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DE MIRIS PROPRIETATIBYS
CVRVAE ELASTICAE

' . — d
fub aequatione ¥ = V’%"—_—_-—ET) contentae.
Aunctore

L EVLERG

Tah 1L
Fig.. L.

Fig. 2.

§ 1.

Sit E G F lamina elaftica, quae ope funiculi terminis E
et F alligati incuruetur in curuam elafticam EGF,
tnm vero, fi funiculus eo ¥sque conftringatur, donec anguli
in B et F fiant redi, ea curua elaftica oritur, quae vocari

folet redangula et in aequatione contenta y:f;hi__‘l-%,

cuins nonnullas proprietates prorfus fingulares et admiran-

das hic fum commemoraturus.

§. 2. Sit igitur CA C! talis curaa claftica, rectae

C C!, quae funiculum refert, vtringue normaliter infiftenss
¥ Sy

et evidens eft refam A D, ad pundum medinm D inter

yerumque terminnm C et C perpendiculariter duftam, fo-
re curgae diametrum, et pun@um A ¢ivs quafi verticem
ceferre.  Tum vero fi € C ad reétam C C' erigatur pers
pendicolum C B, quod tanquam aXem hic fpectabimusg
in eoque capiamus abfciffam C P — x et vocemus appli-
catam PM —y, pofita altitudine AD=AB=1, et

L o __ vii
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4 — dx - y .
Vil conflat, dy = Z24% . ynde f areps cortae CM po-
natur — s, fiet ,di—ﬁr—_—?—;—:;a atque tam e€x patura rei
quam ex hac acquatione Intelligere licet totam hanc cur- | :
vam conflare ex infinitis portionibus C A c, Ccarcr, ' :
Cl A% CHW | etc. inter fe fimilibus et aequalibus fuper rec--
ta CC¥ vtrinque in infinitum produ&a conftitutus, vnde
etiam tota haec curta infinjtos habebit diametros AD,
A'D,, ATDY, et totidemque vertices A, A, AY, Al
etc. tam dextrorfum quam finifrorfum, Pun@a autem
C, C, C', CH, ete,, quoniam circa eorym fingula cur-

R

J,ajmilimLaltﬁmaftfim—prﬁteﬂdﬁm, Centra vocari poterunt,
Quemadmodum autem fingularum harom portionum ali-.
tudines A D, A'D/, AYD, e, vpitate defignamus, pona-
mus femilatitudinem coiusque portionis CD=AB=g;
ipfos vero arcus CA=C/A — C/ AV~ erc. — ¢, et quo-
modo hae binae quantitates g et ¢ fe ad vnitatem fen ale
titudinem A D -habgant deinceps accuratius inueftigabimus,

§ 3. His de quantitatibus ag hanc. curuam pepeg. ¥
nentibus notatis quantitates variabiles PM—y et CM::,‘
ad abfciffam C P = x referamus, vnde ftarim pater, tam _ 1
J quam s fore functiones infinitiformes eiusdem  abfciffae : l
CP=x. Cum enim applicata PM vtrinque in infinitum ’ ';
producta curuam fecet in infinitis pundis M, M/, M#
M etc, applicata # infiniros recipiet valores, feilicer P M, - |
PM, PM", PM“, PN, ere qui ex principalj PM—y it
€t quantitate conflante A B — C' D) — 4 erunt PM — g - '

PM':za—}"','PM”_':q.a—i—y;_ PMU—6g~y;

PM"=8a 4y, PMi = 304 —7;

2

!
E 2 R ‘ qui | #.




‘qui omnes etiam in his geminis formulis continentur:
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qu1 omnes valores in his gemrathS formis. continentur :
gia—-y et (4i-+2)a—p, _ '
vbi littera i omues numeros integros tam pnﬁuuos qUam
nerarigos denotare poteft.  Simili modo eidem abfciffae
C P = x refpondebunt infiniti arcus curuac, qm erunt ’
CM=s; CAM = 27— 4 CAA’M“::AM‘—{-J; |
CAAAYMI —6¢— 55

Tab. 1L

Figa 3-

fumendo pro i fuccefliue omnes NUMEros. tam poﬁtluos‘

i vocetur angulus CN M = @, qui mentur amplitudinem

4ic+s, (41 2)c—'S
quam negauuos.

6 4. Suﬁ"lc:et lguur f'nlam huius curuae portm-
nem C M A ‘confiderafle, quoniam reliquae omnes ei funt.
aequales, pro qua pofuimus CB=AD=1, AB= CDza,
et arcum CM A —¢ Tom vero pro pun&o indefinito
M f vocenwr coordinatag. CP=x, PM= J et arcns
CM"""J‘ erit’

wxde - _— d x
dy = F5m ot ds= i,

His pofitis ad curuam in M ducamus normalem MN bafi-
C 1) produ@ae occurrentem in N-  Hinc fi ducstur ad
bafin perpendiculum M Q = x, ob C Q =y erit internal~

—zdx — Y1 — 3% o § MN = 2ds—x
ium QN_ e =Y et ipfa normalis M N=2=F= ¢,

ita vt re@tangalom M Q.MN fit —1—=AD’ Hinc

arcus C M, erit fin. Q= x x,

cof(]) "V(x—x) et tang, @ —=.—=2%

vu — ac*)

§ 5.
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6 5 Quacramus ryne etiam radium oscul; cups’ .
Yae i plingo M, qui fir M O, bunc in- finem faciamys’
dy ___ —_— oy . / ] nY RS N
-&“zﬂpj—ﬁ%—m: vide' fit V(I—I‘PP)——#:;;;: ,h‘mc‘:. :
‘0. R R eritque. vij at .radius e
porro ﬁatd"“‘"‘_n)‘ - YA =g, eritqe v conﬁat adius
. — — T, . - —_ T s
osculi — E_;.f = 35 ficque eric MO ==, Jgeo_qyc MO

=iMN, it YE.Lcentrum curnaturae. cgdar in  punGum -
medium normalis MN; ex qQuo paret radium oscali M Q ‘ .
reciproce ‘é‘ﬂ“é“pfoportionalem interuallo M Q=ux, qunae .
eft proprietas, quam naturg elaﬁicacﬁgmihﬂdrﬂ%m enfrn ‘ '
Aiﬁ%ﬂﬁﬁnamﬁh;ph—ﬂ&m'é&mnem habear MN, - o y
eius momentum  refpety puncti M erit vi multiplicarae
Prr QM =& acquale, cui ber naruram elafijciraris radius
olcoli in M reciproce diper efle proportionalis, - Manifeflum
igitur eft radiom Osculi- in ipfo pun@s C effe infinitum ;
in"altero avtem termino A —=! =14 p. ficque- in hoc
puncto A curvatyry erir mMaxima, '-

S i

, §. 6. Nunc -etiam videamns quomodo ex data ' ',{if
abftifla CP — tam  applicata P'M =7, quam ipfe ar- : l!
cos CM—; Proxime per fepjeg infinitas €Xprimi queat,
id quod dvplici_ modo Pracftari poteft, - Prioy maxime' ob+ ~ . J
Vius-in eo confift vt formula 1,(-,_'_,,,,4):.":’(1,-'1#4)-5 in . : H
feriem refoluatur,.,quae erit; ' " *

LT et 1 3 .8 1 3 5 .12 r 3
I+:x B Zexer X g, 3

vnde per integrationem colligitur ; ‘ |
' PM— ::;x’+;.,lx7,;.;.’x"+;.§.§..~’§x'i‘etc.
WM vero etjam arcus-:
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Hine igitur patet, fi abfciffa x ‘fuerit valde parua, tum
fore proxime y=jzX' et s = X. Verum fi capiamus ¥ = 1,
per feries ambae quantltates a ct ¢ ita exprimentur,
vt {it

S N T R NN

WE— BN E SR f;.‘-i— ete.
Hae autem feries nimis lente conuergunt, quam vt inde
valores litterarnm « et ¢ fatis exacte definiri queant.

§. 7 Alter modus non -adeo obuius im €0 con=
fiftit, vt flatuator ,

g =52 — V(1 — %Y,
{fumtis lgltur differentialibus erit

xxdx——a’u(x—-x*‘- 24 X dx, fiue

ar(1 —xt)—2ux’ — x x = 0.

Fmgatur nunc ifta feries:

u—ax -+ Bx —+~ryx“—1—5x +ex*9+ etc.
quandoquldem jam nouimus, fi x fuerit Valdc parnum, fi-
eri debere y — :x°, ideoque etiam u = 1 x*; deinde ex
forma aequationis manifeftum eft, in feue exponentes ip=

fius x contingo quaternario crefcere debere. Hac igitur
ferie fubfhtuta’ fiat fequens euolutio:

di—gaxa+ 7B F1TyYX"+IS Sx'*+19ex" 4 etc.

-.-—’:‘:c“,_ —gaxt— ‘7{3:13”’-11'}(?”—153.1 — etc.
—2 X = —2ax'— 2a°— 2y x*— 20x"— etC,
—XXT— XX |

Singulis igitur membris ad nihilum redattis fiet
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o :3_!5 ﬁ: ;_%;5_; .}, :;’:;-“9; 5: I. & 9,12, eto_.
qQuamobrem habe bimus :

R T
VEIHE S S IAE N ) Sl S SRS etc.) V(1= x9),

' O LT F AT

§. 8 Simili modo i flatnamys
—_— da
= Y (1~ 4,
_beruenietur ag ~hane a_équationem:
gﬁl’(rex“) —2vx —1=p,
vbi fam fatpamys |

fv::ax—;—ﬁxf'+-y.r9+5x"+ex"+§'x“ -+ ete,
CUs evolutip jig repraefentetoy: '

Hoa SRat+ o at ELEAE S TP etc,

— 2ty

qET T A —5R g —I3d  —ere,
—20Xx°= oy —2f3 T2Y = 20  —et, .

—I=—7q

-_'—_———-——_.__________

~ Hine reperinntur coefficientes

. . — r. 3 . I5
a=1; B:.;;'y::}—g, e R p tc.

$. 5,187 Sioargz CIC
vnde colligitur fore

ST e e ey v X,
His autem feriebus plane a4 valores |

itterarum 4 €t ¢ e-
ruendos vti non licet: @0 enjm Y= 1 formiila V(1 —a4)

Clanefcit; tum antem ipfac feries in infinitum excreftunt,

. §.. 9. Pro lit,tcr:'s‘aufem 2 et ¢ cognofcendis alizg
adhiberj conueniet methodos jnde petendas, quod integra-
hia harum formularum; s Tt et f =5 PIO €0 tan-

tum




- Y{(1—xx)
‘yertatur, quae erit
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‘tum cafn quacruntur, quo poft. integrationem fit x = r.

Hunc in finem formula i ita repracfentetur:

(Axxy

‘et numerator (r-4-xx) "1 feriem con-

. Iw%xx—l-i-f'x‘—;.%.s L 3 R —ete

ita vt loco g feripturi ﬁmus haric feriem:

": [
mm(x—'—xx"l*z-;x Ea 'ax‘+§.§'-6-sx —~etc.)

quo, fatto tam pro Jy quam pro s fequentes formulae in-
tegrandae occurrent:

romxda x-td,:-:c,
fw/{x-—xx)" fﬂx-—xac}"fﬂ,(x——mx}_’, E{;C.,

§..10.  Harum avtem -formuolarum integralia hic

. non. -im genere requiruntur, fed tantum pro. cafu quo

poft . integrationem ponitor ¥ — 1, Hoc autem cafu no-
vimus, fi 1:7 denotet ratzoncm d1ametr1 ad perlphcrl-
am, cﬁ'c -

d'x‘_____ o xede
fV(r——mx ? f*l(:-——xxJ
f xtdx f‘ xf d m

V(i — & x) ied YO — %) ?

et:ita porro, quibus valoribus fubflirutis pr1m0 ex formula

b

H_ (|

5
D]

l-l~

Wl Bl

™ B'l_ﬁ
k|

"’” Jf;_mf xxd'xj — x:vdx(x-{—rx)

calhglmus {'ore

g—T [ it 3 z 2 H E 1]
=i "_="’+1?'§E-v—1;-—.f;.’+etc)
cx-altera autem formula —f__dzx . -
do touus 'ArClis -

S o . CA=

F = i == _colhgnur._longitu-‘




Vernm: etiam- hac ferje
Valoribus quaniitatum

dem valores per  prod
mendi, cujus Jatmnﬁm

fdemtur haec formula-

fict

———

7

Simili modo erie

—
——— .

and i ergo hoc mnde

4q dead, Imp, ¢, Tom, 1, p, iI, . iy

8 110 Supereft autem adhiic alig

et explicata, hic- ﬁequcnu m

aec integralia tantem defider

V(i—gv) B

:+= 22 42 a2 sﬂ+:2 g% 52 .2
= :-E-——H—-—. — )

F e a—ete)
Ptac  pro veris

€s non fatjs fum
@ €t ¢ cognofcendis.

L

a methodus €08
uta -ex ‘infinitis  fiGoribys expri=

quamqguam g, me iam dudum fufigs

odo fuccin@e eﬁzpomm. Con-
¥ =x *V(’r.-rv) camn fig

"““’d"" LT e x”‘“tix
Y - fm:k’q/{ih =2 - Uite)

-—-_....__

1/(1—-—.:;) "V(:~—.1:")
. hinc viciffim integrando erit |
x““"’a’x a:"'*“*dx
n — _— A—
AV (1 — gt =y V(1—~v) (f:—f—a)/ ok
guare i h

cutor pro cafu ¥-r,

frﬂ“iﬂ'?f‘“'?z—i—z X g

F(i=x%"

al ST Ry
Vo-#) T a3, V(e—x%)
7 F g 2410 “‘*‘”_z;’__ ete.
V(i—x) — F?-l—8 "V(x«- ) -

in mﬁmtum_af‘ceudamm', erit

] ¥ 4 _ #2 746 ﬁ+IO nt1y4 A"TOO
V

(1—-.1:) b7 fz+4. 12—}—8 ﬂ—i—lé Tt ]/(I—-?ﬁ"

i

§ 124




w333 ) 42 ( G

~. &, 12, Subftitnamus nunc fucceffive pro # nume-
p0$ I, 2, 3, 4 ac prodibunt {equentes quatuor reductio=
fies ad produda infinita, cafn fcilicet % — I.
15 10 xr+oo dx ——
RN o
400 W
IIfmdx_______af.a 12 16 20 ) . x* t?x__“.
» v—n——"[‘__—x*_Jr—--Q,O'ﬁ'-]ﬁ-x.{.-fa’o P ] lf_]/—"——"’(]:_-;‘x‘*\-—-;.
. Fd

©l g
-

.Io fv-—""_d x"'— = ; .

T

i~

I, [forEdE =g 2 23 2 o .
,J;V——*——'-ﬁ__xa.} g7 1‘x ig+35 « ¢ v * SV (x—x%)
x!—l"oodx

Tdx S : -
iv. fﬁ-—-%-?-%-i;-%é- v e -fmzé-

§. 13. Hic. iam probe notandum eft pofiremas
formulas integrales inter fe ommes efle acquales, Cum
enim in genere fit '

*=rdx _nt-o x"Hidx
Jve=s = S Va=m
I {umto # = oo erit ' )
xOP— dx xR dx
vamm VG
uod fi ergo harum quatoor formularum quamlibet per
aliam dividamus, poftremi factores integrales {&¢ mutuo tol-

lont eritque

T o 48— 2,7 6.7 10.77 T4 15 18, 9
L— % “58 ' moaz T 1m a6 et etc.
Y € ‘g5 7.7 M1 1515 19. 19 ere
—_— . = e e T
L~ & — 1.5 5.9 913 oy Cdgea
1 .4 F.8 11.12 35 16 19, 20 tb
w. 20 = T et pe s T odaae C TAPT I ete.

11




I o __ . 73 ar1e '
. . . 5. 1§ 10, 2

P i mma —_— ———— — — X ol 2
1, fa 25 6,9 ° Tmy 5 reear TE, ar * etc--'
g L ;I‘ e T - L J212 1636 g ., ete
Iy. 2.6 ' 610 ° Y5, 14 1, 8t 14,22 * *
m _ (]

pouid -] —_— s 5 . 9 Y2. 13 1g, 17 20. 21 :
Iy, a: 36 "y 0" L P Ipar 19, 22 * ete,

ey i 511 % g grrp—
——— 5 I. ;—g‘ 8._1‘; . m——— etc’ ﬁue‘

7 2,1 4, 10,17
48z gy 55 105 ypr
;;-_ TT 2 vHEg o» FE » TG e 370 » GI’C;,

quae pro faciliori calculo ira ‘poteft exhiberi:

A0 . I 1 _‘ .
T =) (0 2) (1) (1 3) (x4 2) ete.
At verp quantitas tommmodiflime definjetur fine ex hac
formy: . -
— 2’3 Rk R T B T T etc. fine
. .9 " P o,z *

—_—_ G -1 66 120 190
T F s EF e F s+ TTg 155 « CLC,

quae commodi ergo jrg repraefentetny:
5 = 2 () (1) (1) (1 e

I. 5 13
vel etiam pari fuccefy definierur quantitas ¢ ex formula
nr ,d i
f7» quae dat ‘

. foensl-LE R % SN N PR S Yo o "
CRgo- 25 4 Pt L AL -2 ) 5
| RIS e el eté. fine

2azzy, Goaus, g_;g,etc.‘ﬁ‘uc .

. — Ty 7 : i Y Pl

HOZ (R ) (2 2) (1 20) (s ot
Interim tamen fatis taediofy calculo opus forer,  {i valo-
Tes  harpm .li.rterarum)‘ Vsgue ad , parrem -millionefimam

oyt

e e

s
e
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wnitatis -inftas exouirere vellemus: verum infra, cum pto
prietaies magis abfconditas huius curiae detexerimus, {aus
prompte hos valores exhibere licebit,

§. 15. At vero pro eodem {copo feries proaet ¢
fupra §. ro. inuventae optimo cum fuccefin v{urparl pos=
funt, quanquam ipfi termini parum decrefeunr, propterea
quod in iftis ferebus figna + et alternantur. Hinc enim
infigne fubfidium nafcitur ad fumrmas harom ferierum proxis

me i11uaniﬂ—ndas.—S—iﬁn}imAmbcathnjmmpdi feries:

A,___ Al+ AH — Al"ﬂ _+__ AH-H . AHHI atc.
cuins termini A, A% Al A continuo fiant minores, tumi
- jnde formetur feries differentiarum

CA— AI—DB, At— At =D, AV Al — B etc.

hincque. porro feries differentiarum {ecundarum
[ 1 0 — I ete.

- B-B=C, B! — B! — C!, B — B = C" etc.
ficque hoc modo continuo differentiae capiantur, tum fums
ma feriei propofitac femper erit

24 B S Bt e ete

§. .16. Quo punc hanc regulam ad feries §. z0.
applicemus, euolvamus in fractionibus decimalibus fingulos.
terainos qui ibi occurrunt.

: = AR — 0, 085450
3 T= 0, 500000 I3+ (752" ¥ — 0,08545
12 - iye 3z 5? _7: — 5.0 6
;’:‘- ._..-012500005;;.;—.2-.3-%-.;3 ] — 0, 074769
s - e i 27 s 7R 8 —

o;—i..ri — 0, 187500 |5 - = -5 5 - anii e 067292,
57 32 o 12 22 5t 7 ‘_5'3.-_ _ :
;_2. -V:? — o’ 140625‘“; . E ] E':". ;z- . IQ:- — o, 060563
- z - P |fz a 7 0% - I

LiL . g=o, 1171885 %-%:-1—;-;;-?5_0&55516
¥2 a2 ", 112

6 T Pl AP C T

. i d . 0® —_

e
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binis primis terminis ad finiftr

28 5—1% 32 42 s P S A 2 etc
?—-—3__1:’;;3 2_2.4--—2'.6'2 ;.;.61-82 -

Nunc finguli
tur iisque fubiungantur fer
D ete. infignitarum hoc

A

o,
d:
O,
(o}
0,

I..}OGQS

087657

74769
060563
C50890
C438680
038564
034405
031065

huivs ﬁﬁeitmnﬁniﬁbi

2 5 h ] nt g, - - - —
.‘2‘?-'4‘—,_--'6—5..-5:;- IT)?' I_z-i .T‘T'w - N S e - __0,04-‘725'5.
_y2 - 32 -—
;i - . 2 . - . :‘:‘_—i . » - - - —— O’ 01}3 880
2 3 5 .
%l - . [ - - :—%-;K . - - . .-__D’Oq-IIBS '
2z :
e om == 0,03856% ;
22 152 17 i
T e e v . P A — 0., 036424 ¢
2 ’ I
172 L
i.; . . . . . - . S . - . O, 0344_00 . |
¢ 1%
e e e oL iva . == 0, 032500
L2 .
’_z, T T - a :_oz . —_ O, 031064
2 .
§. x7. His Praeparatis -calculnm inftitnamnps pro
valore litterae c‘inueniendo, ¢t cum effer
. z & 2 2 z 2 .
DRI

am - translatis epit

invicem fubfciibana

G

1es differentiarum lirreris B,
muodo:

B C

[—————

D

|

'0’0429680,050080
0‘0228880.0056320’011398

0,014206 ‘ 19, D04y
e 0046 30'0045330 oof'ég oL
1 H0507 0,0026630’ 526 L

J01¢ o
0790101[3,0016970‘2209 L
©2 005313 D, 001 146] " 55
0y 0041067 O, 000514
©,003335

Fa

0, 000832

|
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E | F 1

G

H

0, 00724.5
0, 002299
0, 000904
0, 000415
0, 000237

§ 18,
modo colligetur :

©, 004970
0, 0C1375
0, 000489
0, CO0178

0,0038595

0, 0C031X

0, cO088E

0,0029709
0, 000575

Hinc jgitur f{umma no[hae feriei fequenti

' AN =wo,070312

07084503

!B =—o0,010742 _:;’;F:: 0, 000G 8
:C = o,002510 G = 0,cc0028
11?; D = o, 000712 sis H = 0, oovors
L E —o0,000227 pro reliquis 0C0007"
0, C§4503 0,084.627

‘ .
adde  — 0, 750000
erit == o, 834627

Hinc ergo erit ¢ = m. 0, 49314 =1, 3110371,

§ 19. Simili modo computabitur interuallum A B
—=CD=—4q. Erat autem
L] 2 2z z 2 2
%1:%_;‘5';‘{“";':'5' é-—-i—-.%.%;.%—{— etc.

vbi bini primi termini
T — T 5= 0, 3I2500

dant ad alteram partem translati
2 12 32 5 PE I L )

?_0:312500 F et T meEae

7 - etc,
vnde calculus fequenti modo expediatur;




W& ) 4y { 840w
= A r B [ C

©; T17188] -
0, 085450
©. 067292
0, 055516
O, 04v255

©,c31738

0,018158/% ©13
©, 011776
0, 008261
O, Co61z1~

0, 003
9, 003

O, 006382

[ D
N
5 80
58 0, co7108
C, 002869

5150,00137:

144

C, 041118

0,0364242’00f714
0, 032700 08724)

10, QOO0
0, 001403/ 7 ©OCT4I

0, 0CO4I
Oy 000ggo| . +13

E

"0, 0043351
0, 001496
0, o630
0, 000328

§
I
—r—— ey

C, 002835
O, CO0866
O, 000502

~ G | m

0,001969] 7
0, 000564 | 001405

§. 20. Hinc igitur feriei fumma colligitup

s =0, 058594
3 B=o0,007034.
+ C =0, 00164
» D = 0, 000450
E"::o,ooo:gs

X

w ™

ar

-0, 068810

hinc ergo 4 — 4. 0 ¥90687 == 0, 599061, -

§ 20. His Vahnﬁbus

0, 068810
% F — o, 000044

T;FG__o,oooors
Egli::o,ooooo5
ﬁ_'_""'—-l---—_,_—

. O, 008874

adde ;F::-'_o,gxzsoo

et prodic = o, 81374

quantitatum a et ¢ pProxime

verys inuentis; quos dutem deinceps adhuc accuratius def.
Mre doceby, progrediop ag ilas proprietates hujys Curuae

magis
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magls abfrofas, qbas fam pollicirus demonftrandas, cuippe
quas per foltas calcali operationes vix ac ne vix quidem
ernere licet ; et quae propterea profundioris fndaginis me=
rito {unt cenfendae. AcC primo quidem hic eam-infignem
relationemn , quae inter ternas principales dimenfiones hu-
fus cuminae, feilicet altitudinem BC—AD, et joter lat-
cudinem A B— CD atque ipfam curuae longitudinem
A M C intercedit; et quam jam ptidem detexd, hic accu-
gating exponam, ¢t fuquenti Theoremate comnpledtar.

‘ Theorema 1.

§. 21. Tn curpa claftica reangnla A M C cuins
vertex eft A et centrum alcernationis C, tevnae dimon-
fiones principales, quae fant: 1) aliizedo B-C=AD 2)lw
ttudo A B=C D ac g) longirudo arcus AMC ua a e
jnvicem pendent, VU re@anzulom ex latwdine A B in lon-
gitudinem arcus A M C acquale it areae circull circa din=
wetrum  alticudnis B C deferipti, five pofids vt fecimus
BC—AD -1, AB=CDz=a et arc AMC=c¢
erit AC=1. _ o

a

Demonilratio.

§. 22, Infigniy ifla proprietas dedncitur ex formu~
lis quas fupra per produéta in infinitum eXcurrentia €x-
prefimos (. 13.) guarnm prima dabat '

a8 __ 2.3 a7 1o, Tp M4 15 A '

T L4 5.8° .12 HETARY etc vlrima VC];O
___ 5.5 8. DO a3 ©16, 37

za_'zﬁ'?-‘ln' T 1s | 15.1% erc.

Quod fi iam in pricre expreffione primus fator fimplex
2 feorfim exhibeatur , - €X reliquis autem  {equentibus bini
inter
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inter fe combinentyr habebityy:

e -

T o—

ES

2 2.6 7. 10 IN,14 15, 52
P . . "“—-4. » T ¢ etc
T % s e, g 12. 17 16. 17

nes factores Praeter primum manifefto & muryq tolivat,
ita vt proditurum fir fac =2, vnde fit 26 =7, quae eft

§ 23. Etfi haee veritas modo prorfus  fingylar;

Quod fi ergo lgee exprefiio per alteram multiplicetur, cm-

X contemplatione infin,e eft conclufa: tamen deinceps

Hb&{ﬁ&ﬁi?@ﬁde&:‘ationes calcnlf Magis
cenfueras  efjef pofle. Quaeramuysg enim ip genere pro

qUOUS  curnae pupdo indefinito M produ@um ex appli-

€3a PM =y e arcu C M=y, fitque hoc produdtum,

P=ys ent gp =7ds 454y, Hineque iterym integrandg
P=Fydsays 4y,

auas ambas formulas feouin evoluamus.  Pro pring i
tio oftendimusg efile

J’ — T J(-"z + T, x' 7C'7+ oz r xu '—I_ . Z. s._lI ?’5'—]—- efé
=3 PR Zate I L . 2, 4,5, 75 " -
quae feries du@y ip d.f:‘-,ﬂ-d:_%,{jz, per fingulos termingg

Ita integretur, vr polt integrationem flatnatur » — I, quip=
P 1 quo verfatur cafyg nofiri theoremaris,

— T

f-——"”"—:é-—£1f"(1~é\”9"

Pofito ¥ = 1 tym Vero in gepere vidimus effe (§. Iz,)
'x”‘*-"’dx n X 7 ' |
V{it—w) ™ g1 TEF'DAS

At 4oud, Iup. Sg. Tom. Arg ¢ vade




vnde deducimus , . |

7 dx —2 I
e Y w oy T
.‘/(,.._.xﬁj'—"‘a =
. K10 g = — B 4 .g_,_,___'z— 4 X
f__-——-————'v(j-__x._)_fa.y.g_..s.sng

m”d'x‘ _ 12 8 4 1 — =
Jr—aywI IR

Hinc igitur pro noftro cafil, quo ¥ = 1, erit

fyds=3%.itE.7

.
-] 1 2 4+ 6 I 1 3 5 - 1 2 4 s 2 t
E'?'F‘E+E°$'r-u-f§-§-?,-;-§.E;etca
|

] B
.
(YL
,_]..
0
.
LR
-
o
.
Y

I E) 2
+’§‘§'U'Is'

uae feries reducitur ad jequeh em-formam-
PSSP WIS S S S B B
B ‘ﬁj’d"'“—'—_’(ﬁ-—l‘a‘.;-.—i”‘s.n_r-';;v,ls"—'x 9',9""1—' ﬁtC.).
Eodem modo euoluatur .altera formula [sdy, et cum per
feriem priorem effet , |
P T TS Eda a8 RE R T iie ml LN
— dx s T .
at vero 4y = %-:-x—‘,—), fingulis terminis integrandis ope
formularum ante datarum pro cafu » — 1 reperietur =
fedy=itibiitlia bbb nien
quae feries contrahitur in fequentam formam:
— I
[sdy=1(E 5+ 5 int sy has et

Y

1 =

~al &

+
L

(21}

7. 18 .17 11, 21

His igitur duabus feriebus coniundtis fiet:
—1 L I z LI S ’ -
_ﬁ_;(l'*'s—-'l"‘;_';,”']";;“'i‘s‘g-i 5—.-;"}"7_1”——!—- ctc.).

§. 25. -Quod fi in hac ferie bini termini fe infe-
quentes in vAUM contrahantur, obtinebirur fequens feries:

- — = . 2 2 2 2
Pys=2 -t 5+ A e e 2 - et

9.1t

1 PR
—

Ty - 2y L 2 1 1
Quoniam autem porro eft izx—tet Z=5—3,
etc. ifta feries refoluitur in. hanc¢ formam:

z I
g IT?

il

P




- 9vae cum fit notiffim, ferres Lezémzmm cuivs ﬁzmma =7
erre P =V I=T, cafu fciljcer quo ¥ == 1., Verum hoe
cafu aflymf fieri y ~ 4 o = ¢, ficque euam hine apw
paret efle produdtum ac=7r,

Pjaepaxatlo . |
ad fequemes hums curuae proprietates magls

6. 26, In diffci‘_tatqui{n*wiﬂinﬁus: Plﬂzf@r expli-
At ¢iieg compar ationem quantiatum. in formyly integralf

d .
ﬁﬁz—-} SEwEn COntentarym, quacque Parti pofleriori Ac.
\

~torum Pro anng 1781 inferta fujr, oftendi: fi .4 denotet
Valorem huyjys formulae mtemahs f—iﬁf“ Pza.

fumtum ve evaneicyt pofito 2 =6, m plures huigs ge-
“heris  quantitateg tranfcendentes  modo prorfus  fingular;
inter fe comparari pofe. Scilicet £ prapofitae fyerint duae
huiusmod; formulac: 17 4 et Iy, atque ex littesis & ety
ita determiteriy tertia &, vt fje

& .‘j_i_(l_—!—__ﬂ,l;"n ) ‘_1___’)’ Vi m » T2 E e n by

d ﬁ ‘—‘”xx?.? l—-nxxyy )

Ynde. fir ‘

V( 1 + mes-t-ns 4) ( Mty +1/’r+mscx+nx4) ('+”13’D’+n9!4J (rf-rx2yny. +7nmy(xx+j'3’})
: (t —nx RYyyp T

tum femper erj

I: 2= 11 x—}—H Y- By
ita vt quanritas tranfcenders 1, » ﬁ]pe:ef fummam datas
m I et 11y quanumre algebraica By g,

' duplm modo ad inftitiutum nofirug accummodan polfe;
G2 Aelircet

;-1-mzz-+.nz+}’ ita -

§. ~7 Enidens jam eft has formulas. generales
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"feilicet tam ad arcus huius curuae inter fe comparandos,
quam ad applicatas cuigue bfciflae z refpondentes, Pro
_ ytrogue cafu antem -erit m =0 et #.— — I, tum vero in
" numeratore pro arcubus furol debebit o= 1 et. 3 =0,
at pro applicatis ¢ == 0 et B—= 1.

§, 28 Quod fi fam littera 2 denotet abfciffam
guamcungue in axe C B affumtam, applicatam el refpon-
dentem defignemus charactere II: 2, arcum vero refpon-

Tab 1L
Fig 4

v

dentem-—hoc charadtere © 12, eritque €X natura noftrae

elafticae

Mig—[-228Z et Oz =/

Vi — =)

quibus characieribus in fequennbus  Vviemur, Tam igitur

fumto g=o erit [[:o0=0 et ®:o0=o. Sumto autem I=ZX

erit M:1=AB=get ®:1=CGA=0 Praeterea Vero
notari oportet, {nmta abfcifa z negatiua, tam applicatam
quam arcus longitudinem etiam fore negarivas; ficque erit
T:({—2)=—1I:z, fimilique modo ©:(—2)=—0:%

His igitur praemiffis duplicem iftam comparationem in fe-
quentibus Problematibus ad noftrum  ipftitutam aceommo-

dab\imUSl .
Problema 1.
Propofitis in moftra curua elaflica binis areubus CX

es CY, abjiindere arcum CZ, qui aequalis fis fummae ar-
cunm CX 4 CY. '

Solutio,

§. 29. Vocentur abfciffae bis apcubnis refponden-

tes Cx==x; Cy=y ¢ Cr=g, erunique applicatae
_ R R fiabi-
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ftabilito. fignandi. mngs,. 2 X=1F: ¥, yY =My et 2Z=I sy
ipfi vero arcas CX —@ux, CY Ty e CZ =0 'z,

€ quoniam  requirityr ve gy ©:2=0:x4+0.y, ro
gula generalis. fupra allata, quonmiam. hoc cafy litreps B=c;.
Pro datis litteris x4 ¢ Y ita definire ubet. 2, vt fi¢.

ol
y—xVQ =3 -y Al k)

I xayy L

t_um antem ‘erit

Iy 4—...(1—-wx?y)V{x--x’*)_(.r-——y‘f)‘w—zmry(xx—r- '
V(I' z) ""‘-_'_—__'_7(- X x5 D’ﬂ,"

vinde patet, quomodo. ex binis abfciflis datis: Cor=ux ¢ - “

Cr=y qnaefitam » conftrui—oporteat ] vi arcys CZ ae-
qualis flat fimmae arcuym CX+Cvy,

§. so. 'Quemadm.odum hic ex. datis abfeims , et
J determinanimus abfeiffam 2z, irg vicifim, i denfur ab-
feiflae x et 2, tertia ¥ ex iis fimili modo de;e-rminabirur,'
Cumh enim hic effc debeat B:y=0:2~0: X, enideng
eft hic y eodem mado Per z et — x definipy, quo ante
Per ~~x et + y expreflimus, Hinc igitur erit. |

— — -— %
— ) xV[x )
. — I Ly xz2

et
. T = 2 x 2 57_—‘-“ i} e
Parique modo ex datis y- et 2 abfecilla x itg deterniinabia.
bitur, vt fir o :
R LT

- ) — — y v z\1/(1-—-T*}(r—’%4)__}_zgng(;yy_+_,zz;\
Vi{z—a) = I ey S AL L SR

-V(I‘ — j!l") _: bﬂm‘:ﬂﬂfﬁ’:@ 2 xs (ne e n

§& 31. Hinc igitur patet terpas quantitates x, p-
€t = ita inter fo referri, vt quaelibet per binas reliquas:
fnuli fere modo  determinetur quamobrem. iftam pelarioe.

. ' 3 |  nEems .
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pem accuratins cuoluamus, quo. claring pateat, quom odn 4
{¢ inuicem pendcant.' Ex primis antem valoribus, fumtis
quadratis erit ' o ‘ :
R (o ey 9 (rm 22D y 22y V0 ) 2 21,
ex valore autem formmnlae V (r — £°) colligitar:
Y (x — x4 (1 — ) = (1o mxyy)t Kzt aXy (-"ex{-w%,

e e

- xxyy
qui valor fi ibi fubﬁi'tnatur,‘orlet'ilr haec aequatio:

———

zE(1—EXYY) =KX gy ey Y {(1—&".

Similique ‘modo ex binis reliquis determinationibus flet
yy(z—xxzz)=8rta¥— sxaV{(x—19") et
x(i—gyaa)=ry-rad—2yeV (i ).

§, 33. Quod fi hag aeguationes ab omni irratic-
palitate liberemus, ex fingulis eadem refultabit aequatic
rationalis 5 quae erit | |

L xt—axxyy - extyy a2 A xt 8t _
--lr—y"——zxxzzui—-fzx‘xy‘*zz — Oy
R A-sxxyyat
quacquie etiam ita exhiberi poteft:
5 = %x*-—}-y‘—}- g sx XYY —LXXBE—2YPRE g :
- 9

L axxyyra(xxbyybE Ly
4bi iam manifefto terna¢ litterae &, ¥ et & acqualiter in-
grediuntur ; quoniafm enim hic litterarum %, ¥, 2 tantom
quadrata infunt, perinde eft fine eae -negatide caplantuly
fine pofitinae:

- 5. 3__3.




5 33.  Quoties €80 ternze  abfciffue Cor—pn o
Cr=y et Cx—yz, fam- iatrer- fe IEnent rationem, quam
aflignanimus, tnm areus CZ femper aequabitur fummae.
bivorum reliquorum C X e CY. Cum dgitur hine fj¢-
CZ-CY=CX, erir wews Y Z=CX, vnde fi punas
Y et Z pro lubity accipiantur, g pun&o C femper "arcpg
CX abfeindi poterit, qui arcol YZ erit acqualis,  Ac vi-
Cifim Propofito arcy CX, 2 punco quonis dato Y ab- , _ j
fcindi poterit  arcys YZ, illi arcui C X aequalis. Sin
antem terminns 7 ve datys fpeé‘retur, ab .eo retro abftina '
di poterit arcus ZY ipfi CX acqualis, quae cym fint fa-
tis' obuia, fuperfinum foret Pro 1iis peculiaria problemara
conftitnere. SR . | )

Theorema T, |
§. 84. Sj ternae abfciflae C.f'::x, Cy=y, Cz=z,
ita foerine affumtae, vt arcys C 7 aequetur fummae C X
et CY, tum ternae applicatae ¥X=I:x, _’VY::.,II:J’,
2Z =0 :» ita inter fe crunt relatae, vt fig :
H:g:ﬂ:a+ﬂ:y+xyz,‘ ) ‘ | -

five eric - |
zZ:xX“‘f—JY—i—C”-'(?_g;CZ,
- Demonflratio,

§ 85, Cum relatio inter formuylag Mex, iy ep
II' 2 eandem relationem jnter abfciflas X+ ) et 2. pracbeat
Quam  pro  formuylis; Oix, B:y er @;5 afhgnanimus,’
qioniam pro hoc cafiy littera B in forma generali adhibita

Vhitali aequatur, vi relutionis generalis eris
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ez e A-dliy A-XF 2,
vndc, ad homogeneitatem obferuandam, quia altitudo CB
ynitate eft definita, folidum xy % pex e1s quadratum -di=

vidi eportet, vnde fiet
zZ—‘xX-{~jY+C’° o gz,

§. 36. Cum igitur chavacteres @:z et Ttz cer

tas fonéiones tranf{cendentes abfcifae 2 denotent, quas:

conftat neque per. logarithmos neque per arcus circular s e%-

dz-

RS ——T TR e

p11m1 poﬁc. quandoqumem per ﬂnm*.laaAﬂtsgta es [ . =

et [ zd= : defimunmr, earnm valores (altem per 1641v5
mﬁmtas exlnbmﬁ'e juuabit: erit aurem per modud priorem
Oiz—2 -4 2.32 Y ER A S <13
Ozt 2.58 455 Ry A R RIS o

Ex altera aotem refolutione erit ¢x § 8.

By b

i
T sw Hla

Bl Pl

®:z— (2t 2+ 2%+ “”zu-{-etc)‘l/(x——z")et-

Wz (i +50 ’+’” ”+gi-j_—f”.’fs ‘5+ctc) (z—2*)

Problemsa
Elemerzm principalia niftrae curuae elaflicae , feilicet

Jaritudinen A B = a ef lotuin ariui CA—=c, repeitn al-

pisudinis CB‘-‘ I, qecuratius deserminare quan Sfupra fieri
anz

uolutio
§. g7, Huoc in finem accipiatur pum?ch Z in
ipfo vertice curnae A, vt fiart 2 = T, entque
M:z—AB=a et ©: z=CA=

o~

“tom




wED ) 5y (S
tm igitur erit V{it—2)=o." Nunc quacrantur g aga
s CX et CY, quorum fumma fit aequalis arcui-CA—e

- Pofitis ergo corum abfciffis Cx = x ¢f Cr=y ex § 31,
erit : o ' :

I-—-xxhjfy-—-xxjy'::o,

vnde fir Yr=1=2% Quod fi igitur ¥ hoc modo per x°
_ determinetur, tm erit ©: x4 @ 'Y =¢3 tum- vero ob

—II:,z-::a' erit e =-l:x+-T Y~ xy.

" §. 38, Quo_nunc feries: pro- @y e Oy, item

pro Il:x et M: y, maxime conuergentes reddantur, abicise
fas x. et y proxime inter fe acquales accipiamups,  Si e-
. mim vellemns flatuere 5 = x, prodiret '

F=r=V(—14V2),

qui valor irrationalis minjme idoneus foret ad_ noftras fe-
Yies cuoluendas. Hanc ob rem fumamuys Xx =1 erit

=3 ‘]'de—O e x'__"— "2 €t =z vide £r riores I[-ElfiC.S
) Y Yi» P
fict

O =F (i 5 a2y bz x4 oy

2e4,4r 2. 400,15

e

Do Mir= g n s s e e Fetc.)
-Simili vero modo erunt:
2. 4 b

GRS - FOEECTI

'I];:y:;'ﬂ(§+;j_;.§,+~__'-‘ cwRpEEto 5 et

2. 12 2 4, 6, 15,

§ 39. Hae ferjes manifefto tantopere convergunt,
Y8, qui laborem caleu; fufeipere voluerit, veros litterarum

A doad. Imp, Se. Tom. 1 p, 11 H @ et

;
:
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a et ¢ valores tam exadte definire queat quam lubuerit; valo~

_res autem quas fupra aflignanimus, jam tam parum a veritate

difcrepant, vt pro noftro inftituro abunde “fufficere pofint;
quandoquidem bic de eo tantum agitur, vt valores inuenti
calculum  fubducendo comprobari queant, gquamobrem ad
alias infignes proprictates huius curuac progrediamur.

Problema YL

Propofits in cursa elaflice arcu guocungue P Q , @

nggﬁ‘*pﬂﬂﬁﬂﬂfﬂ’Iﬁ‘R‘ﬂéﬁ’l‘ﬂﬁ’fTﬂ%#%flzfgﬁjﬂmﬂjidﬁﬂijJi

aequalis. | .
~ Solutio.

§. 40.. Quoniam . igitur in curva quatuor pundta

H

P, Q, R, S confideranda veniunt, fint abfciffac illis res-

pondentes Cp—p, Cg=49, Cr—r, Cs=s, pro qui-
bus ponamus brenitatis gratia formulas irrationales

Viz—p) =P, V(1-¢)=Q V(r—r) =R et .V(I—';‘).‘_—_S-.

His pofitis, quoniam arcis R S aequalis efle debet arcui _
PQ, requiritur vt fit CS-CR=CQ—CP, Hoc eit

@:5—O:r=0:g9—0:p, cui aequationi vt per regulam
fupra datam - fatisfaiciamus, quacramus -arcum ©:v, vt fit
©@:v—=0:9— O:p, et fecundum praecepta {uperiora effe
— 9P—=5Q  ynde fit
e WT rpae (t—ppeare
)=V =P rag ~+2pa(pp+-44)
V(z ) (" +~ppgar .

Yoc {am arcu inuento efle debet M:s —TI:¢ - I:w;
- quare per eadem praecepta fiet s—=rF+IR., hincque

i-rroy’?

porro ) -

S__(r--rrv'v)RV—-zrv(rr—;-_vv)
w— (v 4= 21 V)5 *

Sub-
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Subflituamus nune jn his formulis valares provet Vin.

'verltos ;, arc. Prime ,e,r,i,t I
If-rroo— Lﬂf.@:j‘_iﬂ_@g&ﬂ— PT99PP — crrpapo.

-——---—..»—2-—_.._ . »

U~ ppgg

quae  aequatio, fi loco PP et Q Q valores fubftituantyy,

-
7

ad hanc reducitur: ‘ .
Irrogy — {_l+ijJq__g)"'-?}.~l‘1‘_{_ 2P g — PPegi—tparepg.

At vero pro numeratore erit-

rVagR=ri -ew_qmm@_@ﬂm ~PQR)li+phgg)
- : (4 ppyqgp ST T

*

confequenter abfciffa qug efita C8 = s itaerit expremy:

J:_..r(r——ppqe)PO.-—a—apqr (fsp-f-r_mJ—iL-wPR_— POR) (1 4ppgq
WP g0 77 Gptag) (r—=ppqal —spgrreg

Quod antem 14 valorem litterae § attinet, quia eo in ne-
firo calculo non indigemus, eips euolatione fuperfedemus,

§. 4r. Hinc igitgr videmus, quomodo abfeifa
Per ternas  abfeiffas datas P> g et ¥ exprimatury vbj qui~
dem plurimum abeft, vt litrerae P, ¢, r in eam aequalj-
“ter ingrediantur: com tamen ex acquatione propofita
@:J:@:r—k@:gf—@ﬂ:p _ o '
intelligator, iflas litteras P, Q et R fimil} modo in vae
lorem ipfius s ingred; debere, fi'modo littera 2 negatige
" acciperetur, Neque igiiur vilam eﬂ‘dubiuml,‘qu‘in forma
“inuenta ita transformari - poffir, vt ifta paritas litrerarym
P> g et r clucefeat, id quod tamen neutiquam liquet.

§.. 42, Cum, autqm—eﬁ'e_ debeat
©:v=0:r ©:9-0:p,
o : ' Ha2 ' : eufe
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' enidens. et, manente littera p binas reliquas g et inter
{z commutari pofle, vnde etiam vera ‘effe deber ifta exs
preflio:

g ali=ppr) PR ipqr (ppo7 P (PO pOR) ok BT
A (1"1-_?113"?)‘-1—!2*3(??_"]_?")(‘ ——'ppr?")——-z}quuPR

Deinde manente ¢ litterae P €t 4 ita permutari poterunt,
fi loco g fcribatur —p et —¢ loco p, tum autem erit

§— p(1—gqrr) QRA-apgrigqrr) A (PR FTPO) (: 49417
= i gqrrE - pp @7y (0 —aar e 2 TPPAR T

Atque hae tres exprefliones, quantumuis_diuerfac videan~

tur, tamen certe eundem valorem exprimuat.

§ 43. Infignis igitor hic occarrit quaeftio analy-
tica, guoinodo iftae tres exprefliones traitari debeant, VC
perfecta permutabilitas inter ternas litteras p, ¢, ¥ per-
ipiciatur. Facile quidem intelligitur, fi tres iftae exprefio-
. pes in fe inoicem multiplicentur, ita vt productum ae-
- quetuy cubo §, tum tam in numeratore guam in denos

jmninatore ternas litteras Py 45 7> pari modo effe ingreffu-
ras; vernm tale produdtum nimis foret perplexum, quam
vt vilum vfum habere poffet. '

Solutio.

§. 44. Quac hactenus de curua eladtica re&angu-
{a funt tradita etiam ad omnes curuas elafticas in genere
accommodari poterunt. Cum enim pro data abfcifla 2 fig

f rdzlea4-B=z2) : —_ d =z
applicata _.f————a_{l_m e et iple arcus __fvt_‘(a_i_@m)“

praccepta generalia fupra tradita pro comparatione haram
quantitati:m. tranfcendentinm fimili  mode applicari pote-
punt. lnterim tamen hic conditio maxime neceflaria pro-

be
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be notari debet, qua poftulatur vt denominator, qui euolu.

ts et V(i—aa—2a fz22— (B2, ad hanc formam:

V(1 -+mz2+4-n2Y, reduci queat, quod manifefto fieri
nequit nifi 1 —a o toerit quantitas pofitiva, His igitur
cafibus a2 > 1 omnes comparationes, quas tam inter ag-
Cus quam inter applicatas docvimus, fimili modo ad cur-
vas elafticas obliquangulas traduci poterunt, )




