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TRANSLATOR’S NOTE

In translating this work, I am deeply indebted to the work of A. Wangerin, whose thorough
and scholarly 1897 German translation appears in [Wan1897]. However, I believe that
Wangerin was writing largely for an audience of mathematicians, and that his goal was to
explain Euler’s reasoning in the "modern* terms of his era. Thus, for example, Wangerin
uses the term “total differential”, even though (as Wangerin notes) this wording was not
yet used in Euler’s time. Today, in contrast, the interested audience likely consists of both
mathematicians and historians of mathematics. To satisfy the latter, I have attempted,
as near as possible, to mimic Euler’s phrasing, and especially his mathematical notation.
I have made a few exceptions in cases where Euler’s notation might be confusing to a
modern reader. These include:

e Use of “In()” rather than “I”, to denote the natural or “hyperbolic” logarithm
function;

e Use of “arcsin, arccos” rather than “A sin, A cos” for the inverse trigonometric func-
tions (particularly confusing since Euler uses a constant A in his computations);

2

e Use of, for example, “cos? u” rather than “cos u?” to denote the square of the cosine;

e Introduction of parentheses to delimit the argument of a function where this was
not clear from the context.

In most other cases, I have attempted to copy Euler’s original notation—in particular,
preserving his use of the differential operator d, and the symbol +/—1, since these had a
slightly different meaning to Euler than they would have to mathematical practicioners
today.

George Heine

gheine@mathnmaps.com

September 2012
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1. In the following I consider not only optical projections, in which the dif-
ferent points of a sphere are represented on a plane as they appear to an
observer at a specified place; in other words, representations by which a sin-
gle point visible to the observer is projected onto the plane by the rules of
perspective; indeed, I take the word “mapping” in the widest possible sense;
any point of the spherical surface is represented on the plane by any desired
rule, so that every point of the sphere corresponds to a specified point in the
plane, and inversely; if there is no such correpsondence, then the image of a
point from the sphere is imaginary.

2. In Figure 1, abc represents a portion of the Spherical surface, whose pole
is at the point b and Equator the circle alc. Let ab be the prime Meridian,
from which, as is usual in Geography, the longitude of a point on the Sphere
is measured. Now consider an arbitrary point p, which lies on the Meridian
bpl; this Meridian forms an angle abl with the prime Meridian; it is equal to
the Equatorial arc al = t. The latitude of the point is the arc Ip = u, if one
takes the radius of the Sphere to be unity.

In Figure 2 the plane of the figure is that in which the image lies, and
P is the point which corresponds to p on the Sphere. From P drop the
perpendicular PX to the axis of abscissa E'F', whose position may be freely
chosen, with the point E as origin, and take the abscissa EX = x and the
ordinate X P = y. The position of such points P is determined from the
position of points p of the Sphere, according to some rule, but the position
of p is determined by the two variables ¢ and u, so the coordinates x and
y can be considered Functions of each of the two variables ¢t and u. Our
inquiry then belongs to the part of Analysis which treats of Functions of two



variables.

3. We now wish to take account the variation of the two quantities ¢ and
u in our calculation. To that end consider a point ¢ on the Sphere, whose
longitude = t while its latitude = u + du. Moreover let r be a point with
longitude ¢ + dt and latitude I'r = u. Completing the parallelogram pgqsr, s
will have longitude t + dt and longitude v + du. Then on the Sphere the arc
elements will be pg = du and I’ = dt, so that the element pr = dt - cosu.
Moreover, the parallelogram pqrs will be a rectangle with diagonal

ps = Vdu? + dt? - cos? u.

4. Now suppose that to the points p,q,r,s on the Sphere correspond the points
P,Q),R,S on the plane, and from these latter drop perpendiculars PX, QU,
RV, and SW to the axis EFF. Since between () and P only the variable u
changes, being incremented by du, the coordinates for the point ) will be

d d
EU::c—l—du(—I), and UQ:y—i—du(—y).
du du

In the same way, between P and R only the variable ¢ changes, so that the
coordinates for the point R will be

d d
abscissa FEV =ux +dt (d—f> , and ordinate VR =y 4+ dt (d—i> .

Then the point S, which is obtained from P by simultaneous changes in both
t and u, will have for abscissa

dx dx

EW = du | — dt | —
x + u<du)—|— (dt)

dy dy

= du [ == dt | = ).
WS =y+ u<du>—|— (dt)

From this it appears that
XU = du (@> :
du

and for ordinate



which is equal to the distance

dx
VW =du | — | .
u(du)

In the same way,

d
WS—-VR=UQ - XP = du <£) (4.1)
But from this it follows that element RS = element PQ), and similarly PR =
@S, so that the quadrilateral PQRS will in fact be a parallelogram.

5. Since the elementary rectangle pgrs on the Sphere is represented on the
plane by the parallelogram PQRS, let us begin by comparing the respective
sides of the two figures. On the Sphere,

pq = du, and pr = dt - cosu,

while on the plane

AN dy 2 AN dy 2
PQ = — —= d PR = — — .
© \/(m) - (du) o \/(dt) * (dt)
Then clearly the element P(Q corresponds to a small increment du in the
direction of a Meridian, while PR corresponds to a small increment dt cos u

in the direction of a Parallel'. Now if functions x and y could be obtained,
satisfying

dr\* dy\’ dz\? dy\?
du = du\/<%> + (@> , and dt cosu = dt\/(%) + (%> ,

then lengths along both the Meridian and the Parallel would have the same
size in the plane as on the Sphere. But there might be another, more sig-
nificant, difference, namely, that the angle between them on the plane might
differ from a right angle.

'Euler uses the capitalized term “Parallel” to refer to a circle of constant latitude on
the sphere, and to the image of this circle on the plane.



6. So we begin by seeking the directions of the Meridian P() and the Parallel
PR with respect to the coordinates x and y. From Figure 2, the Meridian
element P(Q) is inclined with our axis F'F' at an angle whose tangent is

(@) (&)

In the same way, the direction of the Parallel PR is inclined with our axis
EF at an angle whose tangent is

(@) (&)

The difference between these two angles gives the angle, Q PR, formed be-
tween the Parallel and the Meridian; its tangent is

do\ (dy) _ (do) (dy

dt du du dt

Ao\ (d0) | (oY ()

du dt du dt
In order that this angle be right, as it is on the Sphere, it is necessary that
de (de (fdy) (dy o (v fdr o (dey o fdy
du) \ dt du) \dt) du)  \du) dt )~ \dt /)

7. Therefore, if it is required that the plane figure PQSR will be congruent
to the Spherical figure pgsr, the following three conditions must be satisfied:

First, of course, that PQ = pq,
2) PR =pr,
3) angle QPR = qpr = 90°.

To this end, the following three equalities are required:
dr\” dy 2 dz\? dy 2
L. — =1 =1 — =1 =1
\/(du> + (du) ’ or (du) + (du>
dr\ > dy 2 dr\? dy 2
IL. — | = i Y\ a2
\/(dt> + (dt> Ccos U, or <dt) + <dt) Ccos” U
dy\ (dx\ dr\ [dy
me (5)- (%) = - (%) (&)




If now we set y p
y\ . [(d=Y _
(du) : (du> tang ¢,

then by (III) it must be that

d d
(ﬁ) : (a) = ot
dy\ (dx dy\ _  [(dz
(@) = (@> tang ¢ and (%) = (_dt) cot ¢.

Substituting these values in the two first equations yields

dz\? 9 dx\’ .9 2
Tu = cos” ¢ and 7 = sin” ¢ cos” u.
U

and so

But evidently there are no circumstances under which the above three con-
ditions can simultaneously be satisfied, since, as is well known, there is no
way that the surface of a sphere can be represented exactly on a plane.

8. In order to remove differential expressions from the calculation, we make
the following substitutions:

dr) _ dr _ dy\ _ dy\ _
dw) P \aw)~P \au)”" \&t)™?%

dx = pdu + qdt, dy = rdu+ sdt,

so that

and before anything else, it is required that these two expressions be simul-
taneously integrable; this is the case if p, ¢, 7, and s are functions of £ and u

such that
dp\ (dq d dr\ (ds
dt ) ~ \du o dit) = \du)
Moreover the above expressions for lengths of lines take the following form:

PQ = du~/pp+rr, and PR = dt+\/qq + ss



Furthermore, the tangent of the angle of inclination of P with the axis is
= f, the tangent of the angle of inclination of PR with the axis is = f, and

P
finally, the tangent of angle QPR is

qr — ps
pq+rs

9. Using this notation, it is required that a perfect mapping fulfill the fol-
lowing three conditions:

r
Lpp+rr=1; II. qq + ss = cos® u; m. - = 4
D S
We put
r
— = tang ¢,
p
so that
- = — cot ¢;
that is,

r = ptang ¢, s = —qcot ¢,

and the two first conditions yield
pp = cos” @, qq = sin”® ¢ cos®u,
from which we deduce
P = COS P, g = —sin¢ cosu

and thus
r = sin ¢, S = COS ¢ - COS U.

Substituting these values into the expressions which must be integrable,

dx = du cos ¢ — dt sin ¢ cos u
dy = du sin ¢ + dt cos ¢ cosu;

From the requirements that

()= () e ()= (50)
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arise the following two equalities:

o\ . (dd
L. —(E)smgb— sin u sin ¢ (d)cosucosqzﬁ,

U

d L (do |
II. (E) COS ¢ = — sin u cos @ (du) cos u sin ¢.

Combining these two by

(I.) x (cos@p) + (II.) x (sin @)

0= @ cos u, and thus @ =0,
du du

so that ¢ depends only on the variable t. But the combination

(IL.) x (cosp) — (1) x (sin¢)

o\
(a) = —sinu,

so that (d—f) depends upon u, contradicting the previous result. Thus is

yields

gives

demonstrated through computation that a perfect mapping of the Sphere
onto the plane is not possible.

10. Since therefore a perfectly exact representation is excluded, we are obliged
to admit representations which are not similar, so that the spherical figure
differs in some manner from its image on the plane.

With respect to the divergence between the image and reality, we can
make various assumptions, and according to the assumption which take as
the basis, we can achieve the image most suitable for this or that purpose. In
this way, the needs which the image must satisfy can vary in many different
ways. From the infinite number of possibilities which present themselves, we
shall in what follows discuss several which are especially important. Before
all else, we assume that the angles formed by the Meridians and the Parallels
are everywhere right angles, since if we admit acute and obtuse angles, the



image produced will be competely useless. On this account, in what follows
we shall always assume that the angle QPR is a right angle and therefore

11. We inquire more generally what can be deduced from the previous re-
quirement, that all Parallels should cut the Meridians in right angles. To
this end, we introduce again the angle ¢, so that » = ptang¢ and thus
s = —qcot ¢. By substituting these values for r» and s, the expressions for
the two differential formulae which are to be integrated are rendered as

dr = pdu + qdt, and dy = pdutang ¢ — q dt cot ¢.

12. In order to put these expressions in the same form, we introduce in place
of p and ¢ two other variables, putting

D = M Cos ¢, q = nsin ¢,
whence
r = msin ¢, S§ = —ncos @,

and the two formulae to be integrated become

dr = mducos ¢ + ndtsin ¢,
dy = m dusin ¢ — n dt cos ¢.

With this the entire task is reduced to the question: how should the func-
tions m and n be selected, so that these two expressions are integrable? In
addition, we must look back to the conditions we wish to fulfill, according to
the case under consideration.

FirsT HYPOTHESIS
That all Meridians are set normal to our axis E'F, while all Parallels are
set parallel to it.

r
13. Since we supposed that tang ¢ = —, the angle ¢ measures the inclination

of the arc element P(Q) with respect to the axis EF'F’; furthermore, the direction
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Figure 3: A copy of Euler’s Figure 3. (See note 2, §15.)

PQ is that of the Meridian. and since the angle ¢ is assumed by hypothesis
to be right, the two differential formulae become

dr = ndt, dy = m du.

That these become integrable, one can achieve in infinitely many ways; it is
only necessary to take m as an arbitrary function of w, and n of ¢. For this
reason it is possible to set additional conditions.

14. In the first place, all degrees of longitude can be made the same size;
there is no reason to establish inequality among them. Thus, if our axis
EF represents the Equator, so that the abscissa E'X corresponds to the
equatorial arc al = t, it is then possible to take x = t, in other words, to set
the function n to unity, or to any constant, while for the ordinate one can
take an arbitrary function of w.

15. Under such an hypothesis, not only does the parallelogram PQSR be-
come a rectangle, as on the Sphere, but also the point () lies on the ordinate
X P, so that PQ = dy and PR = dx = dt (Fig. 3).? If, furthermore, we set
y = u, where u denotes the latitude of the place, then, if dx = dt corresponds
to a degree of longitude and dy = du to a degree of latitude, we have that
dy = dx ; however, such a representation would be quite unusable, and all
regions of the Earth would show severe distortion.

2In the original, PR and QS are drawn parallel to each other, but not parallel to EF,
and PQRS is drawn as a parallelogram, but not a rectangle. See the remark at the end
of Note 3, p. 68, in [Wan1897]
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16. It is better to take the ordinate y equal to some function u of the lati-
tude, suitable to the purpose which the map is supposed to serve. A condition
comes to mind, that the parallelogram PQ RS in the plane be similar to the
parallelogram pgrs on the Sphere, for then the smallest parts of the spherical
surface will be similar to their images in the plane. It is exactly this condition
on which the Maritime Charts, named after their inventor MERCATOR, are
based.

I. ON MERCATOR’S MARITIME CHARTS

16a.®> Because it was required that the rectangle PQRS be similar to the
rectangle pgrs, in which pqg = du and pr = cosu dt, it must be that

dy : dt = du : cosu dt;

and since dx = dt,
du

cosu’

dy =

integrating this expression gives
. 1
y = Intang(45° + §u)

The latitude, measured on the Sphere by the angle u, thus corresponds on
the image to the hyperbolic logarithm of the tangent of the angle 45° + %u
Using this formula, tables are constructed in which for specific values of u
the corresponding values of y are recorded.

17. Given that on the map all Parallels are equal to the Equator, while on the
Sphere they become smaller and smaller, it follows that in this representation
the degrees of each Meridian, which are equal on the Sphere, must become
larger at the same rate as the degrees on each Parallel increaase with respect
to the Sphere. For this reason, the degrees of latitude on a Meridian increase
constantly as the latitude becomes greater, and at the same rate as the cosine
of the latitude decreases. Therefore, if du denotes a degree of a Meridian on

3Euler’s original paper contained two paragraphs numbered “16”. Following both
[SSN1894] and [Wan1897], and to keep numbering consistent for those who wish to consult
the original text, we call the second of these “16a”. See also Note 5, p. 68 in [Wan1897]

11



du

cosu’
For example, at the latitude 60° one degree on the Meridian has twice the

length as on the sphere, and at the pole it becomes infinitely long. Hence,
such maps can never be extended to the poles.

the Sphere, then on the Map, the length of the same degree will be

18. The greatest advantage which this Map gives to travelers at sea, is that
the Loxodromic curves, which on the Sphere cut each Meridian at the same
angle, are here represented by a straight line. Such a straight line cuts all
the Meridians, which are parallel to each other, at the same angle.

19. If, for example, the line ap on the Sphere [Fig. 1] refers to a Loxodromic
curve which cuts every Meridian at an angle = (, and if the length of ap = z,
then

du:dz=-cos(:1, sothat dz= .
cos ( cos (

But if, on the plane, the line EP [Fig. 3] corresponds to ap, then the angle

EPX is also = (, and clearly E'P is a straight line with length Yo
cos

the length of line E'P is known, then, inversely, one can obtain from this the
length of the path traversed by the ship, that is, the length of ap, since

ap: EP =wu:y,
and the ratio u : y can be considered as known.

20. But while Loxodromic curves are represented on the plane simply as
straight lines, in constrast, great circles on the Sphere are represented by
transcendental curves of a very high order. Let ap [Fig. 1] be the arc of a
great circle inclined to the Equator at point a by an angle of lap = 6. It is
well known that

tang u = tang @ sint;

with this and the two previous formulae,
r=t, and y=Intang(45°+ lu),

the curve E'P, which corresponds to the arc ap, can be defined.

12



21. In order to determine the nature of the curve under consideration, denote
by e the number whose hyperbolic logarithm = 1; then

1 + tang Lu

e’ = tang (45° + tu) = —gf,

1 — tang ju

thus

: ) ey —1
ang -u = ;
&2 ev +1

from which, collecting terms again,
) ey —1
angu =
& 2eY

Substituting this value for tang u in the equation and considering that ¢ = x,
the following relation between x and y is produced:
e? —1

2e”

= tangfsin x,

by which is expressed the nature of the curve EFF. From this last it can be
inferred that if x is very small, then y becomes very small also. For very
small values of y, we have

e/ =1+y and ¥ =1+2y;

whence, if sinz = x, we obtain

Y
—— = xtangf
I1+y s
or just
¥ tang 6,
x

so that at point £ the curve is inclined to the Equator with an angle of 6.

Next, if we take x = 90°, then

e —1
2eY

= tangf,

whence it follows that

inf+ 1 1+sin6
eV = tang 0 + \/tang? 0 + 1 = S0 =4/ o = cot(45° — 10),
1—sinf

cos

13



and thus
y = Incot (45° — 36) = Intang (45° + 16) .

From this it can be seen that the curve is transcendental of a very high order.

II. ON MAPS IN WHICH EVERY SURFACE AREA IS REPRESENTED
AT ITS TRUE SIZE

22. We continue to assume that all Meridians are parallel to each other, and
that all degrees are equal at the Equator. The degrees of longitude, calcu-
lated along any Parallel, have then the same magnitude as at the Equator,
so once again we take x = t. Now it is required that the area of the rect-
angle PQRS = dxdy is equal to that of the rectangle pgrs on the Sphere
= du dt cosu. For this it is only necessary that dy = cosu du, from which we
obtain by integration y = sinwu. It is then very easy to construct a map; one
merely makes the ordinates equal to the sine of the corresponding latitudes.
The degrees of latitude along the Meridians become smaller and smaller as
the the distance from the Equator increases, and vanish entirely at the pole.
The pole itself is represented by a straight line, parallel to the Equator E'F’,
and a distance equal to 1 from the latter; this distance is equal to the radius
of the Sphere.

23. If the entire surface of the Earth be represented by this method, the
map will have the form of a rectangle whose length will be equal to the
circumference of the equator = 2m; on each side of the Equator, the distance
in latitude to the pole is = 1, and thus, the area of the rectangle will be
= 47r; that is, equal to the area of the entire spherical surface. In such maps,
all countries of the Earth are represented at their true size, although their
shape displays a great deviation from reality. In such a representation, the
area of any region on the map has the is equal to the area of the same region
on the surface of the Earth. Such maps can be used to compare the true
size of different regions of the Earth. This is best accomplished by the use of
units such as square degrees, where one degree along the Equator is reckoned
as fifteen German miles*

4A note from [Bagl959] states that one German mile was equal to 7.4204 km. This
puts the length of one degree along the equator at 111.306 km, which is very close to the
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SECOND HYPOTHESIS

That small regions of the Earth should be displayed as similar figures in the
plane.

24. In order that such a similitude be observed, it is necessary before all else
that Meridians and Parallels are everywhere perpendicular. For this reason
the two differential formulae which must be integrabile, encountered above
in paragraph 12, are expressed as

dr = mdu cos ¢ + ndtsin ¢
dy = mdusin ¢ — n dt cos ¢.

Furthermore,

PQ = du~/pp + rr = mdu,
PR =dt\/qq+ ss = ndt.

and QPR is a right angle, in accordance with the previously established
formulae.

25. If the rectangle PQRS is similar to pqrs, then it is necessary that
PQ : PR = pq : pr, that is, m : n = 1 : cosu, so that our two differential
formulae become:

dxr = m du cos ¢ + m dt cos u sin ¢,

dy = m dusin ¢ — m dt cos u cos ¢.

26. The entire problem is thus reduced to the following: which functions of
t and u must one take for m and ¢, so that both of the differential formulae
are integrable? For the sake of brevity, we introduce again p and r in place
of m and ¢ As above

p=mcos¢, and r=msinqe;

currently accepted value of 111.324 km.
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we have thus the equations

dx = pdu + rdtcosu,

dy = rdu — pdt cosu,
and we ask which functions of ¢ and u is it necessary to take for p and r,
so that both of these equations are integrable. A solution to this problem is

obtained, as can easily be seen, in the case of the Nautical Chart. In this
case, it is only necessary to take

1

cosu

p=0, r=
Other solutions, however, are not so easily found.

27. From well-known conditions for integrability, it is required that:
dp dr cosu —_— dr
_— — — — — 1n JR—
7 o rsinu+cosu| - |,
dr B dp cosu B ) dp
p = o = psinu —cosu | - | .

From the latter it follows that

d_p =p tangu — ﬂ !
du =P & dt | cosu’
dp dp
dp = d — dt | —
pean (50) + o (3F).

the following new condition arises:

d
dp = pdutangu — (—T>

and since

du

COosu

dt

u

d
—rdtsinu + (d_r) dt cos u.

On multiplying by cosw and bringing the term in p to the left side, this
becomes

d d
dpcosu — pdusinu = —r dt sinu cosu + o dt cos® u — a du.
du dt

In order that the left side of this equation be integrable the right hand must
be also, and for r a suitable function of ¢t and v must be sought.

16



28. It is now necessary to find a way to resolving these formulae. After
careful consideration of all the difficulties, two methods of reaching the goal
presented themselves to me. One of these gives an infinite number of par-
ticular solutions, while the other has led me to the most general solution. I
shall develop both methods here, so that through them significant advances
in the Analysis of functions of two variables might be obtained.

METHOD OF LOCATING PARTICULAR SOLUTIONS TO THE DIFFERENTIAL
EQUATIONS

dr = pdu + r dt cosu, dy = rdu — pdtcosu

29. Since the functions p and r each involve the two variables v and ¢, we
set each equal to the product of a certain function of v by a certain function
of t. Thus, let

p=UT, and r=Vaeo,

where U and V' are functions of u only, 7" and © functions of ¢ only. We then
have the two differential formulae rendered as:

I. de=UTdu + VOdtcosu
II. dy=VOdu — UT dtcosu.

30. From this it will be possible to produce a double representation of x and

y in the form of an integral. If the quantity ¢ is taken as constant, the second
terms vanish, and from the first are obtained:

:r;—T/Udu, and y—@/Vdu.

If, on the other hand, u is taken as constant, then from the second terms
come

:E:Vcosu/@dt, and y:—Ucosu/Tdt.

17



Moreover, the two expressions for x must equal each other; likewise the two
expressions for y:

T/Udu: Vcosu/@dt, or J U du = JOdt
V cosu T

@/Vdu:—Ucosu/Tdt, or deu = ——det.
U cosu O

From these two expressions the functions U, V, T, ©® must be determined.

31. If it must be that

[ Udu B Joed

Veosu T
then clearly both fractions must be equal to a fixed quantity; furthermore, the
two variables ¢ and u are independent of each other. Denoting the constant

by a,

/Udu:aVcosu, and /@dt:aT.

In the same way, if

then each of the fractions must equal some constant $ and therefore

/Vdu—ﬁUcosu, and /Tdt——ﬁ O.

Thereby are the integrals appearing in the formulae reduced to absolute
magnitudes, and the values for x and y may be expressed without integration
signs:

r=aTV cosu and y= 00U cosu.

32. To abbreviate, let usset U cosu =P and V cosu=(), so that

18



Our four formulae then become

/@dt:aT and /Tdt:—ﬂ@,
Pd d
/ Yoo Q and @ du =pP.
cosu cosu
Taking derivatives of the first two of these expressions gives
dT ad@) cosu
O=a— P=——
“ar du

and substituting these into the latter two gives

/Tdt:_aBdT and Qdu_aﬁd@cosu‘

dt -’ cos U du
Again taking derivatives of these expressions, by ¢ and by u respectively:

_045 ddT

aB ddQ cos? u af d@) sin u cos u
a2’ '

and Q= —

T p—
du? du

We have now established two second-order differential equations, upon whose
integration depends the solution of our problem.

34. 5 Let us begin with the first equation,

B af ddT

T —
dt?

Multiplying by 2dT and integrating produces

afdT?
TT = — pTE + A;
from which, collecting terms,
af dT?
dt* = .
A-TT

5The original edition did not contain a paragraph 33.
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Proceeding in the same way with the second equation,

aBddU cos®u B af dQ sinu cosu

@= du? du ’

multiplying by 2 d@ and integrating produces

00 — aﬁdQQ;:OSQu B
du
from which, collecting terms,
du? _af dQ*

cos2u  QQ — B’

For the final Integration, we must distinguish two cases, according to
whether the quantity af be positive or negative.

FIrRST CASE "
which is aff = +A\, and thus g = +—.
Q@

35. In this case we have
g2 — A\ dT?

CA-TT’
where, since A must be a positive quantity, we can write A = aa. Thus

AdT

dt = —,
vaa =TT

whose integral is clearly

T
t+ 0 = Marcsin (—) ,

a

so that, collecting terms,

t+46
T=asn|——
asm( 3 ),

20



whence

dt t+6
dT:a)\ cos( —; )

From © =« o it now follows that

aq t+0
@_TCOS (T)

36. The other equation to be integrated becomes, for the case aff = A\,
du AdQ

coS U QQ—B;

which, being integrated, gives

In tang <45° + %u) +Alne=XA1In <Q—i— VO — B) :

So that we are able more conveniently to develop this formula, we call

1
tang(45° + Eu) =s,

and since
du
Ins = ,
cos U
we have p p J
S U sdu
— = , and thus ds = :
s COS U COS U
Therefore,

In(e*s) = A In (Q +/00 = B) ,
from which it follows that

s = (Q +/QQ — B),
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and so

Q—l—\/QQ—B:gs%.

Abbreviating % = v and solving for ) gives

and from this comes

1 B
dQ = —ves" 'ds — V—s_"_l ds;
2 2e

sdu
from the equality ds = , this changes into

cosu
1 v
ZVES vB  du
dQ == 2 - —5" .
COs U 2e cosu
Since’
p_@ dQ) cosu
du
we now have
1 av Bs™
P=—-aqves¥ — ——.
2 2e

6From §32
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37. From the values found above for P and @, it follows that
es” Bs™"

aves? avBs™"
and V= + ;
2cosu  2ecosu

U= -
2cosu  2ccosu’

from which, finally, we obtain both our coordinates x and y:”

L wsin (PEO) (o B
ZE’—2OéCLSIIl )\ ES 58 3

= 1ou//\acos ﬂ es¥ — Es_l’
y=3 A € ’

1 1
=— and s = tang(45° + iu)

A

"Perhaps it would be useful to summarize Euler’s calculations for = and y. From §32,
Ucosu = P and Vcosu = . From this, and the expressions for P and @ obtained in

§36,

recalling that
v

aves¥  avBs™? es? Bs™?
= — , and V= + ;
2cosu 2e cosu 2cosu  2ecosu

From §30, §31 and §35, respectively,
t+9

:c:Vcosu/@dt, /@dt:aT, T = asin ()\)

so that

t+9 es” Bs™
= (aT = i '
x = (aT)(V cosu) = aasin ( \ > <2008u + 2€COSU)

To calculate y, recall that af is equal to a positive constant A\?; therefore 8 = % From

630, 831, and §35, respectively
yz@/Vdu, /Vdu:ﬂUcosu, @T‘cos(?)

so that
ax t+6 aq t+6 A2 aves¥  avBsT?
= cos| — ) -B-Ucosu=—cos| ——— | -— -cosu - .
A « 2cosu 2e cosu

= a\cos <t+/\6) . %oa/ <ss” — fs”) ,
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These formulae are rendered more elegantly, if we set B = €2b. From this we
obtain
1 . [(t+90 ( iy _1>
r=-acasin|——| (s 8§ e
2 A ’

_1 t+06 <%_ _1)
y—2a€acos N s s )

>

SECOND CASE
where aff = —pup, and thus 5 = —%.
o

38. In this case, we have

—pp dT?
dt* = ———
A-TT’
and from this,
Fr— L

VIT — A

From which, integrating,
t+6=pln (T+\/TT—A>,
from which, if e denotes the number whose hyperbolic logarithm is 1,

O/ — 7 4 \JTT — A.

For the sake of brevity let t+o =0, so that df = ﬂ; then
1

& —T =TT — A,

whence

e + A 0 14,0
T = 2—69 = %6 + §A€ .
But from this,
dt Adt
dT = —¢’ — ——¢7?,
20 21
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so that®

39. Moreover, in this case, we have
dv*  —ppdQ*  ppdQ?
cos2u  QQ—-B B-QQ
Since the quantity B must be positive, we set B = bb, so that

du  pdQ
cosu  bb—QQ’

and integrating,

Intang(45° + Ju) + Ine = p - arcsin <%> :

where if we again set tang(45° + su) = s, then

from which in turn we deduce

0 bsin (ln(as)) |

and from this

§0 - b ds o (ln(es)) _ b du o (ln(ss)) ’
noos 0 [ cosu L

so that, finally,

8See §35
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40. Now from the above’

r=alVcosu=aTqQ, and y:ﬁ@P:—%@P
o

which become, by substituting the values discovered,

|
T = %ab sinM (ee—i—Ae’a)
1

and

1
Yy = %Oéb COS nfs) (ea — Ae’a) ,

where it must be remembered that

Ct40
0

6 and s = tang(45° + u).

41. The above formulae contain several completely arbitrary quantities, so
that these solutions can be extended to embrace innumerable speccial cases.
However, we can obtain a still more general solution, if we compound two, or
arbitrarily many, solutions in the above form. That is to say, if we have first
found the values x = M, y = N, and then x = M’, y = N’, and then x = M",
y = N", etc., than the following very general solution can be constructed:

=AM +BM' +EM" +DM" + - -,
y=AN + BN’ +EN" + DN" + ...

9From §30 and §31,
x:aT/Udu, /Udu:aVcosu;
from §30, §31, and §32,

yz@/Vdu, /Vdu:ﬂcosu, Ucosu=P.
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and certainly this method is so general that it contains all possible solutions.

GENERAL METHOD OF RESOLVING THE DIFFERENTIAL EQUATIONS

dx = pdu + rdt cosu, dy =rdu — pdtcosu

42. What is sought for is some combination of the two formulae, which admits
a resolution into two factors. To this end, multiply the first by «, the second
by 3, and add to obtain

adr+ Bdy = pladu — Bdtcosu) + (8 du + adt cosu);

in order to bring the two differential factors to the same form, this can be
written as

adr + fdy = ap (du — édtcosu) + pr(du + % dt cosu).
«
Now we take

= —=, or aa+ BB =0, or B=av-1,

and the combination gives
dr +dyv—1= (p+rv—1)(du — v—1 dt cosu).

In order that the differential factor on the right can be integrated, this will
be represented in the form

du

Cosu

dx + dy/—1 = cosu(p + rv/—1)( —V/—1dt).

43. We now set
du

cosUu

—dtv—1=dz,

so that
z = Intang (45° + %u) —tv—1,
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and

dx + dyv/—1 = cosu(p+rv—1)dz

Clearly, this equation is not integrable unless the factor on the right,

cosu(p+rv—1),

is itself a function of z; and whatever function it be, integration can always
be performed. From this it follows that the the integral is also a function of
z, so that the expression = + y+/—1 equals an arbitrary function of z, that

is, of the quantity
In tang (45° + 3) — tv/—1.

44. In order to render the formula more elegant, we set, as previously,
tang (45° + %u) = s,

so that p p
@ u’ and z=Ins—tV/—1.

S Cosu

Denote, as is customary, by I' an arbitrary function of its argument,
x—}—y\/_ r: (lns—t\/_)
or rather, what comes out the same,
:U—i—y\/—_l: 2I': (Ins — t\/—_l)
Since the expression v/—1 by its nature has the double sign +, we also have
r—yvV—1=20:(Ins+t/—1).
Thus we infer that
: (lns—t\/—_)—l—F' (Ins+tv/—1)
y\/_ I:(Ins—t/=1) =T : (Ins +tv/—1)
However, it is certain that these expressions for x and y can always be reduced

to real values.

28



45. For example, if I represents any power of the argurment, or any multiple,
then, denoting the exponent by 7, and using the abbreviation Ins = v,

development of the power series yields
1 — 1)\ = 2)(\ — co (N —
A=) A DA =) L A (A=)
1-2 1-2-3-4 1-2---6
oA AATDA) gy A ) s A (A= 6)
1 1-2-3 1-2---5 1-2---7

60 + etc.

VT + ete.

In fact, the value of y needed to receive opposite signs, but one can, depending
on the nature of the object, transpose the positive and negative directions of
the axes.

46. These values are apparently quite different from those which were ob-
tained above from our particular solutions. On the other hand, they are
immediately valid for the case of Nautical Charts, which was not contained
in the formulae derived above. One only need set A = 1, so that

x =Ins = Intang (45° + %u) and y =t.

Indeed, in the above, the values of x and y were exchanged, but clearly the
x and y coordinates can always be permuted.

47. While it is certain that all the values found above must be contained
within the current formula, since the latter clearly constitutes the most gen-
eral solution, it is well worth the trouble to show that this is really the case.
To this end, observe that if I' : 2z denotes an arbitrary function of z, it is
always possible to write in its place A : Z, Z being itself a certain func-
tion of z. Here we take Z = e®*, with z = Ins — t\/—1; then in place of
[':(Ins—ty/—1) it is possible to write

A . ea Ins—ty/—1

alns

. But since e = 5%, and

V=1 = cosat + v/—1 sin at,

we have
eoms—aty/=1 _ ca (Cosat —v-1 Sinat) .
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Replacing I' with the new function A, the formulae in §44 become
r=A:s" (cos at — \/—_151nat) + A:s® (cos at + \/—_1$inat) ,
y\/—_lz A s® (cos ot — \/—_1$inat) — A s® (cos at + \/—_18inat) ;
where it is observed that both values can be multiplied by an arbitrary con-
stant; and also they can be interchanged.
48. Considering the special case A : z = z, we obtain

x =2s% cosat, and y = —2s“sinad.
If « is taken in a negative sense, the following values also satisfy:

xr = 2s “cosat, Yy = +2s “sin at.

As observed above, that the two solutions can always be combined in such
a manner that both are multiplied by a constant and then added together.
Thus, out of the two previous solutions the more general solution can be
formed:

T = (lea + %s‘a) cos at, Yy = (—913“ + %s_a) sin af.
The solution given in §37 is included in these formulae. But clearly the

formulae which include the function A are much more general.

49. In order to derive the second particular solution [§40] from our general
formula, we set

Z = cosaz = cos (alns — atv/—1)
= cos(aln s) cos(atv/ —1) + sin(aIn s) sin(atv/—1).

But it is well known that

—at +at
cos(aty/—1) = %

and

efat _ eJrat
sin(aty/—1) = ————,
2v—1
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so that

e—at + e—f—at e—ozt _ €+at>
Z = —— ] cos(alns + —— | sin(aln s).
L

From this we have

—at +at : —at __ tat
P A <cos(alns)(e + etot) N sin(alns)(e e ))
2 2v—1
(cos(a Ins)(e " +et*)  sin(alns)(e ™ — e*o‘t))
+ A — ,
2 2v/—1

and

VI=A: cos(aln s) (e~ + e+o?)  sin(alns)(e~ — e+ot)
y — A< <Cos(a In Sz)(eat + €+at—)i_ _ sin(a li\s/)iat _ €+02)>
' 2 Nt .

But then, selecting A : Z to be Z, this becomes:

—at __ e-i—oct)

in(al
T = COS(O( lns)(e*at 4 e+at>’ y\/—_l _ SlIl(Oé HS)(@ 1 ,

and in the case where « is negative:

sin(aIn s)(e~* — etet)
v—1

These formulae include the solution, presented in §40, of the second case.

x = cos(alns)(e™ 4+ e~ ), yvV—1=

50. In these general formulae for finding the coordinates x and y are included
all possible representations of a spherical surface that can be shown on the
surfae of a plane, in which Meridians are cut by Parallels at right angles, and
all very small shapes on the Sphere are represented by similar shapes on the

plane.

51. In this most general solution is contained also that projection, with which
one ordinarily the Hemispheres are mapped into the interior of circles, in

31



whose centers are placed the two poles.!'® This projection arises from the
formulae established in §48:

xr = s*cosat, and y = —s“sinat;
it is supposed that a = —1, so that

. cost and B sint
B tang (450 + %u) ’ V= tang (45° + %u) .

For then, x and y vanish at the poles, where u = 90°. But at the equator,
where u = 0, and s = 1, then z = cost and y = sint, whence

zx +yy = 1.

Thus, the Equator is represented by a circle whose radius=1. Moreover, at
all points of longitude t,

J_ tangt,
x

so that every Meridian is represented by a radius of this circle. Finally, the
image of the Parallel with latitude w is a circle, concentric with that of the
Equator, and with radii

L !
s tang (450 + %u)

= tang(45° — %u),

that is, the radius is equal to the tangent of half the distance to the pole. And
the hemispheres are customarily represented in conformity to this condition.

THIRD HYPOTHESIS
That all areas of the Earth are represented at their true size in the plane.

0Known today as the “polar stereographic projection”; the “Hemispheres” are the
northern and southern hemispheres of the globe. Euler mentions this projetion again in
[Eull777b], §2, and [Eull777c|, §4.
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52. We start with the general formulae for dz and dy (§8):
der =pdu+qdt, and dy=rdu-+ sdt.

and suppose, once again, that all Meridians are cut by the Parallels at right

angles. Thus, the condition 5= _P st be fulfilled. Accordingly, set
q r
s = —np, ¢ = +nr, and we have

dr = pdu+ nrdt, dy = rdu —npdt.

Now the element of a Meridian will be

PQ = du~/pp +rr,
and the element of a Parallel,

PR =ndt\/pp+rr.
Therefore, the area of the rectangle PQSR will be

ndudt (pp +rr),
while, on the Sphere, the corresponding area pgsr is
du dt cosu.

Since both these two expressions must be equal, we obtain
n(pp + qq) = cosu,

or

CcOosu
n

Copp+rr
so that on account of our Hypothesis we will have:

dt dt
dx:pdu—i—ﬂ, and dy:rdu—w.
pp +rr pp +rr

Therefore, it is required to find suitable functions for p and r, in order that
these formulae be integrable.
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53. To simplify the calculations, let us set
p=mcos¢ and r =msinae,
so that pp + rr = mm, and we shall have

dt cosu sin ¢

dr = mducos p + ————,
m
and
dt
dy = mdusin ¢ — —COSUCOS¢.
m
Furthermore, set m = k cosu, to obtain
dt si
dr = k ducosucos ¢ + S;n¢
and
dy = k ducosusin ¢ — dtck(:)sqﬁ‘
Finally, let us set cosudu = dv, so that v = sin u, resulting in
dx:k:dvcosgb—i—dtskln¢, dy:kdvsingb—w,

where now it is required to find suitable values for k and ¢.

54. Since no suitable method is yet known for finding a general solution to
these equations, we search for particular solutions. And first, the solution
discovered above (§22), where = ¢ and y = sint, immediately presents
itself. These values arise from our fomulae, if in the latter we set £k = 1
and ¢ = 90°; and this extends to a more general solution if for £ and ¢ are
selected arbitrary constants. say k = a and ¢ = «, whence is obtained

tsin « tcos

and Yy = av sina —
a a

T = av cos o +

This solution differs from the previous one only in that the the Meridians are
no longer normal to our axis EF'F', but are inclined to it at an angle . But
the Parallels cut these Meridians at right angles and therefore are straight
parallel lines.
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55. We shall be able to elicit other solutions, if for one of the quantities k
and ¢ we select a function which depends on v alone, and for the other a
function which depends on ¢ alone. Then, if K = T and y = V', we shall have

drx =T dv cosV + %sinv
and
dy =T dv sinV — %COSV

From this it follows that

x:T/dv cosV = sinV %,

dt
y:T/dv sinV = —cosV T

The two expressions for x must be equal, as well as the two expressions
for y.

56. From the equality of the two expressions for x we deduce that

fdz‘)cosV _ @:T .
sin V' T

and from the equality of the two expressions for y, that

fdv sinV dt
= = — | =:T = )
cosV T b

From this, for the function 7', the equalities

dt dt
T:aT; and /T:_/BT’

arise, and therefore it must be that § = —a. Differentiating,

ﬂ:adT and so T = ﬁ
T o
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For V on the other hand we have

/dv cosV =asinV and /dv sinV = —a cos V;

Differentiating both of these gives dv = adV, so that V = g, or, with a
Q

constant added,

V:U+C.

(%

57. From these values we find

dt
/cosVdv:asinV:asin<U—+C) and T:aT:\/Qat,

«

and the expressions for the two coordinates are found to be

x = sin <v_—|—c> 2at and Yy = — Cos (U + C) 2at,
o «

From this we immediately deduce

vrr +yy = V2at,

and from this it is clear that all points with the same longitude ¢ are located
on the circumference of a circle with radius v/2at. Therefore, in this repre-
sentation, all Meridians are represented as concentric circles, and the prime
Meridian, where t = 0, collapses into the common center point. The circles
of parallel, therefore, are represented as radii of these circles. Clearly such a
mapping is quite unsuitable, even if it fulfills all of the conditions which we
are examining.

58. Now let k be a function of v alone, which = V', and the angle ¢ a function
of t alone, which =T. We have

dt sinT dt T
dr =V dvcosT + o and dy:VdvsinT—&
1% 1%
and from this the resulting values for x and y are:
1 . . 1
mzcosT/Vdv:V/dt sin T’ and zsmT/Vdv:—v/dt cosT.
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From the equality of these expressions it is established that

T T
V/Vdv:dtsm —a and —V/Vdv:dt_cos _ 5
cosT sinT’

From the two expressions for V it follows immediately that o = 3;, then on
differentiating,

adV adV
Vdv = —W, or dv = —W,
and integrating:
v+c= %7 and from thiS, V = ﬁ
As for the function T,
/dt sinT = acosT and —/dt cosT = asinT}
differentiating these, it follows that
dl' = —ﬂ, and thus T= —i.
Q@ o)

59. From the values discovered,

/Vdv =/ 2a(v + ¢),
so that

t t
r =+/2a(v+c) cos—, and  y=—v2a(v+c) sina,
a

from which it follows immediately that

v_ — tang (i) : and vzxr +yy = /2a(v + ¢).
x a
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From the first of these formulae it is clear that all Meridians are represented
as straight lines emerging as radii from a single fixed point. From the other
formula it is clear that all Parallels are portrayed as concentric circles. Such
a method of representation is very convenient for tracing a map of each
hemisphere in the interior of a circle, whose center is the image of a pole.
The shape of any region on the map does not differ appreciably from reality,
and its true area can be measured directly from the map.!!,

60. In these three Hypotheses is contained everything ordinarily desired from
geographic as well as hydrographic maps. The second Hypothesis treated
above even covers all possible representations. But on account of the great
generality of the resulting formulae, it is not easy to elicit from them any
methods of practical use. Nor, indeed, was the intention of the present work
to go into practical uses, especially since, with the usual projections, these
matters have been explained in detail by others.

References

[Bag1959] G.V. Bagratuni(tr). Cartografia mathematica, 1959. A Spanish
retranslation of a 1958 Russian translation by N.F Bulaevski, of the
original German translation by [Wan1897].

[Eull7778a] Leonhard Euler. [E 490] De repraesentatione superficiei sphaer-
icae super plano. Acta Acad Sci Petrop, 1777(1):38-60, 1778.
reprinted in [SSN1894], pp. 248-275.

[Eull777b] Leonhard Euler. [E 491] De projectione geographica suerficiei
sphaericae. Acta Acad Sci Petrop, 1777(1):133-142, 1778. reprinted
in [SSN1894).

[Eull777c] Leonhard Euler. [E 492 ]| De projectione geographica De-
Lisliana in mappa generali imperii russici. Acta Acad Sci Petrop,
1777(1):143-153, 1778. reprinted in [SSN1894].

[Lam1772] Johann Heinrich Lambert. Anmerkungen und Zusétze zur Etwer-
fung der Land- und Himmelscharten. English translation by Waldo

UThis projection was first presented by J.H. Lambert [Lam1772], and is commonly
known today as “Lambert’s azimuthal equal-area projection”.

38



Tobler. In Notes and Comments on the Composition of Terrestrial
and Celestial Maps, number 8 in Michigan Geographical Publica-
tions. University of Michigan Press, Ann Arbor, 1772.

[SSN1894] SSNH.  Commentationes Geometricae volumen tertium, vol-
ume 28 of Opera omnia sub auspiciis Societatis Scientarum Natu-
ralium Helveticae Series I. Teubneri, Leipzig, 1894. Among volumes
on mathematics, this is the 28th, and among those about geometry,
this is the third.

[Wan1897] A. Wangerin(tr). Drei Abhandlungen iiber Kartenprojectionen
von L. Euler. In Ostwald’s Klassiker der exakten Wissenschaften,
volume 93. Engelmann, Leipzig, 1897.

39



