), we

have that % = 9t _ these give

t(1—t%)
ot
p=| -2
/ 1— 2
0z(3+2z2)
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2 LEONHARD EULER

But for the other part, @, place 1 + x* = u*, from which /(1 + %) = u ! is
made and 239z = u?0u. It is then deduced that:

uudu
Q= / -
—u
in such a way that we have transformed (the original) into rational functions .
3. 83

Now we are able to manage these convenlent formulas. For the former we place

t= 4%/5’ and in this way will have P = éf f 1—>3- Now it is true that
1 1 1

1 +1
1—pt 21— 21+pp’

and

2\f/1fpp 2f/1+pp'

1 1—|—p 1
4[ z\f

and the former part will be as follows:

This can be rewritten:

arctan p,

1.1
2iP = 3 lnlﬂ + arctan p.

We note that p = t(yi and furthermore it is true that ¢t = And since we

+:v

\4/1%—74
placed z = 1 we have x = +1’ so that all of the former part of the integral will
be able to be expressed by means of z.

4. 84
For the other part @, place
u=qv?2

. Now it is true that

qq 1 1 1 1
1—¢* 21—-qq 21+44qq’

qq@q

and @@ becomes (1[

which becomes

/ 90 _1 [ 0¢ _1 [ 0¢ _ 1, 1d+q 1.
1—¢* 2) 1—qq 2) 14q¢ 2 1—¢q 2 e
Therefore, this gives forth
1 1 1
Q= ta arctan q.

4\f TS 2k

Consequently, the real other part of the integral will be

1.1
QgQ = ,mﬂ — arctan q.
2 1—gq

We note that g = and furthermore it is true u = /(1 + z%). Finally we see

T = Z—H is true.

u
ECk

LThis should read ¥1 + 2% = u.



5. §5

Therefore, seeing that each of these values are known, the integral of the proposed
formula will be

02(3 1. 1 1. 1
/( 28 +22) 221 ﬂ—!—flnﬁ—&—arctanp—arctanq

4 + n
1+ 22)vV1+62z2+ 24 2 1-p 2 1-—gq

whereby it should be noted that

z—1 4
=—" —  andg=vV1+6zz+2%3
P V14 62z + 24 1

6. §6

Therefore, with the substitution of these values, our integral will be

11 {‘/(1—}—622—&—24)—i—z—l_~_11 14+ /(14622 + 24)
~1In ~1In
2 YA +6z2+2Y)—2z4+1 22— Y (1+622+2%)

1—
+ arctan : —arctan v/ (1 + 622 + 24) 4

V(146224 2%)

whereby it is noted both circular arcs can thus be combined as one in order to
give

z2—1—/(1+62z+2%) |
2/ +62z+2%)

Moreover, both logarithms are able to be combined into one

11 2y/(L+ 6224+ 24) +2—14/(14+622+2%) 4

n :
2 2Y(A+622+24) —2+1— /(14 622+ 2%)

7. §7

arctan

These, though convenient, can be simplified. If in fact we place esteem on brevity
and let /(14 62z + 2*) = v, the logarithmic part of our integral will be

11 vz+z—1+vw 1. (1+v)(z—14v) ,

2 " vz—z+1—wv 2n(v—1)(z—1—v)

2This + should be =

a7
3Here (and following), g should be %f*z“. We see this since q = %\/ﬁ’ u= V(1 +z%
_ 21
and x = §+1'
5This should read
z2—1—+/(1+ 62z +2%)
arctan

22 Y/ (1 + 62z + 24)

6This equation should read

11 22 /(14622 +2%) + 22 — 1+ /(1 + 622 + 2%)
= In
2 2z2y/(1+6zz+2%) —22+1— /(1 +62z+ 2%)

"This equation should read
11 20z +zz—14+vv 11 (v4+2)2 -1
=—In

2n2vz—zz+1—vv72 1—(v—2)2
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the other circular part is
l—2z—wvv ¢
arctan ——— .
vz

8This equation should read
zz—1—ov
arctan ——.
2uz



