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ex qua deducimus ipfam aequationem noftram  dee

monftrandam

1= cot, s-fitag. (30°4) -1 tag. € 30° ) o S tag. 30° .5 4 et
—11ag. (30"~ 5)—}tag. (30° —}) —d 1ag. 30° =5 — etcs

¢ 13. Quin etiam fimili modo huinsmodi feries
pro maioribns rationibus, quibus arcus s continno dimi-
noitar, exhibere licet. Com enim fit

fin 4 ® = & fin, O cof. (45° + P} cof. (45° — Preoft P
pro ratione quadrupla erit
L —cot.s+itag. § + % tag. & - o tag. St etc.
41 tagf4.5™H M- tag. {457-F -4 tag (5% + ete.
—3 tag(45°—3) - a3, (45°— ) - s tag. (45°—) — etc.
Porro cum fit
fin.sO=16fin.Peofl (18°4P)eof {1 8°-Peafi(54°+Pleoli{54°-)
reperiemus pro ratione quintupla
Imc ot SFitag. (18° ) 44 tag. (18° 4- 1)
—jtag. (£8° — D — 3 tag. (18° — ]
+51ag (547 + ) + 5 tag. (54° 4 1)
—itag (547 =D — & tag. (54" ~ )
Pari mode viterlus progredi liceret, verum feries ree
fultarent nimis perplexac quam vt actentione dignae vide-
Fentur,

efc.

‘ QVoO-

q 3

[ 54

fa
i

m noftram de-

tag, 30" -+ etee
. tag. 50° =1 — et

huivsmodi leries

g ¢+ continno  dimi=
® . (45— Pcof. P

E C.

- BB 52 (457 4 ete
“—: f g, (45"—),) — et
kS 54+ Picoll 547G

KRR

 (18% .-

| (547 43D

¥ 540 — ok
verum feries re-

| tione digude vide~

|

QVO-

TP A
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QVOMODO SINVS ET COSINVS
ANGVLORVM MVLTIPLORVM

PER FRODVCTA EXPRIMI QVEANT.

8 1.

munowomno angulo quocnnque P ponatur breuitatis gratias

oL PtV —1finPzp et cOb PV —zfn =g,
erit pg—1x; tum vero

Pr=cofn@+V—afinnd et g=cofn @~V —sfinad,
wnde fit

Prgr=acolad et pPr—gt=2V—zfina

Res igitar eo redit, vt formulae p* 4 &* ot PF~gin
fadtores refoluantur,

§. 2. Confideremus primo formulam
P+g=z2colind,

quae , quoties # eft numerns impar, factorem hubet Gmpli-
cem pg—acol.®, ita vt his cafibus cof @ fir factor
ipfius cof.#@: Pro religuis factoribus avtem ponamus
fatorem duplicem in genere efle, pp—=2pgeofiu-i-44,
ita vt formula p"-+ ¢* evancfcar, pofie

Euleri Opuse, Anal, Tom., I, Yy 2P
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éx qua dedecimus ipfam aequationem goftram  dee

mouftrandam

Izcot, s +1tag. (39° ) -1 tag. (30° -+ )+ tag. 30°-1- + etes
—itag. (30" 3) —{tag.(30° —})—s; 138, 30° —5 — etes

¢ 13. Quin etiam fimili modo huiusmodi feries
pro maioribus rationibus, quibus arcus s continuo dimi-
puitnr, exhibere licet. Cum enim fir

fin 4 ® = 8 fin.  cof. {¢5° 4 P} cofl (45° — Prcof. P
pro ratione quadrupla erit
2 = cot,-s-- & tag. § -k & tag. 5+ o tag. 4 ete.
A1 tag 4 5°H s tag. (48744 tag (45, + et
— i tagq5" i) tag. (4575~ tag. (45°—f) — erc.
Porro cum fic
fin. sP=rafin.deof (8°+P)cof {1 8°-Peol. (54~ +Pjeoli 54°-¢)
reperiemus pro ratione quintupla
== coto S 4-1tag (u8° 4 4) b o rag. (18° 4 1)
— 3 tag (18° — )~ tag. (18° — )
Fitag (5475 + & tag. (540 4 1) O
—§tag. (54— ) — & tag. (54° — S
Pari mode vlterins progredi liceret, vernm {eries res

fultarent nimis perplexas quam vt attentione dignae vide-
rentuy,

QVvo-

q

€

fa
i

nofiram  da-

tag, 50"k + etc.
. 1ag. 30° =i — etc

E  huiusmodi feries
E « comtinuo dimi-

(45° = P)cof.
f g (4574 ete
26 (43701) — etc.

s4°+Qjcal 5470}

vernm {cries re-
iione dignae vide-

|

QVOMODO SINVS ET COSINVS

ANGVLORVM MVLTIPLORVM

PER FRODVCTA EXPRIMI QVEANT,

§ .

wuouamﬂc angulo quocunque @ ponatur breuitatis gratias

ol OV —zfin.Q=p et coh PV —1fin.P=g,
erit pg==1; tum vero

P =col a4V~ finad et g =col ad -V~ fin s,
¥nde fit

P =ccofn® et pr—gm2V—sfinal,

Res igitur eo redir, vt formulae p* -~ ¢" et p* = g" in
fadtores refoluantur,

§. 2. Confideremus primo formulam
P —2cofn,
quac , quoties n eft numerus impar, factorem habet fimpli-
cem p-+g—acold, ita vt his cafibus cof. P fit fador
ipfius cof.z: Pro reliquis fattoribus autem ponamus
fatorem duplicem in genere efle, pp—zpgvolu-t4g4,
ita vt formula p" -1 §° enanefcat, pofito

Euleri Opuse. Anal, Tow, 1 Yy pp-
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pp—z2pgeofa-4-g¢=0,
tum antem erit vel
p=g{cofiutV—1finu) vel p=g{cofu—V — s fin.w),
hingque
=g (eofine 4V —1fingu)
ficque debebit effe

g"(cof.nw 4+ ¥V —1 fin. nu) - g* == 0, fiue
colrw-+V—1finto+3=0
vnde fit finnew =0 et cofi# @ = — I, tum autem fpoate
fit in.Aw =0, .

6. 3. Quia igitur cofl#n® —=— 1, angolus 7 & erit
vel =, velgw, velsw, vel 7@, vel etc, Sicque fiide~
notet numerum jmparem quemcanque. erit #w == i 7, hince

que o="17, quacirca factor doplex in genere erit

pp—2pgeofiii-gq.
§ 4 Com nue fit pp4-gg==2cof.2{, ob
P ¢ = x erit ifle fitor 2cof.2P—2 cof.T, qui fponte
in dunos fadores refoluitnr. Com enim . fit
cof. A —cof. B= 2 fin, 252, fin. 224, erit
cof. 2 P —cok LF = 2 fin. (22 ). fin. (55~ P)
ficque yoms fadtor in mnan..n nzn
46m (% - @) fin. (15— D).
Hinc proi fucceffine numeros u. 2, 3. 4, etc. feribendo, erit:
z cof. ael 4fin.( T4 Q) fin [ Z - ).
4in (T4 Q) fin (1T ~]), +m= T+ @) fin CT—~ D),
donee omnino hsheantur # faitores.
6. 5.

N

fin §

fin
fin
fin
fin

fin |

2dd

cof

E V — 1 fin,w),

g e

| uten fponte

dus.# @ erit

cque fi / de-

== i, hinge

B erit

Wad, ob

j qui  {ponts

§ cudo, erif:

fo.cm— ),

§. 5

wgd ) 855 ( Side
§. 5. Percurramus igitur hanc expreffionem fecundum
fingulos factores numeri », ecritque
fin=1|acof. p—fin. (F—0)
fin= 202 cof 2 P=fin 2°(F—~O)fin. (T +P)
fin=3j2 cof 3P= 2 fin. (T~ P} fin T+ G} fin. (T — P}
fin=4/2 cof. 4 Q= 2*fin. (5~ ) fin, (T-+P) fin, (*F — Q). in(*7F+ @
fin= sj2cofs s fin(T—P)fin, (F-+Difin (T—O)in {2 in T~
fin= 62 cof.6D=a%fin.(Z-P)fin.{%+P) in.(iT-O)fin FT-+P)fin. {33~ En (P
Generaliter antem crit
colnP=a"~'fin(% !@mun T+ OMin 7P fin 2T+ ) eter

donec habeantur » factores

§. 6, Sumendis igitur logarithmis erit
Lol ad=la®~tifin,( -} fin TP+ finSZ-OHI 27 et
quae aequatio m_m.ﬂ.nazunm _u_.mncnn

amem?mﬁ meno_. ﬁllev dPeof(Z4+Q) = dPeol. (=~} dcof:Z4D)
cof, # P n, @ fin. I+@ fin. (37-0) mm.” +§)

hoc np
" )+ cot( 22 -4) - cor 1 T-HP)+etc,

-+ eie.

ntag. # Q=cot.(= — )—cot,(:
vnde deducuntur an_:gn? unacm_:mﬂnm memoratu dignae
I° tag. O = cot, (T~ P)
10 2 tag: 2 Q= cot {T—Pl-cot{ "+ Pl=tg T+ —tg. (5 P)
TP tag. 3 P= cot. Hﬂ O} —cot. (T+ P) -+ oot Z— P fiue
tag. 3 Q= tag. (T4 )~ tag. (;—P) +- 125, P
IV* tag.4 P=cot.(5~P)—cot.(T+P)+cot. (37 -P)—cot. (274+)
: fie 415, 4D g (7 B)— tog. (7~ O 15 (T + O)-tog (- 0)
- XYy £ 7.
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§- 9. Eodem modo trattemus formulam

BRI NG -

§. 8. Iam ex hac forma generali fequentes dedu-
2 ¥ Gnnd camus eamus formas fpeciales :
P—=2V—xfins fin = 1lin. p = 2°fin
cujus faftorem duplicem ftatuamus w " - “ m” fin = 2ffin. 2O =2 fin. G fn. (3 - )
Pp—z2pgeofai-qg i m“H ar | fin= glfin. 3 P= 4 fin. O fie. (F— D). fin. (T4 )
quo pofito == o fit ut ante * &a“m i I i = 4)fin. 4+ P= 880, P fin 7 —P) o (T+ P) fu. (22~ Q)
. p=gq(cofw-+V -1 fin w) _._a..ﬂ.“.m_ ] fin = slfin. s Q= 16 fin. P fin, (T—P)in T+ D) fin, =~ ) fin. (274 P}
a = ;
_ nwwwl ww_.ﬂm.w_. ne-4 ¥ — 1 finnw) .  fin—oli [ £ n = 6|fin. 6 p= 32 fin, Ofin.(T-D)fin, T+, fin (" ..@?.ﬁmrﬁuaﬁﬂ..@
ficque debebit effe ~finnu-1=0 Sumamus hic etiam ut ante lagarithmos
§" (colin w4 V-1 finsu)—g*=0, five cofin w~-V—~fin.n u-1=0 |~ - eritaue 5 9. S : e ?
+ ao - eritque 4 - «
4nmw. fieri debet n. " 1fin.a®zl 2" L in - Hin (T - B} 2in, (T+D) ete,
maw—oaccol. pey—1x t el 6, vel in- POy : D dini N
guam obrem angulns nueritvel o,vel 2 m,vel 4 7, vel 6w, vel in- quac a [ M I .»q .ma._.m. nunn. quie acquatio diffsrenciats et per 9P dhifa prachet
genereaimideoque u=*%,denotante  numMEr0s OMNES 1,243,465 acof.z BB e m.ml&..wla.w!m;.hﬁ cof (3—9) o cof. ($+¢) ol ) o G
Hinc igitar fadtor duplex in genere erit .mmlala B . finn® ~fin. @ fin. (T I@ fin. (3 +§) . (F-0)
2p—2pgeol F-gg—zcof,3ap—~2col.tiT m_.m " _ fiue
qui refolvitur in hos factores ne B . - neot. 2. P=cot. . — cot.(§ ~ §) -+ cot.(T+ P)—cot. (T~ ) ete.
2 fin. (F — @) 2 fin. (iF-- ) |

donec [ 2 fimplicem donec habeantur # termini
practerca autem formula p%— g habot fattorem fimplicem :

p—g=2V—1f6n.p

§ 10. Hinc igitur fequentes obtimebimus formas
confequenter habebimus

fpecial . ¢ et fpeciales :
etc, —_ —

fin 2= fin, Q. 2 fin. (X — ), 2 fin, (24~ D) ete Cfin—1 38 ¢ : M“l“MoMrme:%opwne ot — )
ideoque fin— e . = . = cot.  ~ cot. (T — L
fininO.2fin (50 2fn (240).2fin( 2-G)atin (1) ete; el S fin=slacor s O=corPcon(J— @) Heot (f+0)
donec omnino m....o%::ﬂ # fagores, Erit ergo . fin=« IR 7D ete. . finzs 4lg oot 4 D = cot, § = cot. (T — D) -+ cot, T+ P} — ot (1T~ )
hn.aﬁnpal_hu.ﬂ.m:.?m..vaa.nm+@mu.ﬁm.,e.umu.ﬁ%.*.@nnn. : e 6 3 ]

6 8. ) t Y Y3 m.. 13X
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§. 13, Si formulam pro nom.anv inuentam denue
differentiemus, ob 4 cot. ¢ — .m.mmw. per — 0 dinidendo habes
bimus, .

mp_ 3 .z x4t -
(T TN ) e P Oy Y E )

donec habeantur # termini, vnde fequentes cafis no.
tentur:

&annummmﬂﬂuuqﬂﬂmm
4 2 X
fin=2 fin. 2 P~ fin. nvun_.b? E-OF
fin=gl..2 . % e ..n
R s findr i (3-@)¢ " fin 5+ P)*
fin= 16  { , b . L3 .
n=4 mu_+6,|m=.e,+m=.ﬁl@.._.mu.ﬁ.v@ﬁ.mn. 2 ) etc.

-

Euolutio formulae
P —2p" g cof, 0 - g%

§ 12, Sumamus hic ut ante
p=col PV —riindPetg=col. G-V —zfind
ita vt iflz formula inuoluat hunc valorem :
acof. 2nP—z2 cof 0= 4fin. (nP - 36) fin. (0 —n D)5
Jam fitpp — 2 p gcofl w—i- ¢ g faftor duplex huius formun<

lae, quiae ergo enanelcere debet pofitop = ¢(cofl @ -+ ¥ - x fin.w),
vode facta fubflitutione prodibit

§*"(cof.anmat V—xfin. 2nu)-2¢"cofld{cofwut-V-finmu}tg™=o
i hoe

.

i

v §

1

inuentam denuo
B ) dinidendo habes

b

fin 2y
§ ientes cafis no-

ﬁlum_&v.

L(3e—2);
% cx huius formue-
| w4V - 1fin.u),

V-fin.ra)+g"=0
: hoc

o382 ) 559 [ il

hoc ft e .
cof, 2’ nw —acof dcofipm 4120
+V—afin2ret scof§V —zfinnu
vade nafcantur hae duae aequationos:
colanw—=2colfeofinew 31 —0et
fineanw—z2col {finpae—o
Cum nunc fit
cofiznu—z2cofi#e’—zetfin.any==sfingucolan
hae dvae aequationes erunt
2 cofnw'- 2 colif cofin =0 et 2 finaw cofmw-colif i ra=o,
fiue
colmuw—coll—=oetcoll #w—colld —o

vade fequitur coil ww—cof. & Eiit ergo vel pa =¥,
velnw—=2mn-t0, velgm-+ 0, vel6 740, vel in ge-
nere nu==2in-+0, vnde fit in geverew = ", itaved
denofes NUMEK0s O, X, 2, §, 45 SIC

§. 13. Formulte igiter moftrac faftor duplex in
genere erit
PP-+g9q—2pgcol (271F),
Eft vero
pp-+gg=zcoladetpg=1,
¥nde hic fadtor erit
2 (cof. 2 — col. (HT:+9))

qui reducitar ad hos factores fimplices ;

"_..._th“e.To :an_u-.l..a
4 fin, TR0 Go, 3 all.m

wnde
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vnde loco § {cribendo numeros s, 2, 3, 4 etc, fadtores
noftrae formulae erunt

46020460 4220, 4fin 2T8D b 1t h2200 4 i swended

an F13 .

aﬂ...s....ulu:em.‘m_,_.na%-...e.‘.-bﬂ.-ﬂ.rm.{ and
an m o sR

qui fattores eonfque continuari debent, donec corumn nu-
merus fia—==#

§ 14. Cum igitur hoc productum aequale fic
formulac 4 fin (nP+!8)fin, (}0—a®), et in noftro producto
fa®or numericns fit 4% == 2**, per 4 dinidendo habebimus
hanc aequationem : :

fin. (1 ) in, (3§ —n D) = 2*—> fin. (204 fin (=220),
umb.ﬁualluu“.ﬂll_.-av mﬂ-ﬁuﬂf"aln _..9

e e Pt

fin, (2222020 Gy, (o Roi=and) ete,

quae acquatio quo concinnior reddatur ponamus § =2 # & ct
erit
iin, 2 (z-+P) fin. 9 (D) = 227> fin, {e—+@) fin, (a— ),
fin G -+a -+ Qi (T2 — )

fin (FA-at-Q) fin. (% 4-a—Q) etc.

) 6 15. Haec antem expreflioc non eft nona, fed
iam in praccedente continetur, quae erat.

m:.aBHNulunu.ﬁ.mn.nmleymu.ﬁ.*.@m: (- P)an{2Z+P) ete.
et cum fit fin (o — ) = fin. {x — 0 - ®), erir,

fin (T =) =fin.(8=07 4. }); fin, = Q)=fin. (2101 Q).

fin, (&F — ) = fin, (& S 4 P),vndeilla expreffio reduce-

tur ad hanc formam : fin,

—

quae

forn

pata

exifl

fi p

tum

-1

y etc. fadtores

B 0, o
B = 4fin Tendd,

B cc corum pu-

B 2 aequale fic

t iro prodofto

% io habebimus

| 4 fin.(1=228),

B isd—2ncct

| D) fin. (@ — ),
e

2t noua s fed

B o (2+D) etc.

: m_...m.aia'n.@.
§ reffio reduce-
. fin,

wgds ) 86z ( %Be

fin. # @ =.2"=*fin. Q. fin. (% -+ P) fin. (% - §)
fin (D) . ... L. fin (0T )

vbi arcus in progreffione arithmetica continua progrediuntys.
Quod fi iam hic loco @ feribamus primo & 4 @, deinde & —(,

hinc dnae formulas fequentes nafcentur :
fin.w{e 4+ Q) = 2"~ fin. @4 Q) fin. (Ztot D)
fin. (254 g+ @) fin. (&F + o -+ ) ete.
fin. n(a—P) =2"—'fin (¢ —P)fin. (Z+4a~Q)
fin. (3% + o — Q) fin, (3% 4 2 — P) ete.
qnac duac acquationcs in {5 imnicem ductac pracbent
fin. # &+ P) fincufe—P) = 22" *fin. (& + )
fin. (& —@). fin. (= + 2 + @) fo. (F-a—P)
fin, (27 oD} fin. (F +a—P) fin. (3F +a+Q) ete.

6. 16, Si nunc attendamos ad originem haritm
formularum , quandoguidem ex noftra formula
pr—2apigicofznadt gt
nata eft haec:
4fin, n a4+ @) fin, nlz— )

p=col. P4V —1fin.Pet
g=col P~V —z fin. P,
fi ponamus
f=coffat-P)-+-V—zfin (24D} et
- g=cof g+ PV —1xfin {2+ @),
tum erit fr-g =2V — 1 finn{a+ Q).
Euleri Opusc, Anal. Tom. 1. . Z = Dein-

exiftente
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=3 ) 362 ( Side 5 vbi com fie
Deinde fi ponamus : ) et AB=ztetAA-:-BB==zcofana
b=cof(z=P) -V —=2fin{z—@) et - ) hoc produ®tum erit

E=colfa—Q)—V =1 fin. (& —~ P)
erit fimili modo
P-l=2V—zfinnla—0Q), ;
unde erit g ) fin. 2(z— )= Corollarium,

C.Mwm_.. w_mwwww M..Mm.“. am“...a.. Mm;u_.. ® fin. 22— )= | B . Hine igitur intelligimus, formulam

tY. -a L ] h £y
Ad hoc demonftrandum notetur effe ua.o__wm in rcm wn..““ m%““. .m “
f=p(cola+V —1fina); :

~P "2 g cof ame —g"
quod eft id ipfum quod inuenimus,

. e L
g=¢{cola—¥ ~1fin.c} } unmm%ww BeeBp—Ag) |
b=g(cof a -V —1fin.a} ; A=colna+V—1finLna w
k=pcof.a—V — 1 fin. a); B=colna—~V —~xfinue,
wnde fit

=t {colinatV-1finnma);

=g (colna-V-1finna);
rgt(cofenatV -xfinna);

B =p{colina-V-1finma);

Ponamus breuitatis ergo | V—-1finna=B8 |
cofnatV—1finna—A; cofina—V—xfinna—B8B : i
vt fit =B,
AP =B Ak =8Bp,
E:mﬂ:n m.c:.nwu 7 : j A F—~Bp* _
flmg—=AP—B e —P=Ag—Bp ' R rent :
guae dvae formulae multiplicatae pracbent lbm%.a..Tm;:m
Qﬂ-lhd ﬁm.a|h=~”nb..+muu%.. anl:bugnul*lwunvm vb

vhi




