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OBSERVATIONES
IN ALIQVOT

THEOREMATA
ILLVSTR, DE LA GRANGE.

wo:euua aliquod Theorema, ex iis quae non ita Pridem
demonftrani, quo oftendi, formulac integralis fE34d=,
fi poft integrationem ponatur ¥ = 1, velorem effe =/2,
ctm illuftri Domino 4z lz Grange communicaffem, is no.
vitate huius argumenti permotus, non folum feliciflimo firc-
ceffiz cius demonftrationem penetravit, fed etiam plurima
alia pracclara inuenta inde deduxit, quornm vberior enu-
cleatio fientiae analyticae maxima incrementa polliceri vide-
tur, ¢x quo genere aliquot pracclariffima {pecimina mecum
beneuole communicauit, quae ftatim fammeo ftudio fum per-
{crutatns; ct quoniam haec materia attentionem mereri videtur,
meas meditationes, quae f&¢ mihi hac occafione obtulerunt,
fufies fum expofiturus, Cum autem hoc guafi nouwm Ana-
lyfeos genus potiffimum in ciusmodi formulis integralibus
verfetar , in quibus variabili poft integrationem certus valor
determinatus tribuitur, ad taediofas verborum ambages euitan-
das, quas perpema talium conditionuim commemoratio poftu-
laret, peculiarem fignandi modum adhibebo, quem ante omniz
accuratins explicare necefle erit.
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¢. 1. Hac fignandi ratione:

sbyx—=a
.\.m_ma.—”uma”m

declaratur, integrale [P dx ita efie affumeum, vt enanefeat
pofito x = a4, tm vero fatui % = b; quo pafto manifeltuns
et cins valorem penicus fore determinatum,

Scholion.

§. 2. Quo indoles huius determinarionis n_a...m:m pet-
{piciatur, quoniam ¥ denorat funttionem  aliquam ipfius % . 8,
eius nauram repraefencemus linea quadam curua §x 8 b a, Fig- =
fuper axe 10 exfiraéta, cuivs quaccunque applicara Xx,
abfeiffic 1X — & refpondens, exhibear ipfam’ funtionem P,
ira ve formula incegralis fPdx indefinite exprimat arcam
huins curuae. Qnod fi jam capiantur ablciffac 1A-aIB= b
quibus refpondeant applicatae Aa et B b, formula Ecmomnm
exprimec aream Az B b, inter applicatas Az et B b inter-
ceptam. Eodem modo, fi alia quacpiam abfeiffa ftarnacer 1Cz¢
arca AaC¢ exprimetur hac formula:

. abx=—aT].
mea_uumaﬁﬁ”_u
ares autem B 6 Ce ifta formula:
\ abx =547,
.\.wma—”mmannu. .
tum vero, abinido 1 incipiendo, area I i A a indicabitur per
hane formulam : .

sbr—o
.\.v&a_”mma”au. .
Euleri Op. Anal. Tom. 1L C vade
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ynde fponte floumt fequenta lemmata ia fuccinte expreffa:

§. 3. Lemma I
abx—a7) ___p dbr=6
.\.mma_”»ma..ﬂ@ =-fP muﬂ.mma."a '
Quoniam ¢nim, fi & vt maius fpetetur guam a, formula po-
ftevior

shx=10
SRdx ade—a

candem arcam A g B & refert quam prior, fed ordine retro~
grado, ifta exprefiio pro negatiua eric habenda, ficque erit
guogue

reas[BiZgprrras[aislee
§. 4 Lemma 1L :
JETN b YL e L i

quemadmodum infpeétio figurae manifeito declarac,
§. 5. Lemma IIL
.sma.»._wu.u aﬂnui.\.wma—”&u k”nu_l.\.wn.&_uu_u x=b,
adx=—¢ ad x=581" mmann&,
vbi in binis prioribus formulis idem occurrit terminiis & quo,
feilicet % = a, terminorum vero ad guem, feilicet x=¢ €&

x — b, pofterior x = & datr pro tertia formula terminum
5 quo, prior vero rerminum ad guém.
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§. 6. Lemma IV.

abx—a abx =5 ibx=e
d _” ul wn.a_u ”_H maa_.“ -7
SRax| g p—0 / adx—¢ / adx =5
vbi notetur, binas formulas priorcs cundem habers cermi-
num ad guem, feilickt % — £, LeCMInOTUM 2ufem & 4io prio-
rem % == a4 dare in cetria terminum & gxe, polkeriorem vero
terminum &4 guem.

§. 7. Lemma V.
pras[ Bz e E =

Scholion.

§. 8. His igicur, quae per fe funt mazime perfpi-
cua, praemiffis, argumenta praecipua, quae celeb. de Ia Grange
mibi perferipfic ordine percurram. Primo autem mentio-
nem infignis paradoxi facit, cuius indolem ipfe non fatis per-
fpicere fatetur, 2 quo igitor meas medicationes inckoabo,

Refolutio infignis Paradoxi.
§. 0. Cum Vir celeb. etiam inueniffet hoc cheore-
ma generale
W —amdxpabx—o0 %
S Tx & unanu“_uuﬁm
cwins veritatem non ita pridem pluribus demontbrationibus
adftruxi , pofiit ¥™ = et ¥" = ¥ quo fafto pars Pprior

x—'dx . .
Y i transformatur in hanc: 42 5 fimili vero modo al

C 2 ters
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Pal- &_ X . .
sera f—7— inhane: cu,.w vnde his partibus feorfim po-

fits wnaEE_. fore

7 2 b y—
?uﬂmmtmu\ _HMQMHM_HT

Quare cum hae duae mo..EEmn osmnino fint fimiles, atgue jis«
dem termins incegrationis contentae, quis mon crederet eos
etiam inter fe perfeble fore nnmnﬁnw. fiue clle

.\.\ _Hm n“ l.\, _”mw.u\”ou._.._.
zladz=1 ady—a
Interim tamen vidimus, n_mm.nnnnn_ma inter has formulas efie
1%, Hic igitur fe offert quacltio maximi momenti: quemad-
modum itam manifeftam * contradiGtionem dirimere oporteac?
§. 10. Primo autem hic obftruari conuenit, ambas
guantitates # et z certo quodam modo a fe inuicem pen-
dere. Com enim fir y= a™ et 3==4a% eric ¥ — 2", quo
tamen nexul mon _Emam_Ea quo minus, pofito fine y—rc,
fiue y=1, etiam fiat £ = o, five @=1x. Interim tamen hinc
neutiquam patet, cur ob hanc rationem iftaz binae formulae;

dyraby=o a 2=o0
Km.w._ummw.ﬂuu_ . .\.N.a._”mm.ﬂ.lunl_
difpares prodire queant; vnde hacc obfernatio ad dubium
foluendum nihil plane conferre videtur,

LAREN @: etiam nallo prorfis dubio” obnoxia
videtur Enn aequatio muko mgmnmrou.
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quandoquidem nihil plane impedit, quo minus loco # ferie
bamus g, vel vicifim; verom plurima  pheenomena in ana-
lyi obfernata faris luculenter docent, huiusmodi zequalizares
interdam exceprionem pati, quando valores cuadunt infinit,
Haec aurem circumftantia noftro cafir viique' locum habert,
cum formula integralis /%2, fiab y=o ad y=x excendacur,
viique in infinitum excrefcar, quod etiam de akera: f4%,
eft tenendum. Si enim fiar =1, applicara noftrae curuae, quae
et &, manifefto fic infinite magna, vnde Emnnou aequalitas
generalis.

dyraby—= abz=a- __
.\.M..@._”umw.lwu_ \ _HE_N”@“_IO
hanc reftriftionem poftulat, nifi vel ¢ it — 1, vel b—3,
quippe quibus cafibus veraque formula fic infinica.
) §. 12. His perpenfis nnllum plane dubipm mibi
quidem {uperefle viderur, guin in hac circumftantia vera fo-
lutio propofici paradoxi fit acun_.nsmmv quae filicet in e
6 46 .\. ﬁmv y—=0 .:._ — e
verfatur, quod fic tam ad g1 1= quam
Zra Z=o . . ;
S ~N_Hm dz=1 H_ = oo, ita vt horum infinitorum differentia
poflic aequari quandtat finitae cuiconque, ideoque in fe
@nmga prorfus non determinetur ; quod autem ifta diffee
rentia noftro cafu fit /2, ideoque dererminaca, inde venic
guod fit y* — 3™ :

§. 15, Simile aliquid euenire poteft in formaulis fm=
plicioribus, quales fint /22 ec /4=, quippe quarum valores,

aterming y=—oQ &t .n”o ?EF func infinidi, vnde, etiamii
C 3 polt
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poft integrationem idem terminus ad quem ftatvatur, feilicer

=13 e #=1, tamen hinc nullo modo fequitur, differen-
tiam abfolure nihilo aequari, guin potius tanquam indetermina-
ta fpelari debebic, cum quidem pro aliis terminis integra~
donis certo fit

dyraby—a-~ _ dz2ra z=na-
.\.im_l_.n.mm.:“m —J oz _”nmull..@ P

dummodo neque @ neque & fuerict = o vel = o0,

§. 14. Arque hinc etiam paradoxon propofito pee
sirus fimile profersi poteft, quod ita fe habet:
dz[a 5=0 dy raby=o
I Ladzze l™ y _”mmwnoo“_ =la,
cojus veritas cum in aprico fic pofita, fi quidem acciplanir

Z—ay, etiam paradoxon propofitum rire diletum erit cen-
fendam,

Obferuationes in hoc Theorema
D. de Iz Grange.

J{-x") darabx=a=_ dy [~ ab y="n -
T x ' x uma”mu_.\\.?uradlm..ﬁnmm”a .

§. 15. Cum equidem ante aliguod tempus reduétio-
pes huinsmodi formularum trafteffem , alios terminos inte
grationis\, practerquam ab ¥ — o ad ¥ — 1, non fum con-
teniplatus)\ynde hoc Theorema mihi ftatim altioris indaginis
eft vifim, atque omnino dignum quod fimnma cura expen-
datur.  Primum igitur in eius veritatem per feries inquirere
condticui, quod negotium fequenti modoe peregi.
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§. 16. Cum Gt

Bt — g -l +€:$mﬁ+neun1 erc. erie

&=y = —m) S (' — o) (L IR, e,

I s " og

Hane ergo feriem ducamus in 5%, et quia in genere

xiz?
dx rabx—a- ((Y-{a}
& X P A e
fU%Y 13 unaﬂwu_l A
formulae ad finiftram partem (criptae valor per hane fe-
riem infinitam exprimetur :
- - (R ) = —[1a | gy} [ D)~ y?
(a=m)@B=ta) ¢ WambUbr=Uio) 4 (BT mBOUIZIAY g

1 13 Is 7 a3 ¥

¢. 17 Simili modo pro formula ad destram pofita
per feriem infinitam erit

P —g = y d~1a) $ Q_ (15)°.=t1a)? +m~a23u|:.n.ﬁ
1

a2 v 20 3

quae ergo ducatur in wf et quia in genere eft
; — A __ g
f ym.m_ﬂmwwiﬁ.:._ia —~m
7 y Ladg=n 1™ A ?
valor iftins formulae per feriem hanc infinitam exprimetur:
{n—m}{i5—1a) a (a2 m2)(152~=1a) 4 (ui_—m2){I1b¥—1a7)
ae—n L LA + etc,

1 X 14 2v 3 13 3

Quia igitur haec feries cum praecedente perfefte congruit,
verieas theorematis -firmiter eft enifta.

§. 13. Verum hinc neutiquam perfpicitar, quomode
fagaciffimns au&or ad hoc Theorema fit perduttus, quam
obrem,. rebus probe perpenfis, viam inueni, ex iisdem prin-
cipiis, quibus antehac fum viis, ad casdem formulas perue-
niendi. Inchoandum autem eft ab hac forma fimplicidima;

NS
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i ym._,. abx—n P -
’ .\ka. adx=5sd— A ?
vbi virinque per 4 A muldplicans denuo integrationem in-
ftitvo, et cum, vii fam paffim demonftracom reperitur, fit

JdAfDE= i 2 d 3,
quacri tantum debet. hoc incegrale: fx*d A, fpeata quanti-
tate x ve conftanre , im vi Ol A4 fic variabilis, E& vero

Haym\.*.“wm.ym..TOu

quemadmodum ex clementis calenli exporentalis liquet. Hic
vero cardo el in hoc verfatur, ve iftud integrale cerra lege
definiatur, quam  deinceps edam in aleera parte oblernari
oporzer. Stacamus ergo talia integralia ira capi, vt evanefcant
polito A— o, eritque

-1 :

A —— —
S di= ix 2

guo pafto pro finiftra parte habebimus

dx _  dx(x*—1)
.\.&p.\,pw.m..|\1kl Tx

§. 19. Pro parte autem dextra habebimus -
[P -y,
qua formula cadem lege intcgrata, vt fatto A=—o prodeat
nibilum, hune valorem more hic recepto repracfentare licebit :

dy aby—o
.\.IM.\ A@ulﬁu_”mmm“m.“_
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Hic enim nil aliud fecimus, nifi quod pro A feripfinus g,
ec fafta incegrarione loce y ins valorem A rellieni affum-
fimus, ficque affceuri fumus fequenterm formulam :
dx raba=ea dy aly j =0
f@~1) xix _”ma x=bi= .\.lm\l G l ) ﬁaa yma g
guam tanquam Theorema veilifimum {pelare lizer.

§ 20. Vi ergo huins Theorematts asncitcimur it
quentes reduftiones:

.\.?.a].&ma mwaﬂau_ﬂ.\.a.%@fa“v_umw wﬂou "

- xixladx=t ady—n
vm ¥ rabx—zaq  dy.. rabyzo
L= T _H »mkUN.H_ al.\..m.riaa.uﬁmaqﬂabw
quare fi formula pofterior a priore fubtrahatur, erie
_ dx raby—=n dy b y—o
NG xix _”mm k”mu H.\.m @-2) _Haw g=n

_ M“..W@u_lnd_ﬂma y= OHT

ad y =m

verum ifta formula ad dextram pofia per reduftionem in
lemmate 3° oftenfoim. revocaur ad hane formam fimpli
ciorem:

dy .. aby—m
.\..win?lauv _Hmmw“a H_ ?
vnde pater, hoc medo ipfinm hoc jinfigne Theorema etiam
ex noftris principiis inueftigaxi potuilfe.

. Euleri Op. Anal, Tou, I, D §. ax,
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§. 2x. Hoe 2utem Theoremate generaliffimo vir
ingeniofifimus eft vfizs ad Theorema meam demonltrandum,
quc oftendi efle

dx rabx=—o n

I =) o w@%"-ul m?
tantum enim opus erat, vt caperetur 4—o et f— 1, quo
patto formula ad dextram pofira integralis mgn in

m dyraby=m
_Hmm y=u “_
cuius 4&3. manifefto fic Ie~Im=12%, quae et nova de-
monftratio mei Theorematis, cuitsmodi guidem dudum ply-
ves alias dederam.

-

Obfervationes in Theorema
D.-de la Grange.

a..lam.n.huk|o ﬁm.?._.;a
-\.?Jlawv? ad g=co | = fg- E+;av

§. 22. Quia hic ambo exponentes ns et # neque
a fe inuicem negue ab exponeace £ .pendent, manifeftum
eft, pro veraque poteftate x™ et x° feorfim integrale talem
m.oanS habere debere:

xrdax .s..Tu
laxsym=les ¢ uau_.,n et

s"dx AEIT uva.
.\.A—ITH.__.M.N.M. ltag, N

Si enim pofterior forma a priore E_Un%e..ﬁ. conftans €
5

-liffimo  vie
onkranduny,

et ¥ negue
manifeftum

&t

R corale malem

1
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ex calenlo egreditur, et ipfum integrale propofitum refileae.
Hic igitur plurimum intereric valorem iftius conftantis C de-
terminafie.

§. 23. Inter formulas integrales, quaram "valores
pro caft, quo poft integrationem variabilis infinita fharuitur,
ex primis principiis caleuli integralis affignaui, repericur iftas

Xt dx sbx=c T .w

I3 xtx Ladazood T akeofl 52 _:F_.ﬂ...wa.-u
vbi amem affamitur, exponentem # non maiorem capi quam
£ Quod fi iam hic exponens @ ve variabilis grafletur, {pe-
€hata ipfi x v conftance, of viringue per 4z multplicerar
denuogue incegrewer, formula finiths erie

d xEr d % . P
—— e — e T -+
\. m_.\)H.I—.lhua#a Rhanaumvu\.R nmu
vhi pofiremtm incegrale tie
Rm..Ta.
.\.kanua.mwl.ﬂ.nulllﬂ.

Ve atwem hoe integrale determinetur, conflantem itz defic
niemus , vt id cuancfeat pofito #-=c, vnde obtinetur

S _ xk
Pl o) X
fx &.ai i

ita vt formula integralis ad finiftrym pofica futara fie
- dx rabx—o
I 1 ..Tk.,_ﬁ winladx=ec

3

§. 24, Pro parte dextra autem habebimus hec in-

wan o
tegrale: [ N m.mz.ﬂﬂ:.m. ctiam ita fomendum, vt euanefca

D= pofito
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pofitd # = ¢. Hune in finem ftatnamus augulum )

et mEm hine erit 4 = auaa_ formula noftra ES@B%» erit.

Jis ) cuins integrate per regulas notas in genere eft:
logt p+-C=lug M _.C,

quod, fafto #=o, abit in lag ™ .+ C. Quare cum Bm
et /1= o, cuidens eft nonmmama C fore — o, im vi in-
tegrale hoc guacfium fic /g, =07 Hine ergo affecuti

fumus iftam_redonfticnem generalesh:
g _xk dx rabx—o JIEEAr 2
f 1 & x X _.v. ad aHoom_ﬂi Itag. Il.l_m..l..
vbi autem probe notari omo:ﬁu.auwozmaﬁnm m et # maiores
capi non licere guam &

§. 25, Com igitur, loco # alinm numerum m fu-
mendo, fimili modo fic :

wt+m o gt dx rabx=o — I e QTTEuﬂ
f 148" wixladxocoed — Rg. T
fubtrahatar ifta formula a praccedente , ct obtinebitur ifta:
xirr ot m d g rabx=o tag. 40T
J 1+ xF xix _H adx—oo | «ﬁ--sl.-.l.. T

3 En..H....d

quae menifefio cnm forme propoiia congruit, fi modu ioco
kg1 feribatar z ot @ loco & -1 m— ¥, 2 loco expo-
nentis 2 &k feribatur 7, twum enim manifcite E..T

X" daaba= tagr, bl
.\C+..r_._ Fxblad aloo.u._ =1 Sm.ﬂ_._ul....m g

g — =%
- nda erit
= M—.-.

'
i -—
| O §

. vioin-
g ailecun

maiores

) m fi-

ad:- ioce
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! § 26. Quoniam ifta analyfis nos perduxit ad hane
formam:

w_.._...lph_m,.&%a.“o A.T_Loa.
l.-luTnam:.y__”mmanoo“_ﬂmnma Y
bic meximi momenti erit obfernafle, emper fore
at duw _”..E X =0 “_
=0

1+ xlabada—oo

id quod ita oftenderc poffum: Ponatur &% zzz, erit’

xt=rdyozd® o fx=lE)

fiequeitta formula induet hanc formam: f — s vhi ter-
{ .+u..:u !
mini mtegrationis etiammune funt 2= o0 e 2 = oo, Fiat

porre & = tang, @, vode termini Ennmﬂmso:_m erunt § = ©
et =="T; hinc autem ob 4P = £=- mfeerur ifta formula ;
89 ra¢o= ou
\ Bmm pLadgp=

coins valorem in nibilum abire oftendi deber,

§. 27. Ad hoc demonftrandom ftatnaeur axis 1717, T E
fuper quo ab mamo I fumea abfciffa indefiniea 1p = @, ap- Fig. 2
plicata fit — by @om fi ergo hic axis 1Ml in O bi

fecetur, ve fie 10 =", in hioe punflo QEU__SB erit

Tara ab hoc punéto O vtrinque capiantur :.32:.:» maasmn
lia Op—=Qg=uw, e pro punfto p erit 9 - w, fic-

que in hoc puntto p applicata erit a.mlnlalﬂl Qdm elt ve-

3 I3 o
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0 tang. (2 —w)=cot (T + o), quare cum fit feot.=~Itang.

-_—T .
applicars in hoo punflo p erit Tamg G+ o) at quia efk
ok I

1g=(%+w), erit applicara in punflo 4 =7 provey & JRpRS

ficque aequalis eft applicarze in p, fed in conrrariom ver-
gens, Ira §i applicara furfom direfta fueric gQ . in
puno p cidem applicara deorfum eric direfta pP=4Q-

a.»m. @ma mnamosmman—.n»?mnnnuonum
exftruatr, i vt abfeifae ( refpondear applicara o=, baco
eurna ex duabus portionibus inter fe perfelle aequalibus
conftabit, circa punftum medium O ira difpofits, ve cur-
va finiftra fit 1PM in infinium defcendens ad alympre-
tam Om, pars antem dextra fimilimodo a 11 finiftror-
fum furfom afcender ad afymproram O Quare cum
formula integralis f-22-, 2 Q=0 ad =7 extena, expritmat
totius huius curnae ab | vsque. ad 11 protenfae aream, cuidens
eft , toram hanc aream ad nihilum redigi, quia porto cfus
negatine fumenda perfefte fimilis et portioni pofiiue U~
mendae.

§. 2. Sic igiur per demonfirationem omaino fin-
gularem eniftum eft, ferper effe:

¥ dxpabx—o
I3 -T%.m.a_uum x=ood =
quod cerre et Theorema in hoc genere maxime notata
dignum. Quod fi ergo cum illuftri D. de fa Grange fia-

N AR P
tuamus 2 =, erit [ Gran=— O praeterca vero pro

Oy

noftra

—_—

g ot.=~/tang.
; a quia efk
k- :
§.(Te)
B arinm  ver-

i qu in
. pP=4qQ-

E e [T1=%
§ -, baee
i [ange .
aequalibus
5, vt cur-
ad afympee-
F 1T finiftror-
b Quare  com
| {3, exprinut
§ am, cuidens
i portio eius
 poliiue  {u-

omaino fin=

B xime  omty
B Corage (la-

g ca vero pro

noftra

=343 ) 51 { §ige
uoftra formula § 24. exhibitz, ob
xtd z abx—o

w555 Ladwmemo ) =9

deducitur iftud Theorema ommino notabile:
e dx rabxzo (f+ude

.\.u t+xFxlx Ladx=co ={tang, T4k

quod more D. 42 /a Grange ita proponi potelt:

s"dy bs=oy (n--2}w
.\.Nﬂﬂlnavhla_”mnanoo = {ang, == PYE

ficque patet conftantem illam fupra § 2z2. o nobis induftam
renera nihilo aequari

§. go. Quoniam Dcmonfiratio huius Theorematis
methodo facis infuera innititur, cius veritatem per (eries offens
diffe iunabic, Ad hoc autem valorem formulae

- dy ﬁma %==0
ad %=co

(z--a")ix

in duas partes divelli neceffe et ( feilicet loco # feibendo
A—1), quae fint

L g

(x+a)ixbadx=1x
2='dx praibx=x .
Pl.m.himﬂ._....mq:a_”umaﬂoo

ita vt P~ Q_enprimac valorem quem guaerimus. Nune
in pofteriors parte loco & feribamus %, fistque
of e dare azry &7 dapa xmi
Q= (" Yrleladzzmod~ ¥ (a7 % iz lad=o
et




33 ) 52 ( IR

et commutatis terminis incegrationis
_Hm ‘2==0
Dl.il.\m....an zlzladz—1
Nunc antem loce z feribamus ¥, quia termini integratioms
virinque funt iidem, erit
v I?& bx—
¢ xh—x" % _”m xX=0 H_
P Q=/T i Fixladr=1

cuius ergo valor wonan_mn propofitae eft aequalis.

§. 31, lam fraCtionem ||..II in fericm infinitam

144"
conuertamus
1—& A 2T lau..,.Ta;l et
cuius finguli termini in 22 (s>~ 7%y do&i producunt

- ¥ A =3
.nuuﬁkw.l Y J .lu__n ﬁ%1+.r| %" wv -._..sn.a ﬁk.-ﬂ._. - w
Hnn muqni.w. un&..bv 4 ete.
Cum ..EBE per Theorema principale in hoc genere fit

abx=—o~y__,&
.\.ahanaa ad_“.mma...l:u“_l“ !
fingulis membris hoc modo integratis prodibit
P4 QoA — I g fakh SR e

3T =)

6. 32, Omnes hos 5@»5&53 in vnicum compirt=
gere licehir, Tatione habita figni cuinsque, hocgue modo re-
perictur fore

-— A —R AP rT—A 4rt'h n-.lP.
PAQ=l2 5o srey Sray =X areRk e
B

BB egrationss

infiniram

B Jucune
+h — pr=h)

R nere fit

4 €te.

Im compin«
¢ modo re-

F or =2
= €Le-
At

widd ) 33 { ek

At vero in Introduffions in Analyfn Infinitorwm pag. 149
aftendi effe

n&.—m —_ W 3feem NS e 40T
i EeT B 3R—M* M sR—T

&te.

quae feries manifedto in inventam n.u.n,mo..amﬁﬁ mmn_a:mo oo

et g —vr, ita vt nune fir P _N-.ih tang. m.aJ ororfus vif
fupra eft inuentem.

Additamentum,

§. 33. Tn difftrratione Aftorom Tomo V. partel
inferta, vnde defimfi hoc theoruma:

" dxraba=o w
\._+.aa ad ¥zeo | — 2 £ cof,
fimul oceurrun: fequentia:
akn g ghtn m..n aby—o W
f 1 4 x°F ad x=ocoi — f col. ﬁ.
aT...__._a.,Fia _”mu .e.l.lo”_ i
S I xF x Lady=x 2 koollsT
P T R _.-.u_... r—o- . a.a.
NS = ang. =7
f T F x Ladazeod =k &L
B gl mx_”u_uanno % rane wy
S adx—1 17 2252
o =% - gh+T a.a_umvauhd _2whnp
1-+2kcol.g-+&° adw=co | kfin.yfin%T

& - wh N d¥raby—o 'w fin, 3
S sty ot % Lade—s n;..a“,n.».‘;.__a
Eyleri Op. Anal. Tom, I1. E f=
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g d% -abg—c

. dx . 2  fin, 5¥
14exfeoly+a*t & Ladyzeo ] ™ mmn.aﬁEHn...

* - 'quas formulas ergo fimili modo traltare operae pretium crit.

§. 54 Incipiamus igitar a formuola
gter e n de maby—o .
Y * Ladx—1« Hmﬁmmﬂ.mm“
quia praccedens cum formula jam trafara prorfus  conue.
nires, quae fi ducacur in d# et 2 jntegrerur, vi integrale
cnanefear pofito # — ¢, quoniam eft

Koty ]
Fa+r ma...l...lwl.d..ula et
L P -
[ da=m e,

wum vere, vz 2nte vidimus,
rFdn b3 - (Rt}
< it ﬂOh ThT Mﬁmbmo, ek ?
prodibic hazc integratio:

%....r.?al s dy raby—o “_ — Itang. Qtwm._.....

G 4x%)y wizlady=z 4
qul crgo valor prorfus conuenit cum €0, quUUm Pro formula
X3 dx _Hnw X=o0
.‘._+a;‘|m.mu.._. adyzcod
inenimus,

6. 35, Simili modo ﬁw_"niﬁ fequentem formans:

ke _pndyrdbx—o}_ 7 o AT
! 31— ak .Wﬁmmk”ooulmsuw.nmu

quas

a4
E

aT
._.—.cwl

J in rits

conites
ntegrale

B0L
4k’

 « formula

f wimam ¢

b ]
~

quas

wiid J 85 ( S

guae, dufta in 42 et ve fipra intcgraca, pracbot 2 puee
finifira

.\.nawlaslal.qw.ra dx [Cabatem
I —xt xlx mm.,.noo..w.f

4 paree aurem dextra

rdn  uq o dufin %]
S ng =

L b X ot
2 £ keol ™}
Ad hee r.._mnm_‘n:m;:p m..mn M= 0, eriique T —ad g, fieque
formula integranda erit

o fAGHRE . . " —_

r.\..m.le. = —aleof @4+ C= nmnonmsTﬂ.
Fiar igiur n-cc, efeque debehit 2 {1+ C = o, idenque
conflans C:~ o, quocirea hace integratio nubis fuppedicat
fequencem  formnlam:

koo gk—n . R abr—e-
X X J X Wbmrxr—o .1
J e _.l \_Hu feoll .n_w.

1 — x°* xixi ad x—co

. ) ﬁ 1 _.: i — i
_ [HSI FEMEN] CLoly
MAH X=1 (7] i tene

qon indiget , cum elus valor fiv huivs {emiffis.

feguens autem formula ﬁ

§. 36. Eucluamus cafim quo £f:== erazr, ot
ex pate finiftra babemus
I—x) &.«_”“_rp.ﬁc .

|.\.h n|.a..|vﬂ __m_l.u.u —— 2 ;— =
. i—x lx G+ Fxx)! vl adxzed?
mﬂ..a_.onnmnx:.mme.nn"nnnon...uluw._\u|l~nﬂ..-

=% X H i g5t _Fol E
rum frattio ot Sm.c_E_nm:. in has duas: ro-. X
vode formula noftra refoluitur in has dues:
ey L R
i=&,1x (iqeirim " 7"
E 2 Sed




w3 ) 36 { $ide
Sed ex forma generall .
ordy AT
(14-a")1x" 27

virinsque formalze valor in infinitum excrefeit , ficque nihit
impedir, quo minus differentia =1/2.

§. 37. Quod fi hic in pofteriore formula ftatua-
mus xx =g, ea abihic in hanc: [ 20 quae priori om-
nino eft fimilis arque fub iisdem cerminis integrarionis cona
tinetor, Hic igitur iterum occurric Paradoxon prorfus fimi.
le if'i, qued ab 1l de Jz Grange fuir memoratum: duse
feilicer hic habentur formae prorfus pares: f :hu:.n e fis,
guarim viramgue @ termino o ad oo integrari oporeet, ni-
hilo remen minus earom differentiz non et nulla, fed vid
vidimus — 72, Atque hinc Soluric huius Paradexi in eo
manifeflo oft fira, quod vtrinsque integralis valor in infinitum

engrelin

§$ 2% Onod i binas "pofiremas formulas eodem
modo wradtare e per & multiplicatas incegrare velimus, 3

parte {inifira refilear itta formula incegraliss :
.\. |.‘_.n.._+= .H;r.«.n..a_._. dx ﬁm@ X-=0
(vrzntaulpt ety xlx
pro dexrra mutem pavie nancifeimur hanc formulam inte-
pralem :
2 g dnlin gy :
T ihn. i line 37 o
a termino 7= o exandendam. Verum, haec integratio nulla
meda fizeedi 4 enim ponamus 3¥ = @, fiee B = Mo oal
poncndo

*

ad ¥zeo )’

 que bl

{a (tatua-
 wriori om-
= 1nis | COIa

i
(Rl - )
OTECL, MNi=

€

& . fed vii

Xi in eo
infinitum

s eodem

f limus, 3

E am e

L.

”smog:o
‘”,._.a. s al
E poncndo

w58 ) A7 { S

onendo =g, vnde formula id jp 1 fd@iined
p o=t la itegranda erit 2 f42M.20, oy

ius valor aliter nifi per fignum fiimmatotium exprimi non po-

8;_. mnasmsm__mno_wnismﬁ.rnonuauﬁEanmﬁ,am.
re licet. . )

%.wm. W%H&E_ﬂ_mss mzﬁna.znqoawonnﬁmaa
vt variabilem fpeftando, cransformariones per integraioncm
inflitnimus , ita eriam differenciatio egregias teansformationes
fappedirabie, quod argumentem voica formula principali il-
luftrafe fuificier. Confideremus feilicer hanc formulan ;

ak—+u a..a.ﬁ abx = T

T4+ atx

quae, fumco exponente # vt folo varisbili, continno differen
tictur, vbi notandum eft efle daf+" = ak+n g o fx Ac vero

T . . :
pro formula 4. S feribamns  litteram p, gquas ergo
ﬁmnﬂusmw erit ranquam fontho ipfius », cuius ergo differen-
tiolia cuinsque ordinis funmt in noltra potefface, Hine igi-

wer fequentes reduftiones confequemur s

e e

ad x=eo | T akcoll i

J=n °
jlr delypabszoq 4y
1 xR adx=ec 1~ dn
\.RI...!..&%Q@. _Huw x=o = _ ddy
o ad x=eo t7 AN
\x_fvan_maﬁauq sbx—c— _d'v
1 - %t h..&.a.noo —dw
\af.f.ma@.@ arx—oq_.dy ..
PR adx—cad " gt

I3 Jz
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145k ad x=oo lm.mm.

§. 40. Cum igitur hinc totum negorinm ad diffe-
rentialia condnira ipfins p reducatur, ea {equenti modo com-
modiffime reperire licehit. Cum enim fi

T oy erity cof

e”nmnoﬁwllw ety €L i — s b
hincque continuo differentiinde  obtincbimus fequentes for-
mulas:

dv L BT
cofl BF — S pfinif oo

un
441 cof. e mm:.wmiwwwtnonm =0
411 cofl BT — 47 44 fin BT 1r 44 oo 204 Ty fin 0
Eycof 13-4 B fn % — s dlicof 1R i 4% 3
+.n.¢vnon.”l.qﬂ.o
ete. e, ' .

vnde fingula differentialia aldora ex inferioribus formavi
poffone.

§- 41. Quo autem hae operationes magis fubleuen-
tur, {tatuamus brenitatis gratia ;% = o, ve fir vy = o, 2t
que fingula differentiafia ex fuperiovibns aeguationibus fe-
queni modo determinabuntur ;

it —spilangantany

s seflungantsaadt—atvtmgan
d'y

ad diffe-
nodo com-

ences for-

15 formai

fbluen-
g .« o
T at

E ‘onibus  {e-

=23 ) 39 { il
d3

dy K
R4 g a a6 e i — 407 L tang, wa-ar'

k3

|

Lxy

[ i 1
aw % RGN 1oy am.%l 0 a,%m rang. - g4

+afytang an
ete, et

Quod fi breuitatis gratia infuper ftarmamus tng ag=1,
et praccedentes valores in fequentibus  fubftinamus , repex
riemus;
AV e
m=ant
d -
Mz aav(etita)

maal_m.”a‘tnmhn.*.mwv

&t o gty (2alt 4 08 Et+5)
wﬁmﬂanzm.poﬂi. 180 ¢ + 61 £)
[ -

G =@ v (7208 + 13208 + 662 £ £ 4 613

. .%. 42. Ex confideratione harum expreffionum faci
{is erui poteft operatio, cuius ope ex qualiber earum ex-

preflionum fequens colligi poteft.  Sir enim pro differsiigiali
ordinis indefinid :

Myrﬂﬂ =&y P
at pro ordine fquente
iy

— A
PRl AR A

et quoniam vidimus valorem ipfins P talem habere formagy;
PmAPGBI - CA 1 DP-s,;

uam
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i valor Jplins Q_ex fequentibus binis feriebus erit com.
pofinig
0z (A1) AN (A-1)B A4 (A-3)CO{3-5) D £ ete
- A AP 4= (4 2) B (A0 e
vode patet hane determinationeim ita repraefencari poffe, vi fie
) @ ”El». .M.H.
< dtr - il
§ 43 Haee vevo formulz, qua ex cegnito valore
P foquens Q_derivarar , edam ex ipfa matura rei fequend
modo oftendi potet. Cum per hyporhelia (it

t8

il —a'v P,

d it :

erit differentiando

Ay

L L—@Pdy oty dP;

e y+-atpydP
dnt )

iniio antem vidimus ele 4' =eapf, e dy=gvt.dn

aquo valore fubfthuto fir ‘
iy 4y

.y+.m_.u v.
q g i du’

enm vero alfumfimus £ == tang. o #, vnde differentiands fit

gdn=— .n._,,l.:_ guo valore i poftremo rermino fubflicuro obe.
tinchitar . _
By, dP{x-+1t) AP(x4-tf
A ey Draprty LT _ aea (p, , AP(E)
d nphtt plitay di -G .EA i+ ae v

quac _formz manifefto reducitor ad hanc:
Ay . tdPi+dP

dwti

ita

Y

[
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¢hus  erit come

39" ete.

La-C o e
neari pofle, ve fic

¢ eogmito valore
4 rei [equend

E differentiando  fie

t 7

P4

e 1o {ubftituro ob-

%Qiov

d¢

it

=58 ) 41 ( S

ita vt fit

— LA P d P e LTSN
@TI., . =Pt o

ynde ineelligicur, i famatur 2 - x =—o, quo fafto in no-
ftris formulis figna terminorum aleernabuntur, ef omifl Tieera
t, fiei Q=P; vnde patet, hoe cafir omnes formulas fipe-
riores eundem valorem effe adepturas, jd quod edam ex
formulis fupra exhibitis manifeftim eft, cx quibus eric 2 -1 =33
6—5—1; 24— 28-4-5=1; 120— 140611}
729 — 1320 -} 662 — 61 =% 1} ete. vode infigne eriterium
obtinetur, virum formulie iltae refte fine per calculum de-
finitae.
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