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g NOVA SERIES INFINITA
. MAXIME CONVERGENS |
jori PERIMETRVM ELLIPSIS -
EXPRIMENS |
N Auctore
—iden= '
‘ L. E V L E R O
_etiam .
im <ffe | 5. 1.
| Poﬁquam olim multum fuiffem occupatus, vt plu- '
L res feries infinitas , quibus cuiusque ellipfis pe—
ANg.z 3 rimeter exprimeretur , inueftigarem, vix eram fu-
o {picatus adhuc fimpliciores atque ad calcalum ma-
40w} - gis accommodatas huiusmodi feries erni poffe, quam
c paffim dedi, fiue in Comment, Petrop. five in Actis
- Berolin. _ '
§. 2. Nunc autem cum forte cogita-tiones meéae
in idem argumentum inciderent, alia ac, ni fallor,
et o ~ multo fimplicior et commodior feries f& mihi ob-
2{_::3 tulit , cuivs mueﬁlganonern ita animo inflitvi.
o ~ Confidero feilicet quadrantem ellipticam ACB
m pro - enius femiaxes fint CA=e; CB=4, quibus coordi-

natae parallelac vocentur CP::J:‘; et PM=y, ita,

—yt-ex naturacllipfis habeatur ifta aequatio

bbx+aay —aa bb : Tab. L.
fine :‘_l;-.i_- %’; —x : Yig, 1.
. e




72 DE PERIMETRO B P
ex qua fingulari modo definio longitudiu‘enﬁl totius .
arcus A M B fine quartae partis perimetri.

6. 3 Cum igitur effé debeat ' 5
5% e :
—l— o |
nouam T"'barla‘ﬂm incalculam introquco, Ratien-

do L =1k%; wt fiax 2—1=%; wnde prodit "

X=—aV 1S ety.._b}”—z, hincque differen—

tiando . .
A St .ﬁdz - "—bdz
dx_-——.zv2(1+—zJ, et dy = 24 P PTEET .
ex quo fi vocemus arcum B M=y, ﬁatxm colh-
gimus
— e 87 d® b2 d=t
) dj‘ -d.%’ +dj o(;+z}+s(xmz)
_,.__dz’ a? i b2
five 45— (1+z+'T:z)
“__dz- ,12-]-—62—-(@’—62}2)
. 8 (1 =— 27}

hincque integrando
s fdz V“"*‘b’—(“’—b’)z

o T e 22

integrali ita famto, vt emanefeat. pofito ¥ = o T
= -1 tum vero .integrale extendatur vsque ad - |
terminum % =a, vbi fit 2 = ~- 1 ficque obtinebi-
tur quaeﬁtus quadrans ellipticus A M B.

§. 4. Quo hanc formulam trac‘.’tablhorem red— _ \
damus, ponamus breuitatis gratia

. a2 —5*
@b =0 et g =

Hoc enim modo confequimur

—_— Y —~nz)
e fa’z (1_32}
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tivs “wbi fiperius radicale more folito in feriem con-
Yertamps : R D
V(r—n2)—1—ing— ot g’ lor sy of
: C 2 4 Zs 48 6
Tt m st Wt Lo 80.3. 7 g% 8
: 2e 40 Ga 8 no 2-' 4o e go 10 B _z et.c‘
e qui finguli termini.nos ad fingulares integrationes
odit perducunt 5 ac bini quidem priores fecundum legem
ren— datam_integrati , vt fcilicer enanefeant fumro.g-—-—1_
' dabunt . ' o .
Sf i =A. fin.z—A. fin.(—1)= A, fin.z-+im
gl S 2 — Y (1 2) -0 |
‘olli- LT V==
- hinc ergo fi fumamuos z == - 1 prodibit
d _— zdz —_
§. 5. Pro reliquis terminis confideremus - re-
dudtionem confuetam generalem
A2 g 22 4
% % 22 d z
3 ."“‘“'—-'*‘—"z-":A.‘——'-—-———-, B_z = I - o
Iy =M yao B YV G-
vbi effe oportet
— ;""’"-‘ . — 1
'ﬁug A=-33ls e« B=gL
° b% | ita, vt fit _ A
JEpi- : )
| pPAs Avro @dp o3 L
red- MELETS e e i vl C
) ~wbi conflantem non adiicimus, quiz haec formuly
lam_euanefcit fumto 2 = — 1 ~5-vnde fi- jam ponatur
# = -+ 1 obtinebitnr '
fz7‘+’dz_ ?L+rf 2dz
. TV (1= )T A 2DV (1 =27
wvbi

.T_om. XVIII. Nou.Comm, K §. 6.
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§. 6. Ex hac reductione ftatim hquet, omnig
jntegralia ex poteftatibus imparibus ipfius & orinnda
per fo euanefcere 5 pro poteflatibus autem parlbus ad
feopuy noffrum adipifcimur , - :

PR , o mrda o .

I
z N3

= — ™ i —

N U T Ay m Lo 8 S
vfj‘ ! 7E -—'_-”u‘# 71- fV[:-—z‘J 3= c'ﬁ n
e.-t-cr ’ ’

§. v, His igitor valoribus fubfticutis longltud@
- quadrantis elliptici colligitur fore .

AMB=7Z1~ U QS NTE R PANL.

2. % 2v 48 Bu ¥ 2 &
v __T-'-S-S- e O & T.!-S__ctC.

»

25 4 Gs Qerilo IZ T e 4e 6
Pro bac antem forma fcrlbamus tandsper bleun:atls

gratxa C ' ' g
AMB—= c.'n' [:-—om -—l3n -—'y!z —5% ~en ° ete..

qui coeiﬁcxentas fequenti modo fuccméhus exprimi
poterunt : :

209 p F oeminors rg
tio12 VY T Ve s

§. 8. Cum igitur inuenti coefﬁcxentes tam ﬁm-

plicem—et— eg{%&%&%enﬁtmntﬁ(ememjfhaec expres-
fic, quam eruimus, ~vtique maxime videtur atten--
tione Gigna, cum termini vehementer conuergant
jdque pro cmuibus plane ellipfibus propterea quod
femper £=% =2 fractio eft vnitate minor.  Habe~

bimus ftilicet

- AMB




ELLIPSIS Ly

~ omnia AMB=: 7 r‘ bl L
nrim}da - bAnl %ﬂ-ﬂ‘
,t‘lbllS ad j 21 ns T g e ls.:’.
o : PR 82" 36a 18 e
L et '
Y §. 9. Contemplemur hinc cafiim , quo ellipfis

\ nofra it cmulus radu Z=a; tum enim erit b= a
_ ' hine_¢ g Ve et g 0, €X 'qub_quadrans cirenlam
ongitude . xis pmd:t, vh qu;dem nonﬂimum ei’c, :; Ta,
5. 6 ro, Demde vero ‘etiam -cafuis occurrit ma-
* xime notatu dignus, quo femisxis CB—=54 = o}
'th' tum enim. quadaans ellipticus PM B :pﬁ fcm:axx
brcmtatxs CA=uq¢ fit aequalis; at.pro poftra formula erit

c=—a et n— 1 quibus. valonbus [fubftitutis. nanclﬁ:x- :
-en-',”'e-tcL_ mur fcqucntcm aequanonem

- ‘ . — ':r a L O
exprimi 4= r il
: c L ..'_.L:_’ nEoZ 2 oete, ‘
404 B2 8 12, 12 )

qui praccife ipfe ille cafus eft, quo feries noflra

quam minime eft conuergens , et qui propterea no-
| S firam attentionemn ep magis meretur, quod hujus fe-
5 tam fim= riei fumma adcuratc affigoari poteft , cum. fit

¢ EXprese -
tir atten--

onuergant
¢rea quod

e fﬁ—-}——; 2 ete. in’ mﬁn. =

€ 10, Si cui Inbuerit ﬁ_lper liag ferie caleu-
ot numericos inftituere , fubiungamus  hic wvalores

r, Habe-

AMB

litterarum a, @3, 1 etc. m fraé’cmmbus demmahbu-s, "
qui ita fo habent o

Kz a=o0,
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&= 0, 0625000
B = o0,0146484
Y = 0, 0064087.
= 0,0035798
¢ — 0, 0022821
2 — 0,0015808
) etc. .
feric autem hucusqué tantum continuata  prodit
r—g¢— -7y —0~—~c—¢{=0,0000002; iam ve-
ro reperitur 2¥* — 0, 90032005 vnde videmus, (6~ .
quentium litterarum v, 9, 3, # etc. omnium fum=
mam efficere debere o, 0086802, R
§. 11, Ceterum pro calculo numerico non pa-
rum ‘notaffe iuuabit, noftros cotfficientes etiam fe--
‘quenti modo concinnius exprimi pnﬁ'e ‘

_— 1

-

e .?..S o
[ L
mj= W0

b
-
»
=1
7
[
48

I5 63 14%
* I B4 TiF

‘15 6% 143 . 3I5
g TE Ta* 1§t 350

etc.

‘§. ‘12, Occafione huins feriei, quam inueni-
mus., opera¢. pretium. erit , in . eius fummam a po-  F

-5

@ ﬁfae'm 9-
B

)
<

fteriore inquirere , id quod duplici modo fieri pot-
eft ; prior modus, quem ijam olim propofui ac de-
joceps faepiffime ad vfum accommodani , nos dedu-
cit ad aequationem differentialem , cuius integrale

per ipfam feriem propofitam exprimatur. Quo nunc
B ' S | haec
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" haec methodus facilins adhibers queat , ponamus

8= 2w, vt féries fimmanda fiat

__l_-_! 3. I-! s 5
F=1 ==!D e +.4-lv

—_ !o 4 3- S 7- q, etc.

g.z 4.4- 66

" § 13. Differentiemus hanc fénem tum vem

- iterum per v muleiplicemus, vt prodeat
- pds

-—-—_ o X X > o X - ot
odit do — "5 Y .3_45"’
—— l-t 3 s 7. ’
YC= . 2-5 1.4. q’ etc.
y fe- quie denuo d:ffcrentmta praebet
gm= L ey tig s =1L Bsu so'etel l
o boc feilicet modo ex ﬁnguhs denominatoribus  duos
| pas factores fuftulimus.
fe- < § 14. Nunc vero deauo ope d:ﬂ‘erentxatloms_
o oumeratores binis nouis fatoribus augeamus; hunc
in finem primam gequationem in ¥ v ductam diffe-
rentiemus ,. prod1b1tqne
; Pz
sy — o To X 0]
- =tv T35
4
LT B s &
- 3- 2" 4 4. 9. ":
1.1 Te 8 3
. " ' Tt Py 6- ‘ 3'
leni- : . ot . :
po--  haee denuo dlfﬁ:rennctur et per 2 iterum muh;ghw j
pot- cando fit , ;
“de- 4eddsyv . iﬂ*‘ !ﬂﬁaﬁsﬂﬂ
edu- ST ey T
3 305
nunc . ctc. o |
hace - K 3 - quae ;
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‘quae per o muInphcata producit *

4v’dd.r1ffv i

....'_-_"‘_‘.; ."_:v’\
s 3.5

=l EEr o° ete.

fupra vero iam inttenimus ,
hods— —p—tlg 50— g 0.0 ete.

d0? 2, 2*

quae feries cum ﬁut ‘aequales , mde deduc1mus hanc‘ '

aequatloncm

4.0 dd :Vfu_.a’tva'r

‘quae aequatio ‘continet ‘relitionem fummae quaeﬁtas
s ad Varlabllem v, . .

§ 15. Hace' ergo aequatlo euoluta * fit d;ﬁ%n‘

fentiale 2% gradus; ~funito enifn elemento dtv con~
ftante ob.

d. JV{J.._JJ'V*IJ—-}——”-I-— erit Jd-S'Vv.—:dkim."Vru'

(=]

.‘I

dods _ sdov .“"" 7
"’r"'.;,‘;,"“'4 e ergo ny

47 dd sVo=490°dd s}~ 47" Java.a—nvdv
tum vero ob dgds—=wvdds-4 d-vd:, habebnur
haec 2equatio

e M

[T 8

NN

Taoem

wdds(z— 40" )—i—a’»vd.c(:--g,v )-—I~ dv'—o
oo .
vdds -} d-va’.r--z—”""""1 — o,

ru’ —

§. x6. Huius 1‘g1tur aequatmnis differentialis
fecundi  gradus conﬁruﬁm in noftra eft poreﬂate, |

fiar

X

e
e
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fiat enim elhpﬁs, cuiius. ﬂammxes fint @ et &: eing-
que peupherlac quarta pars=¢=A M B, tum VEra -
capiatir " ¢ ==V (' +b) et “-—-_‘i‘—_&mn:atyw wde

cum fit
— ME L — 2qg¢ 2
=y fi fiet g 2ay,
S . Jam ob , -
LES . LI z 1 2 . 2
"?—-e'tc*—-_"—ﬂ——ls"b___.ﬁt_a'sz-‘gg_g T
L : s 82 {1 e g}, 2t sz
ns hanc erit @ = Zleanl,y op p* G_L.;_ Y,
Quocu:ca uoftra conftrudtio ita erit’ compﬁmtﬁ', fiime -
¥ tis ellipfis {‘emlambus T
o a—-——c"/ {2y l_.ﬂqj
jmiachitae (S22 et b= ¥ e
.‘ fit g quarta pars penmem huius elhpﬁs eritque pro
¢ diffe- refolutione noftrae. aequationis & = 2V
1o cop~ Haec sequatio i pondmus § == -2 fw, mduet hanc f{-}l‘--x-
o “mam fimpliciorem
Yo zdot
dd - ddz+ 'vzh-—-.t-'v? =0
pro qua erit z == WXL, :
¥ §. 1. Haec porro aequatio ad differentialem pr1-=
1abebitus mi gradus ‘reducetur, poncndo z-—-e"““’ tum enim
R refultabie - ' '
2::0 dt'{"ad"’)—!—' 'v’(:—-.-q;"'“"o
o vnde , fi liceret 7 per v definire, ita, vt innote=
fceret mtegmle f tdtv, foret z:e"“‘”
s §. 18, Hic erat primns modus ex propoﬁta,
erentialis ferie infinita in eins fummam ingnirendi, vbi fili-

poteflate ;
. fiar

cet loco numeri conflantis # quantitatem  variabilern
. ‘U in-
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Y mtrodummus -altero qutem modo ider pracflan—
di , cuius pluruna fpecimina iam paffim occurrunt,
quanntas conflans # talis relinguitur, ponamus au-.
tem n== am; ita, vt noftra feries fummanda fit

2 L]
l.l Ie
P 334-4‘

- 25 20 g% et
Az.z 44 G 6

§. 19. Nunc fingamus efle
.r—fdz't/(x-—-zm )]

pofiguam fcilicet abfoluta integratione qﬁanflmti ¥a-
ridbili 2 certus walor determinatus fuerit ‘tributus , -
litteram vero p etiam vt variabilem fpedtemus,
quae cuiusmodi fun&io ipfins 2 capi debeat, vt haec -
integratio ad noftram feriem infinitam perducatur -
-fequenti modo inueftigabimus. -

6 20. Euoluta autem formula irrationali

(1 =2 pF in hanc feriem infinitam
I—’mp lo3m‘p-’!-307 P

Ze 40 &

. quantitas s fequenta ferie formﬁlarum integralinm
. definietur

s*-z-—--mfpdz "’m fp dz

— 30 7
e 6mfﬁp dthc.

Nunc vero flatuamus, fi poft ﬂngulas mtegratlones
yariabili z certus valor determinatus tribuatur , “tum
fore

fpdz:,z,fpdz ifpdz

fp dz=3fpdz; [p’ dz-“’fp ds |
ete. fic
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fic enim. fiet

‘cﬂaﬁ_ — o I ' 2 [: < X + Te I +5. 7 V € X
crunt , .rl._. 2 (1 —m - ;._; i’-{ Mmoo == 18t ete,
5 au— quac eft ipfa noftra feries propofita. _ .
Vi §. 21. Nunc igitir tora quacftio huc redit ,
| - enjusmodi fun&ionem ipfius z pro. p. fumi oporteat,
vt flabilita illa ratio jntegralium , dum fcilicet va-
riabili & certus valor tribnitur _obtineatur—ifia—an
- tem relatio generatim -ita exprimitur ,
o ﬁpkdz-__—.;_é_;_._aﬁp?\—xdz | |
iti - wa- ponamus igitur integralibus adhuc indefinite fumtis
ibutus , fore o _ :
temuss, 4rA-3 ».Q
: A gy — AR, £
vt haec FPAZ="=f P da 4
icatur , - faa ergo differentiatione prodibit |
) - ’ 'hdz:at?\-—s K—Idz !9 Ao—1 d
ationali 4 A 2 N -f | Qdp
4 . + 2 A d_Q
| | quae per p*—* dinifa et per 2 A maltiplicata prachee
pralinm - 'f 2Apdz_:_—_‘(q.?\—'g)dz—}e‘?\de—l—p_dQ :
- | €t cum haec aequatio fubfiftere debeat, quicquid fit A,
Juppeditar nobis- has- duas -aequationes = - - -
- 2pdz—gdz—-Qdp=—o
‘Fationes —38d24-pdQ=1o ,
€X quibus vtramque finétionem p et Q definire licebit,

Iy A; tum

&

§. 22. Perinde autem hic eft, fine p et

fint fanctiones ipfins = five x et Q ipfius p, dum-

Tom, XVIII Nou.Comm. L modo
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modo earum relatio inter fe ftabiliatur § et pofte-‘
riore autem flatim habemus

=3pdQ
- qui valor in priore fubftitutus pracbet
2R —RAp=0
&X qua fit -~ . _
AQ— 08— idh. 4. _sdp

@ T iplp— T o=z

, Q
wnde integrande oritur

log. Q== 31%+1@—ﬁ
. 'F'"'["‘*l :

vnde fit Q=2 (f’-")‘c

tum vero quia ex prima acquatione eft d‘z-— LLEN

2 (p—z) ‘
hine ﬁt

an o d
dy—=—FT—""==— .
p(p—2) - VP(p—2)
Nunc autem inprimis cobfernari oportet, vt pro
vtroque 1ntegrat10ms termmo fmmula algebraica -ibi

adieta PP Q — 2. p (;b )" eugnefeat ,» ficque
manifetum  eff, mtegrat:qms terminos ﬂatm debere
o p=o et p= 2. — '

§. 23. Ecce ergo fprmulam noﬁram integra-
lem initic introduétam hoc modo reprae’"cntatam

:_ﬁde(x-—zm p)
Ve (p—2)

quare
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e guare cum - fit i
| o dp |
2=/ ' |
Vo(p—-2) |
~ipfa noftra ferics propofita M {[,,;
e TR A O O Iﬁ:ﬂ;f
N ) ) . 2:3 ) wfe ] e ! i%‘l
aequabitur fraGioni £, pofiquam feilicet haec inte= Eziﬁf
gtﬂl%ﬂ—ﬁH-li@Ei-B&—fﬂlﬂ-t&-,Jfeunneﬁ:ant _pofito p—0 iy
gim vero - flatuatur p == 25 quamobrem illas duas i :
~ formulas integriles ita exprimi copueniet . i}ﬁ'f ?:
dp V(1 —2m p). ' lu
| s =fi— - ’ i
. . 3z — ) b iy
-Lﬁ; o{i * oot ::./: 4 zu - i:illi:ti
. | Vp(a—p | - A }a W
; N -« @ : . - [ "!
624 Ex lns.lgltur feries ‘noftra fupra it !ﬁlf.
venta e i
PEILIAL SR LN (LY A L) o ity
ro . 4o & - e % ..l'f . . .- R kiﬂl
Pibi cuips furomam iam vidimus effe 9;;’.,-—“:—* +etiam hoe Igé.
modo per duas formulas integrales repracfentari pot- @h
.que eft , quac facta leui mutatiq_nc p==2r crunt, ca, TL
bere quac numeratorem conftituit ibau
s s ' ' ' il
o drV (! —nn f) o ' - |%.'
gra- =/ o -
L Ve(-n : . |§i§
‘ altera vero, quae conftitnit deneminatorem :ﬁ
o a':ﬁ-‘-”' - . .:f‘!
B v (x — 1} _ . g
uare | L& L PR %
i
L
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ipf autem fradtio nofiram feriem  exhibebit 5 nune
autem termini integrationis {unt ¥ =o et =1

§. 25. Adhuc fuccin@ins hae formulae trans-
formari poflunt, fumende ¥ =¢'; tum- enim ambae

formalae integrales—erunt:

V(g : dr
.r::fdz x ﬂ“,_ tz,:f —
V(x =17 V(z-ﬂ

terminis integrationis ex1ﬁentlbua etimnunc =0

et £ =1, quo obferuato fractio - aequabuur: noftrag -

feriei , fine erit

S —z20¥s

=% el

vbi ¢ denotat quartam: parterc genpherme eHipfis ,
cuius femiaxes funt

¢V (+£2) et :ﬂ/‘('—"' ‘

§. 26. Hinc afit 7o manifefllo ﬁt z-’i-.:_: £

gafir vero n=—1 bs=t=1 ﬁet

—
e

1
2
quod quxdem iam almnda conftat,




