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@uamquam haec formula non adeo complicata videtur,

tamen non dubito ,_aﬁe_uexam, y__ix,..ﬂ.quemquam fore, qui,
poftquam omni cura et fagacitate eius refolutionem fuerit
aggreflus, tandem non agnolcere debeat, fe oleum et ope-
ram perdidiffe.  Facile quidem foret iftam formulam a fi-

gno radicali bigquadratico liberare, Ponendo 2 x x — ;i—i:_;’: )

F
vnde fieret /(2 xx — 1) = Vs tum autem foret g —
:f'*'f},g » ideoque 9 x — — 2131v2 o4

(ft—1 . (F1.—1j2
— P v ey — 0
I+x= It—1)¥g 2
quibus fubftitutis formula Propofita abit, in hanc:
___ 23t ot
o VT =y 27 bE—x?

- Hiec




ﬁggw

| fantemw ita: eft-: comparata viEdubitem, eiug
Ao alio modo erui’ pofle. -nift per praecedcntem
'edlendo,‘ atque QmIMES operamo nes mftlmendo,
expoﬁturus, ‘gude tandent, praeter omnen
. ad integrale per loganthmos et arcus clcw

e
H’ti‘l‘i{r petauceht.

-

’» !" i

& TorTaN —Praec1pua fubﬂatutlo, qua via ad refolutio-
: — 223 tnm

nem’ fernetur, in hog' confiftit, vt ponam % == =g
enim erit, zxx“'"’ “"53”“"9 vnde fit
' 'y e Wy,

¥

B
____yy.-}- : g% oy3y |
, hincque == == T

per V defigne-

&emde ‘yero ert 1 - =
Quamobrem fi ipfam formuiam propoﬁtam
mus soeudb fafta hag fubftitutione . - |

Y e L yoy
“V‘-‘“zf
(M+I)1/(y —6w+1)

§. 3. Verum ne haec formula traftari poteft , nifi
Ppar. imaginaria tranfeundo; peoni enim oportet y—=gzVy—1
ek oﬁatxlr ifta forma

V = e 2 %20% .

(1 ———zz)]}(z“—'i—-tﬁzz—%— 1)
quam jam fingulari illa methodo, cuius aliquot {pecumna
non ita pridem ded1, traftate licebit. Pomno igitur br. gr.

o ]/fx +63z--2) =v, Vt formula refoluenda fit
g N. j ETE _Z A

L = z FIM

= 247, ad quam formulam refoluendam

indeque porro
o intro-

ety o
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introduco duas nouas variabjles p et ‘g; “fatuendo p ':::.’_%-___z

€l q = =%, vnde fiatim fit

4 4__2—1—1252-1*2'2:;1‘__
Pt gt —=2tnees =z

§- 4. Praeterea vero ex binis formulis affamtis erit
primo p—i—q:‘:% et p-—g — ?;‘”f, vande colligitur 3=
£=2, hinc differentiando erit 9 3 — 2"*’(22_‘;;33"” > bl
loco p—+-g feribamus valorem 2, fietque . |

8z:5vv(qap'—--paq); |
porro vero  habebimus 1 — g — rpqgvv.. His valoribug
fubftitutis erit . _ ‘ ,
[ P—9g3p—pag
Z_—Qf PeUipH g o ) .
quae formula, pofito loco » valore —:Qr__q » abit in hane:

. ?
Tifemnarv =i Lo (22,

§- 5. Fafla ergo euolutione ‘habebimus:
432:8p—i—3q'—-—-i§’,_?-——?%‘!.

Cum autem " fit pt--g*— 2, erit P'=2—q" et hinc
9P — ___ 4334 908 == — p33p . 13 .
T T g+ limiligue modo T T g5 hincque col

~39P . g%34 —-—Pdg "8?“
P —“_.,9—%4 et g T 2—ps?

quocirca nancifcimuy

— 23p ‘23491 ¢
432—-5:?}"‘5:?4;@

ficque pertigimus ad binas Aformulas differentiales, in qui-
bus binae variabiles petgale inuicem funt feparatae ,
confequenter pro Z habebimus fequerntem ¢xpreflioniem :




W de} s m——

‘ynde “iam mamfeﬁum eft. valoxen; 7 per loganthmos et
L Axcus clrculares ;Hexpnml pofle.

S Ponamus emm p-—-r1/s:_,
B T L

vt fiat

_"onﬁét autem eﬂ'e
of a1 — ‘l”"’—i— A tang. T,

T — T4  ——T

1 '.tuncque adeo erit .

L

f Bpi _f._ fij:ﬁ- +___—-Atang -—-—,
““P e ot ]/ p—p . 224 1/2
.quod cum fimili modo fe habeat cum altera parte [2%5-

. .tepenmus ‘tandem

Z_._-——/]/z_J'—p -+ 3Atf:u‘}g.j?---
g. 2% ]/z-——p 4. 2% Ve

, .
2/ JVakd 4 A vang 9,
5.2t V2—4 4o 2 V2
“ Vbl tantnrﬁ 0pus eft loco p et q valores affumios reftitue-
—_3

€5 qui fant p =137 et 4=

.8 q.  Cum jam ipftlm integrale quaeﬁtum- fit V —
-24,Z, erit punc
| N 3 : V=

.-
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V::-—-g/l/zh!‘p — A tang, 4'0
V2-—p Ve

”%/]{2+q -—Atang.;q.__,

V2

valores aflignati, prodibit
4 K .
V-_z/v]/2+ I+ 3 ___5/.”V2+ I—gz

4 4
vY2—1_4

Vz2—gq
atque fi loco p et g feribantur

T+z Tz
'—-§Atang. —-—4—-—- —_— 5A tang-“‘_;'—-
‘ ' vy 2 vy'2
Hic primum obferuo, ambos arcus circulares commede in
yRum contrahi pofie ope formulae

Atang. g1 A tang. b = A tang, S,
quo faflo erit

- 4 ‘ 4
Ve— s '2)']'/2—!—1—#2;‘_".! Y2 41—y
Y A Ay T

Y2— 1y VY2 —14 g

.4
. 2y s
— 34 tang. — .
VVY2— 314y g

Y6 8l Stmin modo etiam 1

orum  quam denominatorgm in vn
ritque,

ogarithmos tam numeys.
um contrahere licet , -e-

l[v.]‘}/zn“""l + 2] +l['b’]4/2 +1—g] :l[(v;/z + 3P —zg],
l.{vf/g—— I—2] +l[v}4/2-—1 +z] .‘__‘_l[(v;/z—-,r)ﬂ

-2 %],
hinc-

-




que habebimus- fequentem formam:

hmc
4 4
L o1 — %1 ‘ 2
BRI A Ch Al ik __%Atang,._,___".i_’;/_f_,__,
poy2—It2%

4
(v']/zu—x)ﬁ-——zq;
1/(1+6zz:+z)

Vbl notetur effe v =

§. 0. Nunc viterins regrediamur, ot quia pofuimus.
fet nunc %= —X)J> et iam erit

:I'V__I:

yf
o =V —6y 7+ |
: hi‘nt:que per ¥ integrale quaeﬁtum hoc modo exprimetur:
4
V- /(vjf;ﬂf:_*ﬂ’y s A tang L
(vl/z-—l)?+yy ,v'v]/""‘""f‘“"-}".}"
'-"g to. Quoniam igitar pofueramus x— 22—, exit
yy___4gc—}——3, elatque '
: .
— !‘—"6_')’_‘)’—|—-‘ 4 — U )
V (2xa )= Ve =3 =7

'vnde fit

.v]/z _""__..2]/(233:!:-——'1),

“quibus valoribus fubftitutis integy
aN [21/( vy —1)-if+4x3

=i
21/(23035—1)——1

ale quaefitum erit

P4+ 3




EET= 104 s

Falla antem euolutione, reperietur:

L

Y L R T
. ’ I+x+1/(~ CU_-I)—'V(zxx"-I)
-Atang V(zxxhl)

( 2LL-—1) —x—1x
quae expreﬂio etiam ita refem poteft:

V—_: /1+x+1/(2 xx———l)-—)/(%l?x"'l)
~ 1_|_x+1/(zxx——1)+]/(2xx‘—1)

. (2xx~——1) .
—+ ;A tang. P P 0

Hunc igitar valorem operae pretium erit per fequens theo-
Tema in medium proferre.

Theorema,
Propoﬁta hac formula dlﬁ"erenualz

0x |

(x +:Jc)1/(2x3c—~ I)
eius integrale fequenti modo
lares exprimépuy

o0V =
per logarithmos et grcu;r circu-

Ve /1+x+y’(2xa:—1)———]/(2xx——1)
; 1+x—{—-1)(z:cx——1)—l—]/(2:rx——1)

1 ' ]/(zxx——l)
+2Atang I+x—~]/(2x:c-—-1)

Corol-
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Corollarium 1. :
Hine ergo fi loco x fcribamus — X er_it
ox e X I-—-x+1/(§xx——1)—-{/(ﬂ:§——1)
; f(il‘:—'l)'f/(z % x— 1) ’ 4/#—:\:-4-}/(21;3:——1) +14/(2:x::x:-—*1)
.:- V(2% x— 1)

1+4+x—V (2 ;c‘:nu—x)'

-}~ 3 A tang.

Corollarium 2.

N Hae integrationes eo magis funt notatd dignae, quod
formulam differeritialem non generaliorem, admittant, Ita

(r4-a)V (Bzx—1)

;Etilo_nem haud admittit, nifi cafibus a ===+ 1 et =2, vel
-~ generalius, nifi fuerit B —=2aa

haec formula differentialis: integra-

§ t1. Ipfam antem formulam noftram integralem -
pluriims modis transformare licet, vt fignum radicale biqua-
draticum elidatur. Commodilime hoc praeftabitur, ponen-

) h ,
do Y (2xx—1)=s, vnde fit cxx =1~ s%, confequen-
tar —_— o/ T 5% . — 5335V - .
ter ® = *%=, hincque 0% == 7555, qUO valore [ub
ftituto erit

'V':j‘ oss3s f

(Vo7 (1 + s3] ¥ (L4 47

cuius ergo formulae integrale erit

V=11 1_/9+1/(r—+-_s4)—+-ss1/9—s1/g
: 47 Yo v+ sH4-ss¥2+sv2

. b4 sV 9
-+ 5 A tang. B Erear

+54]——551f2'
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. 12. Haec autem formula fi fupra et infra mul-
tiplicetur per V2 — ¥/ (1 -+ %), ita in duas partes difcer

petur, vt fit

- 25535V 0 e 253505
V_f(x—-s4)1/(1—+-‘s4) . 11— 54
Com igitur fit
258 1 —_— T -
R Y R T 14557 et

25SBS e I IS A

| grt—

ficque” prodibit ifta aequatio memorabilis:

05595V —1j145
f(1_34]1/(1+s4} _Qll_s A tang s
I V2iV{i4st) (s —11s¥2 I 3 __
+4l1/9»+1/¢1+s4)+(s+1)s1/2+9Atang Yo+ iI+53)—s5svV372

vbi notaffe iuuabit effe
3 I 2] 5
A tang s =2 A tang. 25 .

Verum fi has partes coniungere vellemus, in formulas fere

inextricabiles illaberemur. Olim autem, cum huiusmodi
formulas traflafflem, iam' incidi in hanc integrationem:

5.59¢% _— x é1/2+1/(1+s4)___ 1 V2
f(!——s4)1/1+s4 “'41{21 Le—ss ‘43’2Atang'vlr+s4)’
vnde pro nofiro cafu fit
25595V2 —1Jsyo4-Vir4s4) 1 sV 0
f(l—s‘!)V(I—l—-S“)_-Ql L—s$s QAtang' Vii—+s%)?

cuius expreffionis confenfus cum ante inuenta, propter ra-
dicalium complicationem , minus facile perfpici poteft.

Alia Refolutio.
0x

Formulae propofitac V — f - :
(r+2)y(zzx—1)

§- 13. Viamur hic fubflitutione modo memorata

4
V{izxxe—1)=—s, vt fic r=y' %, ‘atque iam vidimus
for-




formnlam noftram hoc modo exprimi:

‘ 2ssds . Fpp— 25535V — sta:
V= fWE—I—ViI—i—S‘*}]V(I—}—S*l f(l-—-sﬂ[ﬂ:—!—s‘*)] fl—s“

. modo repraefentemus* V=2 1/ 2. M—-— 2 N, ita vt it
:N[ f( ss9s et N__fssa:4’

I—s54) Y x4 54)

s§. 1 i I i
I — 54 - I —y 2 r+ss” erit

L N—=iilF:i-—jAtangs,

§. 14. Pro priore vero parte, quae exigit maiorem

e 98T %) '—"at]/2: vnde flt

-ssa/u—r—s‘})
s — — ssatv'm/u+s4l

Tfri';,: et I —s3
[ quo valore fubfiituto erit |
: DM~ . 23172 '

(r—s)2"

5 Cum iam fit V (1 -9 —st]/z, erit 1 —%—s""“ asstt et
“denuo quadrando 1~ 2 st = 4 s* %, hmc aufferatur
virinque 4 s* fietque

1 — 2 gt S = g st —1) = (z — 5%,

. quo valore fubfututo erit . .
oM= Zvor—1n T Lu—i4)ve’

. . wa _ at
-ideoque tota pars prior 2 Y2. M= 2.

§- 5. Cum nunc fiv

1 -1 I L. x
T—i BT i 2Tt 2

! erit ifta pars
S l O 2 2“21

~-Gam- lgltm' ftud - JntEgrale ‘duabus--conftet: partlbus, id hoc

~vbi pofterior pars nullam habet difficultatem. Cum enim fit

fagdatatem ponamus Y25 =t V2, ertque diﬁelentlando‘




g

M

2y2. M=—=311E! 1 Atang t,
hincque pro t reftituto valore ¢ == YU, erit

LY sV OV (I 54) 1/(I+s4)
2y2. M=z g1 02005 2 A tang. VU,

confequenter valor 'integralis quaefitus erit

— 1] sV OV (1 4 54) 1/(1-—|~—s4)
V 151/2-1/(1+s41+ Atang Tsve

X I ==
—~ 3l 7= 4 Atang.s.

§ 16. Eft vew
VsV 2+ ]/(I—i—- 34)] — V5V2+f;-ss}1’—s > V:VQ-—(;-——H)V-—:S
eodem modo: -

]/[S ]/2 ___ ]/(I~+-.S‘4)] S ]/51/2+(1-—-ss)1/-——x ]/sVQ—(l—SS)?/‘-—‘I.’

2
hincque ergo priox logauthmus :

IFsV2+Vir+ st
AT SV v ?

transmutatur 1n hanc formam:
1/[51/2—\‘—(1—-35}1/—!]—!—1/[53/9—-—(!——rshf—-—I]
VEVe+ T —ss)V —1—V[vVe—(To—ss)¥—1]?
quae forma porro reducitur ad hanc:

rlnfg—e—':/{x—f—s‘*)
2 {1—-55'}1/—1

vbi imaginarium in denominatore non turbat, quomam ad-
dita conftante I ¥ — 1 tollitur, ita vt habeamus iftam
partem loganthmlcam T

: SY24 ¥ (149 1 IS — 17 sV o4 V(1 454}
51
I—s5s EX=T; (14532

>

§. 1 Pari modo etiam ambos arcus circulares in
wvnum contrahere licebit, hoc modo: Ponatur

A tang, i’.;.;_;_fi’ == A tang. .

2 _> eritque




Yz - 34)
$A tang, Lo = A tang. u. |
i Eyit igitur 2o — 2, vynde colligitux

Csve T x—uu
S T s I—s¥Y2+38s
‘1‘,{1""' s4) . ?

ficque -ambo arcus ‘erunt:
15 V2F5 545 V(I 54)

S ’ 1-—-51'/2_4-:5 s .
, Ata_mg.‘ e + Atang, s — Atang. S o orvi—a

- o

- §. 18. Eifi autem talibus redu@lionibus calculus
jrrationaliom non mediocriter ilufiratur, tamen formulae

non euadunt fimpliciores; ideoque ils, quas immediate in-

4 .
venimus , vtamur, vbi, quia pofuimus ¥ (22— 1)=s,
commode litteram s.loco huius formulae in calculo retine-
1e poterimus. Tantum igitur loco ' (r + s*) eius valorem,

qui eft x}/2, fcribamus, vade fiet integrale quaefitum:
; V=1l g1 - Atang. ¢+ A tang. s.

— g =5

_ § 19. Quoniam vero guantitatem confiantem quam-
cunque adiicere licet, loco I (s — x) foribamus I (x—3s), et
quia A tang £ = 9o° — A tang. = habebimus:

. Ve—xpes rjits_ I Atang S -+ Atang s

4" x—s 2% 1—s

Quod fi vero in forma, quam prior folutio fuppeditauerat,
4
~etiam loco Y (2 xx— 1) feribamus s, ea erit:

— 1] 1 +xts55—S5 3 . R s
V-—.—q-l I X —+—554+S5 +2Atal)lg‘ I—+=I—SS’

quae forma maxime a praecedente difcrepare videtur, guia

-

“gulars dexteritas in calculo irvationalimm requirittx
R O3 - Pe-

nulli adeo communes faflores deprehenduntur.. Interim ta-
len egregie inter fe conueniunt, ad quod oftendendum fin-*




Demonftratio confenfus

harum duarum formularum:

— Iy 1+ x5 —5 I g

=il i Atang S et
~— Iy x—+s I71r+5 I s :
__al 211—--.5‘ == gAtﬂHg.x—"i—‘tang.&

§. 20.  Quoniam logarithmi et arcus circulares nul-
lo modo inter fe comparari patiuntur, necefle eft, vt virin-
que tam logarithmi quam arcus inter fe feorfim. aequentur.
Incipiamus igitur a logarithmis, et oftendendum eft fore:

l1+x+ss——s__lx+s 2lr+s
I . T 2
+ 5545 x*—5 1I—y5

fiue

l(xx—-s)-(x—!—x-!—ss-—s)__ l:-——s
__.-I—-2 .
(XS 42X 4554 5] 1+ 5

§- 2r. Eooluamus nunc tam numeratorem quam
denominatorem prioris fraflionis, ac numerator abibit in

hanc formam - :
— s (z +S.9)—uz.s'x—]-‘.s'.s-—i—-:t(x—kss)'—!—xx,
quae porro, ob :x:x:’-ig‘-’_",_abit in hanc: '

—-3(I+SS)——2sx+SS+:B(I +s8) 4+ (1 49,
vbi termini folam s continentes funt:
it TS Hss -1 (x —+ 5)* |
=S (s ) -1 (x —+ 5 8)2,
=5 (1 —gp;
terminl vero litteram x continentes funt:
——2sx—l—x(1—+-ss)::x(1-—-s)9,

ficque numerator ad hanc formam eft redutus:

(1 — 9P (2@ -1 44y).

§ 22,




XX

5 42, “Simili modo- denominatorem tra&emus, entque
fa&a euolutlone A

’ termlm Véio htteram x contmentes erunt
2sx—+x(r G585 =x (1 47,

- ideoque denominator hanc induit formam : 3(1 +sF(2 £+ 1-+s5).
- Cum igitur numerator et denominator habeat communem

faflotem i(2x 414 $)> pars finifira noftrae aequationis

fit L:::‘; —=2li=, vii poﬁulabatur. |
| A

§. 23,.' Supereft igitur, vt etiam aequalitatem intex
o arcus circulares demonfiremus , hoc eft vi fit

5 A tang T"‘““"_" — A tang. s —-—'— 5 A tang =

E)

' et cum fit :
A tang. e+ Atang. b= A tang
haec acquatio proueniet :
Atang, —2:2+5—8  — o Atang.s.

XHxx— §§Xx——S5%

4At vero, fi loco x x fcribatur valox 5 (1 ~+s*), denominatox
euadet (1 — s ¢)[} (x—s8)+x]s numerator Vero : ‘
s{2x -1 -—.ss) =2s{i(x ———ss)—i—x],

ficque adeﬁ fattor communis % (1 —s¢$)+x, qno fublato fiet
A tang. —— 2 Atang s. Slcque perfe@ta aequalitas rigide

I ——




eft demonfirata, quia notum eft reuera effe 2 Atang. s==
Atang 2.

§. 24. Manifeftum eft, in vniuerfa hac traflatione
_plura occurrere artificia analytica minime obuia et comus
nia, quam ob cauffam confido iftam fpeculationem ‘Geome-
tris non fore ingratam. Imprimis autem mihi maxime no-
tatu dignum videtur, quod fimili modo, quo poiteriorem Te-
folutionem adornauimus , etiam ifta formula differentialis

multo latius patens:
Jox(r—ox"
0V — (Ign =) >
(1 —2") 17 (2 2" — 1)

ad integrabilitatem per logarithmos et arcus circulares re-
duci poteft, ad quod oftendendum fequens problema ad-

lungamus.

Problema.
Hanc formulam differentialem:
oV = gx(r—a"7)

(r—a) 1 (23°—1)

ad rationalitatem perducere.

Solutio.
gn .
§. 25. Ponatur breuitatis gratia (2t —1) =3,
vt fit
ax" =1+ " et
I — O = X - Lj.g_n,
2

vnde




Py T

Ganiicisieminrs B 4 #__ s ’ . .

e —

modo répraefentan poteft:

‘ de forma propofitahoc
a‘.v:a""(‘—‘ﬂ’“”)
. 8 (x SQ?I)

quae in has partes dlscerpatur‘ '. Vo
- 0x 5 Bl X | :
L0 g et =N
s — RS () g ,
m— 1 +s‘3",

ta Vt fit o V-—20. M 3N... Cum. autemfit.2 x
nt differentiando X" 77 dx=— sg“"‘ B .s‘, ldeoque
o S‘Zu-—: a s

ax-———-—a?n—_-__';"—'

(e
- qmbus fubﬁ:ltutls erit
(A8
?\

39“—9“3-3 R
BﬂNl_-;..-_—-—-——-—— t .
T et — s”) ©

aN,_s“"QBs s”"gas | | BRRER
sQ.n Sgu Y .
s 1ta vt fola 3M

ae poﬁen formau 1agx ci't ratlonalls
1 ___:‘t):a&anda Ielmquatur. |
st entque dlfferentlando

26 Ponatur igitur © =
= a P-tos Cum autem i'upra muenenmus

IEI

| —13s=8""" t““‘(sat-i—tas),
vnde fit e
/‘ as— n.—j-xsat,. | o )
. STL .t'n. . . . o "
quo valore fubftituto fu: |
Tom IX. P oM

Nouw Aeta Acad. Imp- Scwnt. 4




T )
quae forma porro reducetur ad hane:

Y’
NG

Cum autem fit

o~ ¥ 1.

2:{‘:”:*_2,5{“]5”':14—:.5‘2”, erit .'(t'n__sn)zzti‘:ﬁ_r}\
vnde fit IR ' -

OM = - x-—a-ttQ » ideoque
—_ OoF 2 8272 9
VE Y

§ 2v. Hoc igitur modo formulam propofitam ad duas
alias ab Lrationalitate prorfus liberatas perduximus , qua-
rum integratio ‘ nully amplivs laBstat difficultate et man.
fefto per logarithmos et arcns citeulates abfolui poteft: Que
autem haec in_tegrationis operatio , fi inflituere lubet , faci-
: ot

T —g2n’
ad pofteriorem formam reducemus > quod fit ope huius fup.
Ritutionis ; t=4%; fit enim hine :

lius et vno quafi iftu perfici queat, priorem Partem

_ : _ ‘ on
at._‘:~—-a-__u et 1o g2n o UF 1

)-—__‘__-—_-’

u?..ﬂ

ideoque ’ ,
ot utt=23y C
R e

SEE quo




atem 1xrat10na1em denommatm
ad rationalitatem perducuntur
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