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RESOLVTIO AEQVATIONIS
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PER NVMEROS. TAM RATIONALES,
QVAM INTEGROS.

Avdore
L. EVLERDO

X

_;-ngc forma latifime patens,. guae infignem par-
tem Anzlyfeos Diophanteae eomple@itur , pro
varia indole numercrum A, B, C, D, E, I plares
in fe continet cafus, cqui vulge diverfis methodis
tractari folent. Hic autem fingulari moedo eius re-
Aolutionem fine radicis extractione ita docebo, +t
folutio non {olum ad numeros ratlonales, fed etiam
.integros accommodari pofiit.

_ 1. In genere quidem refolutionem huins ae-
guationis tradere non licet . quia faepe viu venire
psteﬂ, vt ea fit 1mpoﬁ1b1hs, certifimum autem
_criterjum poffibilitatis folutionis fine dubio eft, £
‘Vnicus faltem cafus, quo huic aequationi ﬁtssﬁat,
foerit cognitus. Ponamus igitur hoc contingere  ca-
fu quo x==a et y= 54, ita vt reuvera fit:
Ad4-2Bab-Cp 4+ 2Da+2E0+F—o

‘€t quemadmodum ex hoc caft cognito, =alii fiue
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86 RESOLVTIO AEQVA?I‘&ONIS

niimera finiti , {iue’ mﬁmn , erui qucant: hi.erfum

_oﬁcm"urus

" 5. Subtrahatur ifta. aequatio ab- 1pfa propof ta R
geneiali , vt obtmeatur Jhaec : ' o g
ACx —-cz)—l- zB(M-—ab}-i—C(f —b)+zD(x—a) S

cuius. fingula membta praeter fecundum f%té’corem
~ habent vel ¥ —aq, vel y — &, at membrum fecuns
dum ploeibus modm in duas partes refolui poteft,
quarzm altera habeat factorem x — @, altera y—5,
Xy—ab—x(r— -Zi):—l—b(x—*a)‘"‘-}*(x a)Faly— B)
vt atem ambge fitterac x ¢t y, parera. ra{wncm“
jneant , Niac refolutione vearnur s S
. 2(‘&[};—-4?’).‘-(.9:——@)(}—%.—5} ) (y—-8)5
quo fadto aequatio nefira fequeﬁte'rn ‘induet fmmm
Alx—sa )(x+a)+B(av-a>(y+b)+B(m—a) (B4 Cy=b)(2+H)
- . —rzD(x—a)+zE(f By—oc. . -
3. Confiderctur punc ratic quantitatum 2 — @
et — b tamquam data, ac {atuatur
;‘r*:*;-—ﬁi ita we firs gx--aq:py—bpy |
qua ratione mtrodu&a noftra sequatio ebadet: ﬂ“
Ap(x—h.—a)-‘-Bp( B +Be(x+a)+ Cql y+b)+2Dp+zEg:@
ex quibus binis sequationibus vtramque quantitatem
- guaefitamm & et p definire licebit. Quum enim po-
flerior fit L e
{x+ (A p+Bg) +(y %—5) (B p-%-C?H‘z'B?-&*EEQ:O: ' b
priog SO




prmr vero \praebeat s
g — g B ;‘} . - SRR LD "
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"th valor .in ila [ubﬂxt.utus dat.‘
"-(Ap +°qu+Cg )m-{—Aap +2Cbpq Cag +2Dp +zEpg_.f_

”
| , a~+zB£rp :
T 'vnde co hg]tu&' Tl D Tty
L E(Apz_ﬂcqz)__!Z,(Ef,.p_g_cpq)_—zi)p'n-z}z?q
. JL_-—- A pt -—{-zBP'i—‘!-‘C‘I » ’
“hincque - o ‘ /
QRIS bmw-—-—cﬁ—-—wmqq -ﬁ—we)-—mf"l"ﬂg‘* | i
_3‘-—— : T AP -+-zBPq+Ct1 o ' L

A

4"}Ecce e;go iam fumus aﬁécun

folunonem_;-'

lut1ones in bis formuhs contineri de‘oere.; =
- tem folutiones. in. numeris integris atticet., mamfc—_ '
_flumn’eft talés” éxhiberi non pofe nifi ambo ‘DUmEras
tores iflarum fractiohum dluiﬁenem admlttant per
communem denommatoxem A p +2Bp q + Cg ’
1d quod ﬁcrl mqun: nifi hic denominator ‘ad’ nume-;
- rum fatis enguum fe reduci patigtur. - Statim ergo
. hinc. éxclndi’ oportet cafus _quibus B < AC; fiue.
qu1bus AC-»—B eft numerus pofitiuus’, tum’ enim’ LT
quicunque valores loco p et g accipiantur; formulam - -
Ap 4 2Bpg-+Cq, non infra. ccrtum valoxem‘
deprxrnere Licebit.

& ' ' -7__! o 1
t

A 5 Quod i ergo numeri A B et C ita f’ue--f‘,,
nnt omParan , WU per certos' numems p et g for= -
, Aa=a.. mula




l;g-{g RESOLVTIO AEQVATIONIS
muls Ag--2Bpg-Cg ad exigium pumernms,

fiug vaitatem ; five biparium tam pofitine- quam ne-
gative fumtum redigi queat - omnes partes binarum

formularim pro # ety ingentarum abibunt in nus

meros. integros.  Pofito autem ifto numero — o, itd,

vt his cafibus fit w vel ——z; vel - 2; ob Ap

}-2Bpg -+ Cq =uw, reperitur

= ;Bqtf»«m—.m}qt—u—m)';

fic formulz .

BB~AQ ¢ +Aw . .
dcbebit effe quadratum , quod quidem plerumque fies
ti porerit, quia pro @ fuomi poteft vel 41, vel ~ 1,
vél 42, vel — 2, dommodo BB —A C fuerit
numerts. pofitious non quadratus, etiamfi fine dubio
dantur cafis, quibus. w maiorem fortitur valorem.
Tum vero habebitur: = - o

v=2 ((f —Ap)—32(Bpp-+= Cpa)—F P — 501
= (A -Cp -5 By 4-Cpg)—22pg—232q -

6. Verum igitir nofira acquatio admittat {on
lutiones in numeris integris, nec. ne? iudicium facil-
lime inflitnitur ; confideretur enim formula BB-AC,
quae fi' faerit numerus pofitivus ‘non_ guadratus, fem-
per adeo infinitis modis mumerum g affignare lice=
bit, vt formula illa radicalis abeat in numerim
rationalem , indeque defisietur alter sumerus P, gui-
bus adhibitis impetrabimus binos numeros fatisfacien-
tes % et y» Sufficiet antém pro g¢. vnicum valo-
rem jdomeum inuenifie, dum ex ¢o pro ¥ ety
' fuccefli-

- '
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Vfurceﬂiue innumerabiles valores ﬁmsféc::entea - deduci

poflunt, id”qued operac pretium erit clarius often~
dife.  Ponamus feilicet ex . numetis prgmu fatisfa—
cientibus @ et u, hoc medo prodnﬂe fequmtes*

x—"é’a—k—ﬂb-—}—e e+y~ha+pb+y

atque fi iam hi pro a et & adhibeantur, per eas~

:

dem fulfﬂhLiS nouos deducemas valores. pro % et

alios 1doneos valores pro x'et y, et ita porro.

7. Siot numeri. qm hoc ‘mode fuccsﬂiuc pro

repermntur .

a L at, a"” 4”” etc.
numeri autem pm ¥y re(pondentes ﬁnt._
b b! b“ bm B erc.
atque habebimus, fequentess aeguanones e
at =& 4=k G5 B —=Ra b —-i—V _
d“—"“z.azfﬂ—nb’—i—@ 5”—"?\&' —-l—}Lb"’—{—P’ |
CiC. - _etcu. :

FEx his relationibus. ehmmando Titterae: by BY, fatls
ﬁmpaex relatio cencliditnr, inter, \raloresﬂ contmuos,

‘ay ab a¥, quae jta fe habetz’.

o= (-2 ' 'n?\-vp.il)a—-;u 9(1— )—k—v,v.
Simili modo elimipandor littemas &, &
= P‘wl-é)f?“'—lﬂ(?}‘c-—*%“w)f?-ﬁ—?‘ﬁﬂ-m 1 -—Z),

A3 3 s vnde.
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‘vade patet. vtramaque fencm e recurreutem fecun=

d1 ordmxs fecundum eandeqq fca*lam xelauoms

g"{—}* ; WA= x4 B f} B . .
vtrmque antem imfuper BUmerm qu:eﬂd-am abfolu~
‘tom addi oportet.

8: Cogmta hac feala. re*latmnzs formctur hdec

acqmano quadrapica

£ —(a—I-WZ-F—(né' sz}

cuius’ b111ae radices funt
2 »—-f—i—J&,,_I_ V. ({ﬁ—ﬂ-) - ?\.)
quarum patef’catxbus exprimi poffunt tcrm:m genera-

les vtrinsque feriei, Quo hoc clamu.s reddatur , fir

prioris feriei

AR R ete, . -

terminus quorus;;unque =, al.t:em.us vero f’cmci
b, by bl i g

terrnmus generahs y, et poﬁto bremtat!s gratm
g‘*‘“-—r et ‘at/((e“"*‘)—{-—*zjqir\)_'ifxﬁ

- pro priori ferie {latuatur

x:f(r—i—'l/.s')"—[—g(r -—Vs')"—-z-é"
mtque valor fequens
M=V o+ (f‘-{—VJ)-—i—g(r—VJ) (r— Vs}“—i—-&
hunche fequens
M= f (r Vo) (r—{—'i/r)”-}—g(r —~Vs) (r-u'l/s")"-i-b
Quare cum ‘ex lege progreffionis effe debeat ;

o G ) (=) 302 — )y

vbi

T ) ) TRl s
Al




omnium accipiat valorem,: . -

SINGVLARIS, rok

fi illi valores fubflitnantur , poteftates fponte ' fe  de-
ftruunt , ac refultat

b — Mlr—nls gy _
[ __.{I_‘J'L}(.]__Ej"—fk. . :
Pro_coéfficientibns antem f et g confiderentiur ter=

‘mint initiales ante definiti , ot fado guidem # = o,

prodeat x —ga, hincque erit
a=f-+g -+ b, .
tum vero pomatur # == r ¥t prodeat
y=d=4&a b4 0
fiatque ey ' , -
== Vayg(r—Vay+by
e quia v T
frg=a—hb, erit d=le—BHr+( f=g)Vs-h), |
hincque E
ok _ (& —F v Y ar—Db{: _.,1-)
f—g_“"'?s‘f TS ys 7 vso T
Eodem mode pro altera ferie récuwrente terminus ge- -
neralis » reperietur ;. ita vt in genere nihil- amplivs
defiderari poffit, T -

g. Caeterom vt fam innuinmus, damtue cafrs,
quibus formula App+ 2 Bpg4 Cgg, neque ad
yoitatern., neque ad binarium. deprimi _poteft, cons=
veniet igitur litteras p- et g ita affami , vt huic fore
malae minimus valor concilietur , ¥nde nen parum

- egregium nafcitur Problema, quor datis numeris Ay

B, C quaeruntur valeres [itterasum: P et g.in. intew .
gris» vt formuls App.y- 2 B 29+ €7 ¢ misimam

Alia
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Alia. Re{blutlo einsdem” aequatmms

1o, Quum tres termml mlttales per A mui-&

tiplicati , fadores’ habeant

(Ax-]-By—f—_yV(C’ AC)) (AA—{-B}/-—J/V( -AC)}

7_totam sequationem fub eali. forma rcpraefentarc i~

cehits )
(Aa-+By~rM+(y+N)v(B’f AC))(A::,+BJ’)+M

+M BDL+ACN O_ﬂ:

'qua cum f‘orma propoﬁaa comparata aﬁ‘equzmur*

QAD‘-zA_M ;7 D=M
2AE=2MB—2N(B—AC)
' AF_,,.M’J—* ‘"(B;;_-—AC) O hmcque

M,__D N___:BD-—-AE O D -—AF I(BD‘—ALE}'

"BT=LA GO B —ACE

IL Inuentls dgitur valonbus M N et O, p@-s.

patur breuitatis gratia BB—AC "—}c vt  aeqiatio
noﬁra per fattores irrationales exprefia fit

- (A3 By + Dp{p-N)VEY Ax+By+D~(J’+N)Vk)_O

Et quia a{fumunus vnamn folutionern” fam effe cogni-
Tam ; qua fit ¥ =g ef y'—b habebrmus .quoque

(Aa+Bb+D+(b+N)I/ k) (Aa+Bb+D (6+N)1/k)~0' ‘
guomrca bina haec..produ@a. -inter e gequalia cﬁ'ei

debebunt ; ﬁatuamus hinc- breuitatis graua

| .Ax—-!——By—{—M::P, (_y—lr—N)—Q o
CAg+By-M=G; b-+-N=H ite

"“f %,L e

| e h—C?%‘DU?’ﬁ ciCE a,
quae etmluta praebet EEREE
- A'x +2ABxy+ACy +2AM1+(2MB—9NB -l—zALN).?
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ita ¥t noftra binorum produforum aequalitas- fat:

(P4 QVE(P—-QVE)=0=(G+HVE)(G-HVE)

vhi notandum, fi prior fadtor illivs produdti, alteru-
tri fadtori iftins acqialis ponatuf , tuim qunquc £0-
fteriorem fadforem illius fponte alteri haius fequa~
lem’ effe fagurnm , quoniam diferimen’ tantam in
figno quantitatis radicalis V£ eft fitom,  Manifefum
autem eft, fi factores priores inter f& aequales ﬁa-i

tuaptir et partes tam rationales, ‘quam irrationales.

feorfim aequentar , feilicet F =G et Q—H, inde
iplum cafim cognitum cﬁ‘c prodlturum , fOempe
X ==z et y b, .

12, Sin autem hoc modo prior faa&or ;1111115 -
prouu&x , poﬁeuom hmus 2eqﬂetur vt ﬁt oy

noua folutm hmc ei:cwtur 5 ﬁequahms enim.
Q=—H dabit Y+ N=—5~-N, fine ;V,__.—&*-Q'N
inde altera conditio P =G dabit : _
Ax—Bb—aNB4+M— Aa-}—Bé-—}-M feu
Ar=—Aa+2Bb4-2NB, hincque x:ﬂ-}-.ﬁ%ﬁ:ﬁ;
Ergo ex {qué.iiijﬁt folutione iam inuenta, puta x=z
et y = b, alia-quafi fociata ex ea facillime conclu-
ditar ; quippe quas fi loco M et N valores aﬁumn
ti reffituantur , praebebit - e
pp— 2B BD—AT C— _2{31')-—-113}
ﬂ""’g"if" (b+(3~ AC)> j’ ~b “BT—AC °
Quae qu:.dcm folutio numeris fra&is continetur s niff
forte” numeratores fuermt per denommatores fiios

dinifibiles. - . : R
Tom, XVIIL Noa, Comms ~Bb - 1,
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- 8. Quo autem. hinc plures atque zdeo infini-

" tas folutiones ehcaamus, in fubﬁdmm vocemus for—

mulam s =V{kr z), quippe quze methodo
Pelliana fempez infinitis modis refolui _potett, dum~
modo k non fuerit vel numerus negativys, vel nu—
merus quadratus, Quum enim hing fiat se—kr' =,

‘Boftram aequatmnem hac forma zepraefentare pote—-

mmus

P—sz (G"’kH)(f.r—-k?)

'Hmcque per faé?:c)rcg 1rrat10nales ﬂ@tuamus

P QVk—-( G+HVE) (erV /L)-—G.r—[—;aﬁy + (GM—HJ)T/E

_fic enim fimul toti aequationi facisfier , qmdem.
_partes rationales et irrationales femﬁm qequanfur At

irrationales DlﬂEbf:llt
Qr-Gr—;-Hr, y+N=— A&ZW—]~B§?—{—-MF’—{—5 s—4-Niss
3 ‘y__Aaff—l—-Bbi"—‘l— Mr——;—bs—{—-Ns—-N.

¢A-f'-p rtes rationales dant :

P._:GJ‘——}—-]GH.'F, fen AxA—By_}—D Aas—i—Ab:

-+—I)5+L:—*-—}—kNr
'vnde

. x:s(¢+ _BN)._}_?'(EB—-;-F’N—-AE’IJ-—-BD Ba)
' +BN-—B )

~ 14, Nunc igitur loco Litteraram M et N re-
ftituantor valores fupra innenti, atque pro noftris

quantitatibus quacfitis & et y . fequentes reperiuntur

formulae , fi {cilicet loco k feribatur B* — A C:
x::(4+EB‘CD)5—-}—BaJ—Cn+h)( r) "’EB

AC

| 3”(5+BDMAE)*”+(35+M+D)?+ ”"‘3—.’?

B2 e & .
vhi

R e T s
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“wbi permntatxo, quae inter litteras & et y Iocum-

habet, manifefto elucet.

15, Quod fi hi valores pro ¥ et J - inuenti
loco # et & fubflitnanrur in iftis formulis, pro «
et ¥ inde poui valores eruentur, qm denuo loco «
et b fumti alios nouos pro & et y ' pracbebunt , et
ita porro in 'infinitum. Vernni omnes iftos valores
fimul in formulis generalibus cornpleéti licebit, vtk ,'
fam fupra fcimus. Sequenti autem modo idem ne-

gotmm multo commodms et fuccinctius conficietur,.

- 16, Quoniam ss=~krv= alque adeo omnes
pote‘iatcs ipfius 5§ — krr etiam Vnttatl aequantur,
ponere -poterimus - - .

P -——LQ (G —ch)(:s——kM’)’*

hincque per factores .irrationales.

P QVE= G+ H :/k)(r—l-—rVk)”'
quia sutem huus poteftatis aliae partes fant ratmna- -
les , aliae irrationales per Vi affe@ae, flatuamus

(s r VP =S+RVE -
atque vt ante hinc. fequemes valores pro x et y eli-
ciemus

__(a+EB—CD)S+(Bzz+Cb+E)(-— ) +SP=EE
=+ BD“‘”)S+(B&+A¢+D)R +AE=32

1. Quum autern it S+RVk#(&+§ka)”_
erit -eodem. modo S—RYk=(s—rVk*

- vnde deducimus

s——~'; G VERE 3 (s=r VB et
"R e VR — b e VB
o Bb 2 - quibus
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qu1bus valorxbus fubftitutis ; obtmebzmus

x-e(fé:i%”"—?:;“’-E)(Hrm“ ‘
A (BEGD bt B L ChE D)5 M)“-x—““”
J_ﬂ(fg:":?r.””’“*‘%iﬁ“““D)(S—H‘Vk)
(f(rgg:i}cs_i_wk—nnb‘aAa.—E)(j.__ﬂ/k) +AE-——BIi

. ,ct quiz k == B — A C hae formulae ita ﬁmphcmres

euadent ‘
‘-(EB CD+ak (Ba—}—Cbri—E)Vfc)(f—HVk)*‘

4 (BB CDTak—}-(Be—}—Cb—l—E)Vk)(:——rVL)
+5(CD-EB) -

7= (BD~ CAEA4bEt (BB rAat DY RG-HIVER

-—(BD ~AB k- (B&+A4+D)Vk)(s—11/k)

L (AE~BD) :

18 Ante.- iam - wdlmus, quamhbet foiutz@nem

a"’"a et y — b fuppéditare alimi fibi quafi {ociam:

B BD——AE (BD-—AE
x._.ﬂ-. - (b”i" ) et.}’-——""'b""_g—“BT:_"AC)

qma “aLtem ex ipfa mdoic noftrae aequatmnm littem
me m ety inter fa permutan p(}{ﬁmt R dummom
Mitterae 2 6t b, 2% Fitterae. A et C et g™
htterae ek B inter fo:permutentur ; haec confi~
derdtio nobis ‘adltic. -aliam. folutionerm : ﬁJppedmbxt

fcilicet :
i ﬂ;__ﬂ:m _y_+b+

Sicque ex eadf:m folatione- duae “nouae {oczae -obti=
memnr. ‘ ©olin 1ge

-~ L
4

CD,
-C

=
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) 1. Haec methodus pofterior. aequationem no-
firam .refoluendi eo magis eft mnotatu digua quod
ex dodtrina irrationalium eft petita , cuius  alioquin
nullus videtur effe vfus in Analyfi- Diophantea.
Eximium autern huius do@rinase vfum iam pridem
in Algebra mea Ruthenice et Germanice edita fi=
fins oftendi. ‘Caeterum -ad cafus particulares noflrae
aequationis propofitae hic defcendere non opus vVide-
tuf, quum hoinsmodi cafus iam paffim , fatis fu~
perque fint pertractati.
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