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Previously , divergent series of this nature have been investigated, and a true sum for the hypergeometric series 

1 – 1 + 2 – 6 + 24 – 120 + 720 – etc.

assigned by means of a transformation into a continued fraction.  This series lies hidden in the series 

1 –mx + m(m+n)x2-m(m+n)(m+2n)x3

+m(m+n)(m+2n)(m+3n)x4 etc.

and that sum will be found to be equal to this continued fraction:
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The
 truth of this claim will be deduced from the converstion of the Riccati equation into a continued fraction.  Though the proof of this is excessively
 long,  the way it goes can be seen from a long way off, and I have reduced the proof to its most simple principles.

2.
I begin by putting the general series into a more convenient form by putting mx=a and nx=b, and it produces this infinite series:

1 – a + a(a+b) – a(a+b)(a+2b) + a(a+b)(a+2b)(a+3b) – etc.

The subsequent calculations will be made more convenient if the following substitutions are made:

a=A. a+b=B. a+2b=C, a+3b=D, etc.

and then this series will be obtained:

1-A+AB-ABC+ABCD-etc.

which series we designate with the letter S, so that 

S = 1-A+AB-ABC+ABCD-etc.

then it follows that 
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3. Then, since 1/S > 1, the previous equation is reduced to this form:
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Now we put 
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and because B-A=b, C-A-2b, D-A=3b, etc, this gives
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Now set 
[image: image7.wmf]P

b

Q

=

+

1

 and it gives


[image: image8.wmf]Q

B

BC

BCD

BCDE

etc

B

BC

BCD

etc

=

-

+

-

+

-

-

+

-

+

1

1

2

3

4

.

.

,


and we deduce that 
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Now,we put 
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4.
In this expression, the letters that occur as coefficients in the numerator, increased by one letter, give the letters which occur in the denominator.  Then since C-B=b, D-B=2b, E-B=3b, etc., that makes 
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Now if we put 
[image: image13.wmf]R

b

S

=

+

1

2

, we get


[image: image14.wmf]S

C

CD

CDE

etc

C

CD

CDE

etc

=

-

+

-

+

-

+

-

+

1

2

3

4

1

3

6

10

.

.


where the numbers that occur in the denominator are obviously triangular numbers, and that expression is reduced to this one:


[image: image15.wmf]S

C

CD

CDE

CDEF

etc

C

CD

CDE

etc

=

+

-

+

-

+

-

+

-

+

1

3

6

10

1

3

6

10

.

.

.

When we therefore set 
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5.
In this form, since D-C=b, E-C=2b, F-C=3b, etc., that equation becomes
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We put 
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where the numbers which appear in the denominator are the first pyramidal numbers, or sums of the triangular numbers, and we get:
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where above and below occur the pyramidal numbers.  Now we set 
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6.
Proceeding as above with this calculation, using E-D=b, F-D=2b, G-D=3b, it will be
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Let 
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which expression is reduced to this:
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Let 
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7. Now, therefore, since F-E=b, G-E=2b, H-E=3b, etc., it is that
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Now let 
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Now, since at the beginning, we put 
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, that makes the sum being sought 
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; and the following facts have been verified:
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which
 values substituted in order give rise to this continued fraction:
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If, in place of the letters A, B, C, D, etc. which we assumed, their values are restored, we get that this divergent series

1-a+a(a+b)-a(a+b)(a+2b)+a(a+b)(a+2b)(a+3b)-etc.

its sum is expressed by the following continued fraction
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which is in the form which was wanted.


8.

This transformation


9.
Hereafter, indeed
, it will help to denote this by the continued fraction:
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in general
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Now the first of these formulas will be
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then the second of these formulas gives
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and
 then the third will produce
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These values substituted successively will produce this new continued fraction:
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10.
Thus, in the case of the divergent series
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this continued fraction is produced:
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we assume

(=a, (=b, (=a+b, (=2b, (=a+2b, etc.,

it becomes
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Appendix

On the Continued Fractions of Brouncher

11. Since

formed from the Leibniz series 
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from interpolation in the series 
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12.
This observation

formed from the series 
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13.
I will consider now this continued fraction
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which is represented by the following parts
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14.
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, and that is certainly known to be 
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15.
In a similar way it is possible to investigate the values of all of the other continued fractions of this kind.  For example, if this form were
 proposed:
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28

___ ___ De transformatione seriei divergentis 1 – mx + m(m+n)x2-m(m+n)(m+2n)x3+m(m+n)(m+2n)(m+3n)x4 etc. in fractionem continuam
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J. J. Ferber.  Reflexions sur l’ancienneté relative des roches & des couches terreuses que composent lacroute duglobe terrestre. Troisieme section





163

C. F. Wolff.  De ordine fibrarum cordis.  Dissertatio VI.  quae repetitas et novas observationes de fibris ventriculorum externis continet.  Pars Prior.  Vendriculus dexter.  Huc referuntur duae tabulae de orndine fibrarum cordis IV. et V.







181
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221
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229
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250

Astronomica
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267
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273
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281
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� This new value of S is, of course, different from the S that was introduced in paragraph 2. [ES]


� Remember that Euler uses l instead of ln.
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Transformation … into continued fractions

_998584682

_998645241

_998678449

_998678812

_998679118

_998679179

_998679243

_998679277

_998679340

_998679205

_998679141

_998679069

_998679094

_998679016

_998678594

_998678674

_998678747

_998678637

_998678515

_998678561

_998678480

_998646260

_998646797

_998646895

_998678416

_998646894

_998646654

_998646768

_998646321

_998645663

_998645919

_998646075

_998645735

_998645397

_998645637

_998645316

_998585397

_998645038

_998645158

_998645192

_998645114

_998585870

_998586006

_998585509

_998585074

_998585261

_998585356

_998584844

_998584923

_998584979

_998584810

_998501953

_998504083

_998504531

_998584566

_998504702

_998504922

_998504229

_998504419

_998503471

_998503783

_998503976

_998504026

_998503503

_998502947

_998502678

_998502795

_998501290

_998501647

_998501706

_998500839

_998500910

_998501026

_998471830

