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lationibus deledtantur, in eorum -demonftrstionem inqui-
raut, cum oullom Gt dobium, quin inde Theoria nomg-
rorum infignia iccremeata fit adeptora.

. Conclufio,

§. 39. Quatuor haec Theoremata poftrema, quo-
sum demonfiratio adbuc defideratur, fequenti modo con-
cinnivs exhiberi poffont: .

Exiftente s numero guocunque primo , diwidamiur tanigm
quadrata imparia 1, 9, 25. 49, et per diuiforem
48, ‘noemiurgue vefidua, quae omnia erunt formae
Aq -1, gquerum quaduis littera o indicetur, reli-
quorum autem numerorsm, formae 4.6 =~ 1, qul in-
tzr refidua non occurruns, quilibes litera W indice-
ur, quo fullo fi fueris

dinifor numerns .
primus formae tum eft
4ns54a |-+ 8 refidonm et — s refiduum
4ns—a [+ 5 refiduum et — 5 von-refiduym
4715+A |-~5 non-refidvum et ~ 3 non-refiduum
475~ |- s ponerefidoum et — s refidoum.
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E+ 1, qui in-
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Mﬂﬂ. alia, quac pafiim de fraltionibus continhis fum
commentatus, notatt digna videtor haec forma:
145
24-n3-r =
3+ n-t+ 2 .
&+ 5+ 3
5+t P2+ 4
6 ~- el
cuins_valor, quoties # ¢ft numerns-ioteger, fequenti moda
exhiberi poteft, denotante @ -pumernm, cuius logarithmus
elt vnitas, vt fit ¢ = 2,758281528459045
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vbi modo provfus fingulari v vemit, ve binas. prioses
numerum tranfcendentem ¢ implicent, dam feguentes om-
nes numeris rationalibus exprimuntng, .

- h

§. 2. Hoc co magis -mirum” videtur, quod etiam

cafus praccedentes; .wbi pro n vel cyphra vel numeri ne-

gatini ponuntur, valoribus' rationalibus continentor, quibus
quidem cafibus " ipfa, fractionis continuas-formarabsumpipucs
Erit enim . e T
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6 - etc.
Qb igitie 1égo-Mor ki waloras, quam: praccédentes inter
fe cohaereant, hand abs re fore arbitror, oftendifié: 1me

primis autem ’inuabit” methodsm oumc_.n_nw. qua ifli va-
lores inmeftigari queant.

§ 3. Primum igitir. obferuo, fi pro numero quo-
-eunque # valor fraftionis continuae ita indicetnr:

f(n)=x4 =
’ o
g+n+2
E 4+n+3
5 4 et
fore f(n-4- nulwmmﬁuﬂ 97 cuins veritay in valoribus in-
dicatis perfpicitur, cum fit:

Ji) =255 f(2)=e—1; fle)=23 fl4) =35
f(s)=4; f(6) =% f(7) =i S =373
et pro praccedentibus: .
J}=x; f(—2)=]; fl-2)=—3i fl—a)=—13
Fl-a==%; fi=s)== 25 f-6)=+7%7.
Haece relatio m_.;m_. binos valores. contiguos intercedens non

impedit, quominus cafibus #:==1 ¢t #n =2 fint tranfcen-
' dentes.

B dentes inter
g ndiffe.  Im-
f qua ifli va-

B’ umero quo-
g ur:

R (aloribus in-

 r=1

- 1117
f 8) = %5

= — 3

Nat-
“-ﬂ

i ccdens non

g t tranfcen-

dentes.
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dentes.  Pofito enim 7 ==o fit f1)=2AbN e guse

1o " 87
expreflfio valori -7— non aduerfatur, etiamf hic inde elici

nequeat, Deinde pofitc n=— 2 predit f(g)zilfleta,,

— e e 8

J(z)t=s
ita vt ipfe valor f(2)=¢—z hic non in computum
veniat,

§ 4. Inueftigatio antem horum valorum hand
parum ardua videtur; quare, quemadmodnm ad eos per=
venerim, dilucide exponam, guandogquidem methodus, qua
fum vfus, multo latins pater, ac fortafie ad alias prag«
clunfas fpeculationes deducere poteft, Sumii igitur binos
numeros indefinitos m et #, cormmque certam quandam
functionem, quae fit p, fum contemplatus, vnde finiles
functiones eorundem numerorum, vna pluribusne vnitatibus
andtorum, formaui, quas, fumta littera @ pr¢ figno huins
functiopis, ita repracfento: *

2=Q(m et n); p'=P(m et atx); pPr=Om et 24 2)
g=Plm+-1 et u); ar. (m+3 et nt-1); gl=D(mtr et a2}y
y=P (mta et ar r=Q(mt2 et nt1); 1 =Q{mt2 et nt2)
sz (mt5 et 0 S (w3 et nis); "= Qg et nta)
ete, eic.
Fundtionem autem @ eins indolis effe fatuo, ¥t fit

sﬂws+m.a+.n+uf,+m=+m erit

&” ?wl_nuul_r“mai_:ﬁ:*xananfma‘?m

g
r —A(miz2)+Batr C-Raa i Ba b,
3 Hb?w+3+w§+n+u;+mm a ﬂ
etc.

Euleri Opuse. dnal, Tom. I M § 5
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§ 5. Cum igitar p'y ¢, #', o, etc. oriantur ex
b g, r. s, ete. fi, fervato numero 2, alter m vaitate au.
geatur, eric fimili modo:
.= DA 1) = Efnoie 1) F
P=Am—+B(n+ 1)~ C 4 Recislitl

g/ = A (m+1)+B (n4+1) 4- C - 2ok S-Rah bR

#—A ?ﬂl_lnv +B ﬁinv Llnlml Bin== 1) L..u.;ﬁ?%- 4P
tom vero ob ecandem rationem: .
P=Am-B(ntz2)4 C- Enlrau..._m..m.?.?&..rw-
' = A (m41}4B 12} - C4- Ea.r%.ﬂm?...»._+q
1 = A(m-+2)+B(n42) 4 C- Dakalak m*., ™~

: etc.

atque ]
P'=Am4-B(r+4 3)+Cy Dot it Eab ¥,
7= A (m1) 4B [n+3) 4 C - Rlztal? .“.. A ES
= »?TTNV -+-B ?TT.& —+C 3 uﬁalTuun...ﬂ.W?..TnI-m

etc.
ficqus porro vlterius progrediendo.

§. 6. Hinc fenctio p fequenti modo per fradtio-
. nem continnam infinitam exprimetur:

2=Am3yBat CHDw4-End-F
A B(n-r2 )+ CHD (41 P+ E(nts - F
AutBlrral -CED{at I TE(p T ap F
AmtB(nt3)H4-Cete.,
vode fervato m, i loco mr {icceffive foribantur sumerd
"1, 42, m-i-3, ec, prodibunt wvalores fundio-
num

oriantur ex

| vnitate au.

f - Efntv()-F

¥ p

Eln-t=)+F
U

LTS

R (23] -F
 —

g 01 F

4

R cr fiadtio-

(2 F

Ctete.

numeri
funétio-
num

E -t

TN e o P eaiet’
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num ¢, ¥y £, £, eic. per fimiles fradtiones continuas ex-
preffac, DNunc igitnr quaeritur, cuinsmodi refatio it incer-
ceffura intér fontiones p et ¢? Qua inventa per fuperio-
rem analogiam fimul relatio inter ommes functiones hic
exhibitas conftabit. Quod cum a priori determinam nje
mis difficile videatur, coniedtura vtendam ceafeo,

§. 7.~ Videamus ergo, num inter p et ¢ huios-
modi relatio flatui queat:
{(p-+Ha—A)m-HE—Blnty—C)g+(8—Am+(e~Blni-4-A-C)
=Am# -} pm-1-v,
vade fervato @, fi loco # feribatur #.3- x, exit

(#' + (e—AYm—+(3~B} (n+-3) 4~y —C) x
x (g0 —A)m-He—B) it 1 g~ A—ClmAmm-+-pin-tv.
At fi ibi pro p et g foperiores valores per p' et ¢' fube
ftitwantne, prodibit:
(em-+Baty-+2ertirtd) (S ten 44 PR
mAmm pmg-v
quac cuoluitur in hane:
(am+ Bay) @m-tent-3) pg—Ammtpmt)ply
- (am—Bau-ty) (Dun—- Eni-F) pf
@ mA-ent+4)(Dnnt-Ea+ F)g
4 (DaatEnA-F) —o,
quac cum illa congreere debet.
effe oporzere
(et Bty @ m-tan-+-8)—Amm—pm—y=8 (D2 ntEntF)
vt dipifione per § (D #a-+E s+ F) inflittn fat .
pyHilemy Baty)pt i Qmrentg) gt (Dan-+EatF)=o,
M2 quag

Vnde perfpicuum et
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quae per faftores reprasfentata ita exhibeatzr:
@FT«?.T.LZ&.T.;.T B ) — @ e B

AUua..Tm..maTEu

VIEN ofrg 2 4

fen
- aﬁlmiwa..fma.._uwm ﬁm~+na+ua+dlwil+ a4y

§. 8.. Comparetnr hacc forma com priori:
(¢ -+ (@~ Ayt (BB} By ~B-C)

% (¢! (0— A} m -+ (e~B) nt-s+-{—A-B-E}).

=Amm--pm-i-v,

vnde flatim colligimr 686—1x, ..—mnommo vel ¢=1z vl

§=—1, 'Tum véro effe debet:

5= 0(umA); e=H(@—B); Z=H{@+y—B—C),
a=0(3 —A); B=0(~B); y=0{s+{—A—B—C}.

" Quia ergo qm_om ¢ =1 non conmuenit, ponamus § =- I,
* ¥t habsamus:

a3z A n..TmHm, B4+ vy+S=B4C et
<+....+n A--B+4-C
hincque 8- == A; ergo:

B=i{B—A); ¢+=i{A+B) et v+Z=1(A+B)+C.
Practerea vero haec conditio eft adimplenda:
(am+pnty)Smtentd)=Ammt-pmty—Dan—En-F

—admm-tacma-tradm-pBlnt-yl

“fean +Rimatydim-f-yin
Erit ergo:

. Az=ad pmaltyd D=—8y E=—f~vys

v—F=wyd et as B30, .

. vade

ot £
3 e VHE g g O
N

E _ﬂuurulwﬂnfu

k priori:

g ‘—~B—~C)«
~A-B~€}
sl b= x wet

E-s-o.

f-A—-B-C).

s 0= 1,

=B4C et

‘_ kB)+ €.

rn—Ea~F
§ v 2,

M_..Rl._:

rode

- fime. hoe modo:

=862 )53 ( 38w
vade mnmamo it D=~ Q2= 1A A - BB); ddade
fo (k- B)=}dB -A)zo; fou miw“mu
ideogne-
&= 3 (A—- mvﬁm ${A-R8).
Tom: vero erit -
EA-i14(B~A) - iy (A 4-Blro; fou:

E4;B(AB)t; wn.._.. Aly—)=e,
Hincque. .

L= y oo B MRy E

. SEQ- . .
. iﬂﬁpl._lglvi u.ﬁsz._..ﬂd&lﬂ;.fm-l?m
=1 BB 410~ 2 ETTEE N

$=3(AB 42O s +.3 I PR T MRS PN

v=i (AHBaC) (1 B) - Iombatiag_ X,

_ 6.9 Relitio : :£1g0 inter p et g affimta fubfflers
nequit, nifi fit: Uﬂxbblwu&, qui - valor i iph B
tribuatur, fequentes - litrerae: ita fé habebunt s

n.“uﬁ@.]g.. mﬂuxk..m..mu.‘. .1.!;1..5;.75 aald

+A bs
B=—i(A-B); e=;(A4B); J=ENUARI 0L 8,

A= AN —~BB} Dy

e (AL luw:_b 4+ B~ 7 C}

...l]-l..ll'!l.-

A
=>iuss.ru}.% L BEA-BiNG]
ye WAL AL - c.+r F,
hincque porro -
e A=

~i{A+B) firB =y E.%Em

w-C= .;lu.ml.n?.._.lui x

"M 4

Al

i A

A
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S—A=—1(A-B); c—B=:(A-BJ;

d=A—C=—(B=BGAEDR_ ol z
4 o

vnde inter p et ¢ haec refultat mnanmnm...p ’
(2 =i (A+B)(mn)+ 2 TR LB H)y
x@lwﬁb.{wu (i — av I.?Iumﬂfrm_ lnﬁnpla._..lmv
=AM My

§. 10, Ponamus ad abbreniandum
Po—{A-+BA—F) _Ch+B)__E
1A

— e il — 2T

+A ryd
v fi Q=0=ptl - chon— 2,
{#—i(A+B) (m+-m+P) (7—1(A~B) (m—~n)-Q)
. “vuh,lT.ﬂs..T_:.
erit

Aty
g—i(A—=B)(m—n—Q’

p=i{A+B)(mtn)—P -
Simili vero modo eft

ek , py AmrIP+p(mtr)v
9= (A+B) (min)-+i (A+B)~ Pt r— (A-B} (m-1)-:(A-BQ’

i o r S

vnde fit
g-}(A-B) (m-2)- Q=Bm+4-An+}{A+B)-P-Q
AmA 1P 4 (m+ 1)+
+ AR - - (A-B-Q’
r~1(A-B) (m-n)-1(A-B)-Q=Bm-+Ant-1 (A+3B)-P-Q
e — A 2) A (mt2) 4
s—}{A=B) (m~a)-(A-B)~Q’

E

=22 ) 95 { S
Eft vero .

e {A =B (3 8- B BC 2 B
R

hincque
g-1(A-B) ()= Q=B+ A s B Bi=tbtaBiheEpote,

Quare fi breuitatis gratia ponatur
Hﬁl?hlﬂ»ﬂﬂ&i«ﬂ“ﬂ« n—.mn.

=i (A+B) (m+n) -+ BE—ff. . CAER.L 2
+ AnF )tV
Bt i) AnEGANm - 1)y

B{m-Fa)+Ant-GAAmt ) rpft &,&1

B{m+a)+Ast Gt et

vel valorem G introducendo:

P=HALB) -t (C+G})
Y
+m?+¢?h+n+ﬁs+“Vu+is+c+<.
w?+£+¢=+m+za+£n+_s§+£+u
B(n+3)+-AntG- e,

Tam vere etiam erit .
P=—}(C+G] et Q=;(A—B) - ({C—G}

ideoque

(p—1(A-FB) (mfn)~ :(CHG) (g% (A—B) (m¥3—n)—5(C~GJ}
=AW Vs

§. 11. Quodfi ergo propofita fuerit Luinsmods
fraftio continua infinita:




H

wHS ) 97 ( 3w .
= {AFB) (mF L (C+G)
+>su+z.a+<
..mhﬁ+uv+wa+n+y?~+&.ﬁ.v...@&f.
Bund2) b Aat G- At a) a2ty

Y g6 t x...__

S=Am-+Br+C ., .

DytFagy-fF L0 LT
J.»s*m?iH+n+c?+¢.+mﬁa+H ~+m.
ST “ _An+Bhd2 )4 C-HDin42 )0 &._Er.m.

. ! H X . w. ~ ..P n. a
. AniBra)iCrer. . e 3y A e
in qua fit U”uﬁpb wmuu indeque haec aitera for- » § 12, Exempla fupra ‘propofita hinc nafcuntur,
meturs : . .
) . f ?..Em::.
g=A(m¥1)-+Bu+C —=i(AA—-BB)=o. ’

+Uar+.m3+m. : Sit ergo ,w A., vt habeantur iftae ?Ega continuag:

.23+&+m§+“b+c+_u§+&.+m@+a+m. | 7e)+F p=AIm+n}+-C

. ‘ b?+a+m?.$._.n+§a+%+m?+&+m, 3]+ Cteic. Ty EniF |

A(m+1HB(n+3)+Cete, o in- A1)+ CAk (414 F

dum loco m i.Eno feribitye mij- x5 primo relatio’ in- ltatis - : Afmtut-2 A Cb(ute)4F
ter p ¢t ¢ affignari mozm hoc miodo: Ponatur brenitatis - Afn

b@ﬂll_.a.*&.*.d.*. CLEy
gratia:

uu1w>wfrnuﬁ+&ﬂkn et

A={{AALBB), g | -
=i (AA~BB)+1(AC~BE),
$=1EC+I(C~C)(A+B)- GG+ F,

<I~..+ Cc- n:.».._.u.fo.._]nr. -
eritque ifta relatio: |

£H>n§+=+_v+0
Fu+'F .
+>@+x+&+r+_§+¢+w ,
A E+..~+L+F+Ex+uv+m.
Almin-ra G ste

feu dquaram ‘rélatio, pofito
G=C+25 p=IA(C-B) &

| ..ln.s y=F+3(C—~G) mub.._xn....*. G), feu
(D=4{A+B) r-n) =3 (C+G) (g 315 ?+T=T. Cc-G)) | By B 23 At C 4 C), ot
A  tioni (p—Am+n) J.nn._.@u (g3 LG pa+v,

tum vero practerea fundtio p-etiam huic alter mmm_os

«et -quantitas p ctiam .alio .modo pexr fradtioncm continuam
continnac acquatur:

. infinitam exprimetur.
Br= Fuleri Opuse, dAnal. Tom. . N =
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P=Aln+i)H(C4C) . ‘
O g
» AGtnt D FGEp(mt )y
Almtn2) + GEL (ot 2)4v
AQ@ntn+-3)+Gi- et

§ 3. Cum- igitor hic tam numeratores quam:
denominatores. progreflionem  arithmeticam  conftitnant -
eorum formam fimpliciorem reddamus, fintque binac fracs
tiones. continnae- infinitag;.

p=af
et+bf+g
a _.....w+.er 2z
C a-3b+f+3g
a+b-+tete..
¢=atb+f
a4 2b5-f4g
e+ 80 f+ag
G- 4b4fi3g
a4 55+ ctc.

ita vt ex fradlione p nafeatur ¢, fi loco « feribatur 2+ 5.
~  Erit crgn:

AwmsrD4+GC=a, Ex+F=f A=}b; E=g;
hinequze C=a=b@m+n); et F=f—g=n; vnde confi--
citnr:

G=a=blxtuy4f; C—G'==28

Ct+-G=2a—=b{m + ny-1-25F; tum

TE— .,...H\I gn—g—§E @—bu-t-1) + £)

v : fen.

G ete,.

f torcs quam:
& onflitnant .
(8 binae frace

- +ss
le..@l_lnﬂn- .

%Y

o - 55+ ctc.
B cur g - b,

E/; E=gs.
® 'nde confi--

1) + £)
1 feu

w82 ) 99 Bide

doun y = f—- LD 4 gy EE ergo

W — a5
Bty = f - B g,

A(m—-0)-4-: C 4G} =a- & et
Mﬂ:nlﬁunllm- -

Quare inter p et ¢ haec habetur relatio:

(p—a—§) (g F)=f—£tR -0 fu
pa+5o—(a+gle=Ff—z
vnde pro p etiam haec habetur fradtio continua:

; “hll..MllT.w._.lmhm%.Wui..mlm

ey SN N ab

=
R e onbiais Yot

a--3b--E cte.

6 14, Vt fraltiones tollamus ponamus g &%,
vt habeamus has fiadtiones continuas.:
P=a-t m...l o
arb-fi-4b L
d-2bfd-2bb
arrab-f-a3bb
-4 b Bl

g=a--b+ f
A-2b-t-f+bb
-39 f--2bd
Gi-4b+f4-3bb
4450 e

N= Yoas

-




w3 ) 1o ( FRe
quarum relatio- ita {&- habet; vt fit:
(p—a=b) g+ B)=Ff—(a4-B)b—bF, few
pg-+bp—{a-+b)g=f—bb
vnde pro p- elicitur- haec quoque. fraftio. continua ::
P=axhtf—{a4-b)b—bk. -
Gt bt 2b+f—(a-2b)b—bh
at2b+2btf—(a+38)h—hb
an- 342504+ etc,
Cum- igitor. lizec- frattio. continna- priinae. fit aequalis, haec:
antem. abrumpatur;, quoties- fugrit f—= (a4~ 75) bbb,
denotante: 7. numerum: integrum: pofitinum, . toties. valor -
Pprimze. rationaliter: affignari; poteft;. .
§ 35: Ex: relatione. inter p et g¢; inuenta: per o+
quogite g ita exprimitor:: '

— by F—ta--B)b—hb-
.= bl IR 2

€L com: p- oriatur; ex ¢y fi loco-# feribatur g-— b3 i feriei
P, g, r, ctc. teemini. praccedentes. fint. g; #, my etc.. erit.
— o Pt _f—ab—bb- .
P=— b L=y
— b g FolamB)b—b b,
0 == — bl b
—— f—ta—ab\bbb,
- BE b igle=ehbathy
. ,ﬁnﬂ-u-

vude pro.p- etiam. hacc: féactio . continua. obtinatur s -
p=—htfab—bb
b—a—2b+ft{b—alh—bk
s 2b—a=2b--f4(2b—a)b—hb
3b—a—2ab+etc.
<tam candem - ex- noftiis formulis- generalibus.inueniffemus,
-4

of3 ) ror [ $idw

ffi fupra’ §. 12: pofuiffemms B'=— A,. Qitare etiam’ valor
rationaliter exprimi poterit; quoties-fuerit 55 =ib—a)bh -+,

nifi’ forte his- cafibys- denominator, iffi- numeratori. enane~-
feenti: fublectus; quoque: enanefcat. .

§. 16, Ex ipfd autem fraitione continna propofitas
P=a~-f . )
a4+ f+-bb _ .
g-2b4-f4-250
a3 b+ etc. _
alia immediate. hoc: modo- deduci’ poteft ipfi.aequalis. Cum
enim fit:
s . . ..- — - : bh, )
ma+ L plma bR gl o A-TER ete,
erit regrediendo: i o
— . . ’ ——ghh, ——y - — .
pi=a—b .HTHI%“ py=a— u,@.._,{. Pu=a—3 N.+ﬁ.mwl ;
hincque-
.|l..r.‘.|@mu..l.w Mwﬁlul. _F=—3zbbh " . Mw&lil H..Iumuuilm e1ca-

 Ee—gop, T g b e Pyt = sb—ai- pur
wade conclodimus:
p=f—-bb .
b g - fm b b

2b—arg-f—3B b
ab—a+f—abb
4 b —a~- etc.
ifa- vt etiam cafibus fz=74% valor rationaliter cxhiberl
queat, . :

§. 17. Ev ergo quatuor: frationes: continuas- in-

ter-fe acquales: N . 1 P=
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Lp=a-
abA-f4 bbb,
: aA-2b~4f+2bb ‘
: 68b-+[+3bb
’ A 4.5 ete.

W p=f—0b
b—gi-f—2bh
sh-atf—3bb
gb—a--f—4bb
4b0—a etc.

Y. p=a-h-j-f~(a-Bb-bb
Bi-b-i-2b--f~(a4-28h—bb
R=4-2b -2 b--f—(a-1-55'h—bh

, A—-Bb--2h ete,

IV, p—=—b-{-f—ab-kb
b—a—2h-f-b—a)b—bh

2b—a—2h--f-(2b-adb—1D
sb—a—2b- ewc.

§ 28. Quo ad formam initio propofitam propivs
mccedamus, fit s==m; f—a; b= 1 <t b—1; atque ha-
bebimns:

Lp=mtn
moT g
m--2-tn-4-2 .
n+g4-84-3
7 - 4 etCs
L=

¥ .

~biy

eLe,

propivs
que ha-

g3 ) 203 ( S

W.p=n-% _
- =2
—mA-zA-8—3
R g W
i — 1t i 4 EG
m, p=m+ 1 +ag—i—=
-3t n—M—3
Mg =4
M- 5t-A—h—3
7 --0 elc,

W, - —m— 1 S '
—t L =
. ~ 17 .TINH.E,‘T X
— I -2
. —yra et

Quare denotante { numerum integrom - pofitinum; cyphra
pon exclufa, fradtionis nofirae continnae valor rationaliter
exprimi poterit, His céfibus:

L= Mn—m-d-2-44 Mha=m-~ 1~}
nifi forte incommodum fupra memoratum locum inireniac,

§. 10, Ex cafibus # =i raro valor quacfifus re-
peritor, ob memoratnm incommodum, quo ctiam deno-
winator in nihiluin abit, Si enim 2=z x, quo fis:
St e o S )

R e
w2 4-3

*




@3 ) 104 { G
certe non eft p— o, .etfi fecunda fouma id ofienidere vh-
detur, v¥nde affirmare poffumus -effe:
O=f—~m—1

2= -2
§—m—

et B
.5 —.1n 7 ete.
-Quodfi -prima forma -generalis ad hunc cafvm accomma-
detor, erita =3 ~my b—1; fo=~1, et h—~1, v
de fecunda dat
rP=1—1
P
M2

tertia vero: .
-
—i =T =M
I~ 2—m
2 —m £t

et quarta
=41 —1—m
M —2—2—~m '
m—1—83—1m
’ m— ot

quac ergo nihilo funt .aequales,

4 2o,

ndere v

L L .

HCOMMS-
X, TN

§. 20,

33 ) v05 ( $8e

§. 20. Cum ex forma fcunda §. a8 &

MW..HuF&Lnafu .
2y -
s awmn— g
- .t +ianﬂn.

fi hace cum prima mnsn_.&_ comparetur, it .~ L
Le=kwmy b F=n—23 et .w....n.r?

vnde forma tertia praebers -

e -

[

) — Mt B =18
| R plep gl -l g
= 4 sii&xa)ﬂ.._..u;
‘ " mia. £1C.
<t quarta: &
,“._.n.w.:.ﬂu..Ta Lhaky _
3.+.u+.a s u
MmN - Mg
W4 oo

ficque duae nouac cxpreffiohes pro P Eenuz_..q fimilique
modo plures aliac exhiberi. poffunt.

m..».u..?:33wﬁns._anwmﬂa%mzﬁagﬁ

fra@io- continua: T Lo
X=Mdpx o o S
ual..ﬂ PRI RPN

R P uu O

mﬂwll

3
o g ~i~ cic.
Euleri Opuse. dnal, Tom. I, 0 Scrix




Seribatur enim ibi m —x loco #, posaturque.

§=H—Iu-xn =m—5-4-3
Tyt
nTTnﬁTalTn
w3 etc,
&t R tertia erit
I=Af-1—=m—2 Ia+u.m..ﬂﬂn

.+.»..Ta m—=
. BN M—F
M-~ 4 GtC.
quibus binis valoribus fpfies 4 acquatis fit
—y e hERo e BoiTmdt,

P+

— = x5}
fioque &= 2E u

§. 22. Cum igitur, .mo_m&..a = +..3.. fit Mninv 1,

erit
mI=pomimE e
BELE AT
N Ak o

fimifique modo, ponendo. # = m - 3§ #TW - 45 etCe
®Btid T —mtmy =9

. 2 mt1+mt4 :

wladmts

»4- g cte.

-,

L —
.
=k

f m5,

 cfc,

-

ok

M It 4

ol ) 109 { S
IoR T 4 =

S
4 2 +$+m
@i.m etc,
=metmts b ¥
W16
§+++u mhlnﬂnaﬂm.m‘fq
ai.w A m-+ g eec,
Hllanc_.wal...w..sm, i
MAX F Aty
wu-r3+m+s
M 4 eLc.

- 148
a+u+n
mr4

m4i-14-8

B e

m+3+2

m4 6
vade; pofito = ¥, cafus rationales fupra obferoati confee
quuntur.  Hi antem valores ita mucmnn&:a:_r vt fics
P xy g o= indhriachy)

Pl o c
g (mos){geben) o g —4n1).

ga |} e
ﬂ“.nsllﬂuﬁﬂil%ll»uv
r(m4 3)(3~ =

=l
szm(m -4} (x = 21y
etc.

quac exprefliones eriam ica axaenz poflunt :

mﬂ§+p!nﬂ.mﬂ.w.

t=—mi+g—-2(mt3)

meks 2,

Smark4—-3(m4)
s+qinﬂa+«u

0O a Falta




oie )220 ( e

D=mtz—~ =&
T mA3—2
- #+4—8
mt5—4
} #Ht6—5
#i+4-yetc.
Hine antem finitum valorem ipfius O expeftare non li-

cet, cum cafn =1 ceste fit tranfcendens, qui quem=
admodom fic ingeftigandus, exponamus.

§. 25, Ex forma ergo prima formentnr hae for=

mulae:
O=m+2tt; Azmep 14Tk Bomta 477 et

eritque

OA=nmA4-m--1; AB=(m+43)B-tmt2; etc.
Statuatur

O=—314}; A=—14-1) Bz 14§ 6t
ac reperientur hae formulae:

- - aep(mri)asy; BH{me)azx; g+ (mE) A T; 60
{en
e _— - I .
i a......- &= E+u aﬂm...»._ ﬁ.l._u.nﬂm wrat?
vnde per feriem confuetam fit '
-— — 1 ' 1 3
o= m..ﬂ ﬁ_._+__.:s+:+~a+.:a a0 { ....:.:,_a:_i.%.lonn
cuius valor eft w=1/f¢2mqz, iriegrali boc ita famto, vt
euangfcat pofito. & = o, -quo fado flatui debet z =1
Hinc cafibus quibus m eft numerus integer elit

o=

6

...maw ) r24 ( Sede

oy
i {fumto, vt
fut 52— I,

.m.

Wi -7 €Le,

8 ¢ non li-
E jui quems~

* hae for-

-3
,‘ |an| etc.
§ 12, et

i .n ﬁﬂﬂ-

u-mw“ 13 etc

k]

u.._uu-

ote,

i

= Y { m.ﬂw&

fi oy i, et O!..!.‘

Em—ry w=mi; et Oln

p— h — g -
£ mWw_2, E]Mluu c ul“l;n R
—zo-1-8, I..udl"ml.u.nm!lnu
Em=g; 0= P2 O g el Pty
— —_—pem—-4, .l-«ll..lmollm.ln&.im?.lmw
& M4y WS e — it 3 (38 mnd) T 3 (50mnE)
f m=s; S..llr.u»o.lta. — g5 8= 120 L 5[0 8un 24) e 5[5 8 — 8}

. P A T TR YT "ESTY A IS
—_— .m wie—ne (Y L T E:aital..r?...:z
I B
fi m= - & 1 BT @ FTO T 5 (ST 48] S[GEEmLEH)
“m m="7; H...mu.o...::n. 01. ST SO40, 7 ?ivlﬁ&lﬂlﬁmunlg
b 5040 — 19548 o?uolu%&.in?.aiuou [1}

Wifi # eft pumerus Eamnn. valor _wmcm O per numerum
¢, cnins logarithmus — 1, exprimi mgquit, - - 7

§. 26, Ponamus # = ¢, quorfum omnés cafis,
quibus 7z oft vumenry integer, referri poffunt, ericque

=t Nzoy M=—xy L

bl o o 4
T B L o Il......!oithnllun..
= Ly T z....« TmY
—_— .I.n...T —

L= .U-M.Hﬁ..ﬂ.. Hi .mw = = fer
wnde fequentes oriuntur m_.&w_bnn,m S._E_Ema v
I =04 =z
L4 3 :
2 - 4
3 - ster
. !
o X
Lol ..\T o
52
a3
g - nan

f=e

wmipd ) x25°{ %58




vt L L .
gie )irok ( 23
Fadta autem euolutione inuehinps: -
— I T e R 0e = o I
p=m 1y @IS
*”ﬁaﬂfuzaa....fuaﬁxnlww.

S

= W -7 ™ 13 ?

Vo e Ui e d 1 (T2 e gt gy M)
— Mm¥ = i3 1 T 50 T e A3 1 -
N”Aan_..mZI.:“.T _o.iu..uTuuaunTuaon—..Tllronw.n

WS i 13 S e 435 W 499 T = 300 .

§ 23 Denotent p, ¢, 5, & Fetc. fraitiones con-
tinpas in §. praccedente exhibitas, fitque
cp={m+1) 0 mﬂﬁaim..nv..w].q r=(m+3) 55 S0
erit a— 3, a =1 ; reliquag vero litterae ifa a fe inuicem
pendent, vt fitr .
b—={m+rlata; W B=fmtz)a+tze}

.

f={m42)b4B; |- %Hﬁarvw;.vunm

. d={m4+3)e+y; 0=(m+3)ct+4Yr. )
HTa.*.i&.*.mm _ e (m+4)d+55;
o etc. CEC..

wnde relatio inter litteras latinas et graecas feorfime coll-
giturs: . :
b=(m+2)a; = CmEa)es
e=(mt4\b—1(mt1)a; [p=(mts)B—2(m+2)a;
dez{m6)e—2(m2)b; (F=(m+7)y—2(m+3)05
e (m+8)d-g(m+3¢; _wm,wn$+mwmlm~ﬁi1w$@m
etc. o etc,
Inventis antein  deneminatoribus a,. 8, v 04 €16, erunt!
nomeratores : ‘
b=f~a, c=y—2p A&~ 3V, eizt— 48, LG
At fi numeratores 2, b ¢, 4i ¢, iam fint ingenti, erunt
denominatores IR -t
a=a; =z h~{m+r)as
v=abm 2 {min}b; d=4d—3 (m+3)es
st g=mse—~4(m-+ 4)dy crc.
‘ Vidis

g c5 con-
¥ et
E uicem:

e e L

Fm Lot

&8 merum’inge:

iR yiee ! Ehe ,

Vidimus antem effe: _ > 7
a=I . omg

mie . . - - A Pty
comm-8m-t7 .o yom Ty
d—m’+ om*-hagr-54 0=k 215 Of--T §

Pk gm’y 7t 200m-209
M. §. 24. Ex valore cuimsque fradtionis continuac &
22, definiri quoque poteft valor prascedentis, hoc modo;

— =2, e M S IV g e e do S,
...vll g {h—=2) ? 7= T (m—i-5)? = Soe (Al 1) etc,

¥nde fi fradtiones continmae ofdine praecedentes defignen:
tur litteris O, N, M, etc. erit ’

O—mtiz?, No Boo Moiritl fofzetihoe,

P(mia ¥ R {m—1}7 Re{m—=aP
At eft
=} T . -
[ P -
i R e . _
v el 3ttt 4
R el £ g R
: . Wi 44~ KlC
cuins reliqui valores: acquinalentes funt ,,
0= m
T — -~ 1
d . e Mo} M 2 )
S~ th-Fm—8 )
- T e el
* O3 . O

wiil ) 123 [ Eele

§ 7. Contimuitis asrem avadratis ad (R . res

Egnt-h1 At 2 om 400N+ S0 E.




232 ) 218 T

qui~

%52 ) 35 ( Bl

«uibus adiungi debent iftae:

ey Rt R
64 2
7-+3

8 - etcs

‘Si enim fit

Euleri Opuse. Anal."Tom. X,

P




o8 ) r1a ( Sl
r—m 1 ’
M-I 52
Mot 24 3°
- 8 = eic.

=t —p—1
Mg — 1~ 2

" g—m— 3" )
% —~~§5— e,
y=mA4-z- 1
B.epe 2 A= 20
W8+ 3
. M - 4 - etc. .
A S -,
Mot 4—ti—3§
Bk F—M—4.

m ..lml. Q €iCs
) wﬁ ‘ l-.llll“:ln..
Mot o p -

§ &7 Verum noftrae inuvefligationes multo latius
patent, quas vt acevrativs- euoluamus, ad formulds § 11,
resertamur, quae nihil de fua amptiindine amictunt, eot-

jamfi numeros » et # oihilo acquales ftatuamus Quare
frattiones continuae -confiderandae erunt hae:

p=C4F
. Cof-B-F KD
Cet 2B F4-2i-4D-
CrA-3B+F43E10D
C-4-4Bt-etc,

eI, .

4 - gte. .

.
-+ 6 cice

B 1to latius
fds §. 11,

| runt, ct-
(uare

q=C

.wn..n+»>+o ™

=53 ) 25 ( $,
At .
¢=CH AT AT BRI ETD
‘C-AteB4F+eF+4D

CrAT3BLF13l49D

WA 4B ote.

F
2A+BAF4EAD

CH2A-4 2B FraR+4D

“E+2a+43B-HFgE4-oT)

L2 A+4Bete,

-quae ‘formae -continuo vlterins continnantur, Teribendo

€C4-Aloco C. In fingulis ergo denominatores progreflio=
nem arithmeticam, :numeratores vero ‘progreffionem fecun-
di ordinis conftitvunt, ceius differentiae fecundae funt cod-
flanfes. Hic antem affuthimus effe D—:(A A—BB)
‘Qnodfi fam brenitatis gratia ponamms:

.,n - BE—AA~+:B0—4E __ BC—2D—-2E

Y e ¥ e

A=;(AA-BB}=D
p=HAA~BB) 4} (AC—BG) (4 +B+:0D=8E
y=F -1 (C—~G)(A 4 B4 C1-G), fiue

V1 () D—EE Bla-T-4- L) R—TE)
¥ “m;..h*l ﬂ.H:fuTﬁhwr_._mlH* ||.—l.. o L

a4A
-erit :
AHENN=+:T1—2E A BHA ARG e 2 G e BN
(p — BAEREED=F) (g ~ A=BAHmath=F) = p
hincque per aliam fradtionem -continnam
Pa =




w2 ) G6{ Hde

GABAvptd - -
G-2B-y--2u1- 4%
GAsH4ete

¢ 28,

que- buins formae:.
p=a f
at-b4fi+g
arp2brf--2g+h
a-3b+-f-1-3g+3b
at-4b+f+48+4-6h
a-+56-1-¢te.

ea in: aliam fibi’ aequalems transmutari; poteft.. Compara--
tione. enim. fadta eft.

Cza; B=b; F=f; Ez=g—31b; D=1h

Capiatur ergo- A=V (b b - 2.5), tum. vero
G=Tihig-sh. \—1h
M=1b-t+1(Aa—GB)=1h - obmbe—h
—v.”..%n.ml nwlwumlwu - nnal@wnmls.lnu..”w.ﬂ.lwul.-nmh —bh

hincgue fiet-

p=ifa+G)4 v
GA-b4-v—-pt- 2
G-2b+ v4-2p-+4Ad

Gt-altv-isuioh

G-+ 4b- etc,
§. 20.. Si ergo fuerit f—o, huivs. poflremas fra-
€iionis continuae valor certe eft —a, quicunque numeri
relis

l

Propofita. ergo fratione. continna. quacun--

el §
vE

er

- P
R +-4£-1-65

¥t

g - Compara-

hi

f tinna quacun--

R 5o-etc,

—MN—zglg —B)

-1 GA
% 410-4- ctc,

i[lremae

que Ay

fra-
neri
reli-

wi&f ) 7 { FRe

soliouis. litterls tribuantur,.
we fit -
A=YV (bb+ 25y Gooiist; Amiby Wb et

A

Statvatur erge g —b =k,

Y m..&l-....llwlw A gab—blemzahlmobliamakh
Y N

= AN L]
erftque: i
et G)=G+ v |
’ m.m-w.__.i..?.;‘ 7
G4abtvdaptad |
G+3o-+v-H3u-tod :
Gi-4b - ete.

yE& § litterae @, b, A et G pro datis habeantur, erit ;

N..”ﬁ-m...w-u ”.V!Tbn-”ﬁw“bb&]wvt*l >ulu.ﬂmu

v.‘l.lh.a_...an..T.»nL.....mm_l>niQQHmhﬂainVAh+@+b+nu

¢.+?+wnw?|h..+?lnv?+n@+p>+8‘
_TTp_u.++ynw?lpw+ayimz?rmf.m A+4-G),
ule_S+wwﬂmﬁnlmv+u?lmv?+$m+».?+g.
Ponatur ad formulam: contrahendam :
- g—-Gz=aay A-bzay; atG=2f A-bbzad; etce

= B-eH= v atE+2d)
gratad—yrHetay)(E+30) E
R e camad
B ata(d yjete.
cuius. veritas in pluribus exemplis fponte elucet,

P 3 § g0,




w3l Yoz ( Sl
Fatyi24ah .
Braka d—ytfHatay (3+99) -

lvmm% u 118 A =T

§. go. 8i eaedery pofiticnes retineantur, nhulnerus

sutemm f non  nibito acqualis caplatur, habebitnr haec F—at 3y Hat sy Ty
frafio continua; . - . :

p B—a-t-4{0—y)+ ete,
PPt s ANV W) ’ T2 ftac vt inter has.binas.expreffiones fubfiftat E_n.n relatio : . |
ROy FHBY o2y : (=B g —2— ) =f+a(@-+d), fen |

sumerns gefH+

r haec

b 323y Lo By— a6y s

_ 12794 _ AW S — ,
P R e R L] & o pg—le-p=pe By mad=f
e Bra{d-y e . chins ope aequalitas binarnm foperioram formularum me-
quae transformatur in hanc fbi acqualem: s thodo fubftitutionum, qua-fupra vii™ fimus, demontirasi
.,.., potelt. :
miqszmna.\vi.,_.?.wﬂxmiv&w : = § g2 SI ponamus fa{B4-9)=g, vt fit ”.
n..“iuu_,alu\w+u__.“..‘.n+».<:m+m.3 ) - EERng f=g—a{B -+ 3), prior forma-ita fo habcbit: ”
et~y FrfHatsy ) Bi48) ki W tay) _
. fratkgdy it : . e : P BT e —{y J2d) -
wynde fi vel 4 vel 3 enanccens capiatur.. cafus ante trac- B tinna- atB2@—yie—{z—2v)iE+3)
. tatus exfurgit, ‘Haec autem hinarain frafionom coutinpa- : E in & A58~ )+E - (-3 43)
rom aequalitas .omnia, quae bafenss fint expofitz, in fe 1 : o "o a0 ey )tere.
compleditur. , sui deqnalis eft ifta:
o . K Frolpd)
. § g1, Ty his.oifuntor formae, quas littera ¢ R -3 DB ,
: denotavimus, fi loco o et 5 feiibunug 2 -1 7y ¢t F4-0, - ’ mwan?...ali,*..ﬁl?u_hﬁnm.*.u& ] :
| ita vt fit : frotald-yhiftlereyiiies
. : - — gy (e )
o= sy B frata@-—yif by (Bhed)
mﬂl&+mw+<+w+k+n+nmml—”.ﬁmw{lR.wI;n.-\m. . 13 Q.'_.m.,a.f“‘*.ﬁn.
: ot 3-yaorki 2 iy - 3 e - i S 1o Arque hac formae maxime idoneac videntar, quarum
o327+ 43 Qmw&@x-aal_&u.«@ ) S erc, - acgualitas methodn diredta explorari ac demonitrari poffit,
. k- 359+ etc. . Talis autern methodus etiamuunc - defideratur. Nullum an-
itemgue ' §—= tem

. 4=




w33 ) z20 { Eede

tem eft dublum, -quin ea patefafta multa -praeclara ncre-
menta Analyfeos expedare liceat. Cum igitur prior forma
finita eadat, fi fuerit g — (¢ — i) (B + {{ -+ 1) 3), intel-
ligimus etiam pofterioris valorem ratiopaliter -exprimi
poffe, quoties- fiterit

fel—iy) A Grnd) —af+3)

f=if@d-py—{i+Dv?),
denotante 7 numerum integrum quemcnngue.

+

1E3

-mt
gix

“pr¢

idg -

red
ms

gat

be

na

div

o352 ) 12r [ Hde
B, 32 SN NS D o D SR P o
‘DISQVISITIO ACCVRATIOR
CIRCA RESIDVA
[EX "DIVISIONE éﬁuﬁaafﬁ..E.ﬁo»éﬁé

;POTESTATVM 'PER 'NVMEROS ‘PRIMGS
:RELICTA.

& .

mmm -pumerns ~quadratus s g per :numernm ;piimum f Jigie
.datur, trefiduum :relictom lictera ‘o indicetur § fimilique
.modo ‘litterae .8,°7y,-3, etc. -mihi -denotabuar refidua in
.dinifione wuadratornm .54, .c.s, -dd, -etc. relifta.

'§, 2. !Brit-ergo:g=man—np, quia relidmm «
prodit, i a-quadrato -aa multiplum numeri p auferatur,
idque -maximum., vt refidoum ¢ ipfo Jinifore ;p minus
reddator,  Nibdl :autem simpedit., quowminns multiplum np
maius .accipiatar -quadrato «a a, 'wode yefidwum o prodicae-
gatinam , ficque :eius ¥alor dnfia ;P deprimi yoieft.

§ 3. Tdem igitur refidonm o ‘multis modis exhi-
beri poteft, quoniam cunfae hae formae & - #p candem
naturam continent. Perinde fcilicet eft, five ‘refiduum ex
divifione quadyaiiaa permumeruin P ortom dicatur <oz, five
Buleri Opuse. HAnale Tom, L Q @ p




w53 ) i20 ( Sede

tem eft dubium, .quin ea -patefadta mmlta praeclara .incre-
menta Analyfeos expe@are liceat. ‘Cum igitur prior forma
finita euadat, fi fuerit g=—={a —7 ) (8 -+ (i -+ 1) 3}, intel-
ligimus etiam pofierioris wvalorem rationaliter “eXprimi
pofle, quoties- fuerit

f=le—iv)+Gt-a)8) —ad+3)

f=ied—By~(i+1)97),
denotante i numeram integrum quemcungre.

{fen

—y e e e~ i
A e e e vy

DIS-

PEM

¢
-dix

“pre
ida
red |

gat

be
na

lara itcre-
rior ‘forma
i1} d), intel-
i r exprimi

DIS-

%33 ) r2r | G
BTSN NB AP SN D iy
DISQVISITIO ACCVRATIOR
CIRCA RESIDVA
IEX DIVISIONE :QVADRATORVM AT mOméﬁeﬁ

JLOTESTATVM 'PER "NVMEROS ‘PRIMOS
sRELICTA,

&. .

.umm ‘minrerus squadratus +@¢ per ‘pumerum ;primum P diuie

«datur, trefidyum reli®um Jittera ‘e indicerur ; Jimilique
‘modo ‘litterae (3,7, 3, etc. -mihi -denotabnge refidua in
-divifione guadratorum b2, .¢.¢, -dd, -ctc. reli®a.

'§. 2, Eritrergorgmmaw —np, quia refiduum
‘prodit, “fi -a -quadrato -2¢ muliplum “numeri }p auferatur,
idque ‘maximuni, vt refideom :a ipfo dinifore p minus
reddatur, Ninil ;antem dmpedit, quominus multiplum zp
maius . accipiatur - quadratn @ a, 'wade refiduum -a prodit-ne-
gativam, ficque :eius walor dnfra }% deprimi poreft.

§. 8. ldem igirur refiduvm o multds modis exhis
beri poteft, quoniam cunftae hae formae @ -1 mp eandem
naturam -continent. Perinde fcilicet eft, five refiduum ex
diuifione quatirati.aa permumeram P orcom dicatur effe, five
Euleri Opuse, Anal, Tom, L. Q it}




