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to all ﬁmw%ﬁwﬂ%ﬁeﬁ& first; for it applies successfully t

the equation t m“ucmﬁobm" whereas the other often re _mu 0
o be prepared in a certain manner, sm&omm
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QUESTIONS FOR PRACTICE.

1. Given 2° + 22° — 282 — 70 = 0, to find &

) (i _ Ans. & — &

2. Given 2’ — 152° -+ 682 ~ 50 = 0, Wmmmlam 19450-
2 . A, @ = 1-08

3. Given 2 — 8a® — {5z = 10000, H%M nbm\ = 1-028059.

b G P Ans. » = 10-26
. iven & - 2x" 4 32 + da® 4- Hr — 54581, to Mwsmm ,

.m. Tt 8045 e Ans. & —= 84144,
N 0a2° 4 SG572° — 38059z = 8007115, to find

Ans, & = 346532,

END OF PART L.
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- CHAP. 1.

@q ihe Resolution of .m.@:m..nwoﬁm of the First Degree, which

contain more than one unknomwn Quantity.

. ARTICLE L

.m...uu has been shewn, in.the First Part, how oné unknown
guantity i determined by 2 single equation, and how we
may determine two anknown quantities by means of twoO

- eguations, threa unknown quantities by thrce equations, and

so on; so that there must always. be as man equations as
there are unknown guantities to determine, at least when the
question igelf is determinate.

When a question; therefore, does not furnish as many
equations as there are unknown quantities to be detexymined,
some of these must remain undetermined, and mmwmam on
our will; for which reason, such quesbions are said to he
mﬂ&&mﬁss.aaﬁm ; forming the subject of a ﬁﬁ&n&ﬁ hranch of
algebra, which 18 called Indeterminate Analysis.

®_ As in those cases we 12y assume any numbers for one,
or more unknown quantities, they also admit of several
solutions: but, op the other rmb%m as there is usually an-
naxed the condition, that the numbers sought are to be in-
teger and positive, or ab least rational, the aumber of all the
possible solutions of those questions 1s greatly limited : so
shat often there are very few of them possible; at other
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times, there may be an infinite number, but such as are not
readily obtained ; and sometimes, also, none of them are
possible. Hence it happens, that this part of .m:&.w%m fre~
quently requires artifices entirely appropriate to 1t, W ich are
of great service i exercising the judgment of beginners, and
giving them dexterity in caleulation. .

3, To begin with one’ of the easiest questions. Let it be
required to find two positive, integer pumbers, the sum of”
which shall be equal to 10 , o

T.et us represent those membersby x and g3 then we have
& +y=10; and z = 10 — g, where ¥ is so far only de-
terfained, that this letter must represent aninteger and positive
number. We may therefore substitute for it all integer
numbers from 1 to infinity : but since & must likewise be a
positive number, it follows, that y cannot be taken greater
than 10, for otherwise & would become negative; and 1f
we also reject the value of & = 0, we canuot make y greater
than O; so that only the following ‘solutions can take
Place:

Ify=1,22%5 6,789
thenzw =9, 8,7,6,5 43, a, 1.

But, the last four of these nine solutions being the same as
the fivst four, it is evident, that the question really admits
only of five different solutions.

1f three numbers were required, the sum of which might
make 10, we should have only to divide one of the numbers
already found into two parts, by which means we should
obtain a greater number of solutions.

4. As we have found no difficulty in this question, we
will proceed to others, which require different considera-
tions. :

Question 1. Let it berequired to divide 25 into two parts,
{he one of which may be divisible by 2, and the other by 3.

Iet one of the parts sought be 2, and the other
%y; we shall then have 2x + 8y-= 25 consequently
gy = 25 — y; and dividing by 2, we obtain

25 —3y .
=g whence we conclude, 11 the first place, that

%y must be less than 25, and, consequently, ¥ is less than 8.

Also, if, from this value of &, we take out as many integers

as we possibly can, that is to say, if we divide by the de-
1—

nominator 2, we shall have & = 12 — y + \slw. ; whence

1

it fullows, that 1 — m\.u or rather y — 1, must be divisible by

Y
.

a
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w. herefore, make y—1= 9y ; and we ghall

wﬂHminIHlmﬂS.\wn. |

reater than g, we must not sub-
s for = which would render 2s 1+ 1 greater

ently, z must be less than 4, that is Sﬂmwwm

e taken greater than 8, for whieh reasons we

Wihg answers:

1 Q's consequ

=

follo

7 ) =1 | ‘”llw NHmu
1f we make 8 = olz=1\% =5
e Sy = 11U =%y =5ly=1
,Mm%mﬁm.. ‘_NHHHH L.u__nnlhm r =25 x="%

Hente (he two parts of 25 sought, are

T w.w 46+ 9,10 + 15 or 4+ 21. _
ion.8, . Mo divide 100 into two such parts, that
2 may. be divisible by 1, and the other by 11.

"k e the first. paty and 11y the second. 'Then we

ez -+ 1y = .ﬂoow and, nosmmmcmﬁmu..,
o L 100=1y um+wl§1@u or

oEETA 7
TR e
e lh—y 4.@_“

ofore @ — Ay, ot 4y — 9, must be divisible by 7.
QWMMMR if we n%ﬂw. %.iwo 4g — 2 by T, we may also @%w
its half, 2y — 1 by 7. ket us iherefore make 2y — 1 1&3.
or 2y = Hz + 1y and we shall have » = 14 — .qﬁ.:ﬂ 23
but, since 2 = x4 1 = 6z +z+ 1 we ghall have
Y H 32 + .“““\MM. Tet us therefore make 2 +1 = Qag, OF

_ @y —1; which su osition. gives ¥ = 8z + w; and,
Moﬂmwmﬂm:mu«“ we may m%%wmsﬁm for w every integer number
that does not gnake @ or Y negative: Now, as 3 becomes
— fy — B,and & 19 — ilu, the first cm.%mmm oﬂ?mmwpom_wm
shews that Tu must exceed 8; and according to the secont,
114 must be less than 19, or u Jess than 332 80 that Gnmﬂ.
not be 23 and since 1t is wacmmw.gm for this number to N_ ),
we must bave = 1: which is the only value .ﬂrmwl Mw
letier can bave. Hence, we obtam &= 8, and E.]mm,

and the two parts of 100 which were required, ave 90
me.%W:&&Eﬁ g To divide 100 into two such parts, that

. dividing the first by 5, there may yemain 23 and dividing
the second by T the remaindex may be 4.

L}
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Sinee the first part, divided by 5, leaves the remainder
2, let us suppose it to be 5z -+ 2. and, for a similar reason,

Mm may represent the second part by Ty - 4: we shall thus
ave .

5z 4 Ty 4 6 = 100, or 5z = 94— "Ty=90 + 4—5y lw.@,.m

4—2y
—5 -
that 4 — m._ﬁu or 2y — 4, or the half ,@ — 9, must be &&wwEm.
by 5. For this reason, let us make gz — 2 = 55, or
y'= 5z + 2, and we shall have & = 16 — z; whence we
conclude, that 7Tz must be less than 16, and =z less than %

that is to say, z commot exceed 2. The question Hunowommw“

?Mummowwu admits of three answers:
g — 0 gives x = 16, and y =2;
pis ave A mu o nd g 9. whence the two
2 z=1 gives & = ‘and y =1; :
in mm.m 9, and y =13 and the two parts
3. 5=2 ] B =
e M n mm.mimm z=2, and y = 12; and the two parts
7. Question 4. Two women have to ether 100 eggs:
says to the other; ¢ When I connt mﬁw. eggs mm. mw.mmwmm
there wm pw oﬁMﬂMm %Mm. 2 The second replies: ‘ I¥ I count
mine by tens, 1 find © y A
e 1 cach ? e same overplus of 7. How many
As the mumber of eggs belonging to the first
A W
divided by 8, leaves the nw_.mEEﬂ&M. %w and the b:Emwm_mwm
eggs belonging to the second, divided by 10, gives the same
remainder 73 we may express the first number by 8z + 7
E&. the mmoonm by 10y + 7+ so that Sz 4 10y - H%HHooh
moman,mﬂlm&;o;.u& by = 40 1 8 — 4y —y.
nsequently, if we makey — 3 = = .
Conseqy _umiwu e makey — 3 = 4z, s0 thaty = 42 + 9,

whence we obtain & = 18 —y -+ Henee it follows,

=10 — 48— 8 —x =T —5z;

whence it follows, that 5z must be less than 7, or z less

than 2; that i . .
B at is to say, we ghall only have Emiqcmoﬁoé:_m

1. z = 0 givesz = T,and y = 33 that X
Huwm.—u 43 mmmpmucuusm the second Mq.. 3 50 that the first woman
2. z= m.imma”mumbmaﬂqm therefor :
woman had 23 eggs, and the mm&um had 4%595 the fst
8. Question 5. A company of men and wom

) . en spent
1000 sous at a tavern. Themen paid each 19 sous, and Wmor

woman 13. How many men and women were there ¢
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e of men be &, and that of the women ¥;

haye the equation .

o 16w 4 18y = 1000, or

. 1000 — 19z = 988 112 - 182 — Bz, and

o 12—62 .
y="6—2+ "33 °

follows, that 12 — 6z, or Gz — 12, 00 & — 2 the
part of that mumber must be divisible by 13. If,
, we make #—2 = 13z, we shall bave == 182+ 2,
1 0 i G — 182 — 9 — Gz, ory = Hd — 1923
faust be less than T5 and, consequently
four following answers are possible:
and ¥ —'4: in which case there
; the former paid 38 sous, and
the nuber of men = 15, and that of
so that the former spent 285 sous, and the

. s the number of men @ = 28, and that of
en iy = 36 therefore the former spent 552 sous,
the latter 448 sous.

4, =& gives & = 4}, and y = 17 so that the men
spent, 'T7G sous, and the women 221 sous.
9. Question 6. A farmer lays out the sum of 1776
crowns in ?:.n.wmm.—sm hovses and oxen; he pays 21 crowns
for each horse, and @1 crowns for each oOx. How many
Tiorses and pxen did he buy ?

Tet the number of horses be x, and that of ‘oxen ¥

we shall then have g1z 1+ 21y = 1770, or 21y = 1770

+

— 81y = 1764 -+ g — 21z — 103 that is to s2Y,

Y= 84 — @ +AM..H|._M@.H. Therefore 10z — 6, and like-
Hmim

21
wise its half 5z — 8, st be divisible by 21.

now suppose 5% — g 2= 21z, we shall have br = 21z + 3,
mﬂmrmuom.e_ﬂ g4 — a — 2z But, since

‘o= wwmm._.m = da -} mu.mlﬁ ve must also make = 48 = bus
which mnmﬁ.omwmos gives
: g = By — D ¥ = 91y — 1%, and
y = 8% — oty - 12 — 106 +6= 102 — 8lu;

fence it follows, that 2 woust be greater (han 0, and yet less

than 4, which furnishes the following answers:
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1,2 =1 gives the pumber of horses r = 9, and that of
oxen y = "1; wherefore the former cost 279 crowns, and the
latter 1491 ; in all 1770 crowns. .

9, y.= 2 gives # = 80, and y = 403 so that the horses
cost 030 crowns, and the oxen 840 crowns, which together
make 1770 crowns.

3. u = B gives thenumber of the horses 2 = 51, and that
of the oxen y = 9; the former cost 1581 crowns, and the
latter 189 erowns; which together make 1770 crowns.

10. The questions‘which we have hitherto considered
lead all to an equation of the form ax + by =¢, In wlich
a, b, and ¢, vepresent integer and positive numbers, and
in which the values of # and y must likewise be integer
and positive. Now, if b is negative, and the e uation

| has the form ax — by = ¢, we have questions of guite
a different kind, admiiting of an infinite number of an-
swers, which we shall treat of before we conclude the present
chapter. : ,

The simplest questions of this sort are such as the fol-
lJowing. Required two numbers, whose difference may be
6. - If, in this case, we make ihe less numher z, and the
_, greater 7, we must have y — & = 6, and y = 6 + x. Now,

nothing prevents us from substituting, mstead of @, all the
integer numbers possible, and whatever number we assume,
y will always be greater by 6. Let us, for example, make
2 = 100, we have y = 106; 1t is evident, therefore, that an

infinite number of answers are possible,
11. Next follow questions, in which ¢ =0, that is to say,
_ in which ¢z must sinply be equal to &y. Let there be re-
quired, for example, a nimber divisible both by 5 and by 7.
i If we write N for that number, we shall first have v = b=,
: soce § must be divisible by §; farther, we shall have
! ¥ = Ty, because the number must also be divisible by 75 we
| Ty

shall therefore have bz = Ty, and 2 = % Now, since 7

|
,_ cannot be divided by 5, y must be divisible by 5: let us
W therefore make y = 5%, and we have @ =,'7z; so that the
i pumber sought ¥ = 352 and as we may take for z, any
integer number whatever, it is cvident that we can assign
for & an infinite number of values; such as
385, 70, 105, 140, 175, 210, &ec.

If, beside the above condition, it were also required that the
number x be divisible by 9, we should first have ¥ = 35z,
4, as before, and should farther make ¥ = 9u. In this mon-

-
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ar
o 45z e s )
and @ = dlﬂ where 1t 18 evident that 2

o o
by §; therefore Jet z = 9s; and we ghal
g .wm the number sought ¥ = 315s. .

3 = 855, an : .
e find. wore diffculty, when & B not = 0. T
1o ykien & =Ty + 3, the equation 10 which we are

Py R k a number N sUEl, that

Shieh vequires us f0 SCEK v such,
it inay be divisible by 5, and if divided by 7, 02y leave %w
mammﬂm.ﬁ 8. for we must then have N = B% p,._.ar also
= "y +-8;' whence results the equation Sx =TTy + 33

b

- and osmnm‘snbmu:

Byt s .QM.

9,3
or s = mm.mﬂlv wehavez =y +23
=5 a_n.ﬂ..m.@_umulmuémrmdm
ST L A P A
y = _oofc.l:inf o

o I, Emmnmuﬁ.mw;,zm farther suppose ® — 3 — Pu, we have
_...nu..engwu.m.um@_nnmszmumE, o
p=yta= (5w + 6) + (2u + 3) = Tu +.©.
Hence, the number gought ¥ = 35u 1 45,10 .&znﬂ mﬁmsw;
tion we may substitute for u mot only all positive 11 eger

numbers, but also ﬁmmm&am«dsﬁvmwmw for, mw it wﬂ. mﬂwﬁmSmﬂMM
that  be positive, we’ may _B&S. o= — 1y @ SM:H mu_rm.mn
w = 10; the.other yalues are obtained by ncs.caw:o Mm 3
ing 35; that is to say, the aumbers sought are 10, =9, 84

. : &c.
115, 150, 185, 220, & tions of this sort depends on the
de; that

. solution of ques . ..
Hm._wmwom MM the two w:nmcﬂ.m by E:nr we are to mE_” that
is, they become more O less tedious, according M.o ﬁ e na :Hm
om. those divisors. H#m,_mo.:oﬁ_:,_m question, 10V example,
j rv short solution :
wmwpwwwmwm4m UHEEGQ. which, divided by 6, FN.me .m.nwm re-
mainder 25 and divided by 18, leaves the qu.p_EmE&. hen
" Y.t this number be w3 first ¥ = B +ﬁw, E,m. t Mm,
N = 18y + 33 nozmmeuos.nqv Gr + 2 =1y + 9 al
Gz = 18y + 13 hence
18y + 1
x =G

= Gz, we obtam ¥ =

y+1
...Hw_..e_..f.w\.lﬂu.\u

= 6z — 1, and

whenee we have for the number

and if we make y +
—a; b

1
.eHw.w.TuHEu 2
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sought ¥ = 18z — 10; therefore, the @tmmmom.nagwnm of the

following values of w; viz.

N = G8, 146, 224, 802, 380, &e.
which numbers form an arithmetical progression, whose
Giffevence 15 78 = 6 x 13. So that if we know one of the
values, we may easily find all the rest; for we have only to
a2dd '8 continually, or to subtract that number, as long as 1t
is possible, when we seek for smaller numbers:

14, The following question furnishes an example of a
longer and more tedious solution. :

Ouestion 8. To find a number ¥, which, when divided

by 88, leaves the remainder 16; and such also, that if it be

i
divided by 56, the remainder may be 27.

In the first place, we have N = 39p +
second, 5 = 5B + 27; so that

39p + 16 = 56y + 27, or Bp = 56q + 11, and

16: and in the

56g-+11 179411 .

p= mmw =g+ m.%@; = g + 7, by making
1g+11

r = m% . So that 89r = 17g + 11, and
30r—11 5r—-11 )

g =5 = 2 = 2r 4+ s, by making
5r—11

5= 7 o s = 5r — 11; whence we get
17s+11 2+11

r=——p— = 8s + l_m: = 3s 4 #, by making
2s+11 _

= ...u.w , or 5t = % + 11; whence we find

511 t—11

.,.Hc = =%+ — = 9% + w, by making
—11

w=—a—; whence ¢ = 2w + 11,

Having now no longer any fractions, we may take w»

at pleasure, and then we have only to trace back the fol-
lowing values :

t= 2u-} 11,
s=U4u= bud 22
y=8s 4t =1Tut M,

g = %5 = 38%u - 176,
p= g7 = 56u- 253

FART IL.

any
S0
0F ALGEDRA. i

g & d the least pos-
i 89 x 56u - 9883 ¥, An ) .
05 w is found by maling ¥ = 4; fo., by this

stion; we have N = uﬂ»f%@ﬁémEmﬁmgpﬂal m.u
M
m ..._mga @736 + 9883; ar ¥ = 21842 - 11473

fobers form  an avithmetical progression Mmrmoha
3-is 1147, and whose common difference 15 ;

. ing being fi ing terms:
following being some of itsleadmg

o 1147, 3831, 5515, 1699, 9883, .mno. .
LB .um‘:m‘..,mrmz”, subjoin some other guestions by way ©

il

H,.mo».mcm. - e : > , n club to-
m.ﬁ@%&mﬁéﬁ_E_m@mﬁw,nm men. and WOIDS

D : 25
AR T ent of. & reblkonmg s, each man pays

; m@m.“u,ﬂ.xmﬁ ﬁF@vme.EE%m 16 Tivres; and it 1s found that all

. liyres, 2172 have paid 1 livre more than the men.

the, women ‘have . 10
Hwofm ‘miany-men and women srere theré?
7 Y.et-the n

A+ of women be p, snd shat of men g3 the
a._au.mw.%m_.bm.ﬁm expended Hw? and the men 25g; €0
mﬁ“wmm + 1, and

.mlmmwlu.m.ﬁ g+ @Hmw =g+ 17, 0r 16r =9 -+ 1
m.lwﬁ = .+_MH.©“H|H¢. + 5 or 95 ="Tr—1
-9
e.ﬂwmﬂwﬂmﬁ.ﬁwu.ql_.# or- 't =2+ 1,
s l...:lm..ulw. H...@...Tm“.e‘ﬁ — 83 4 u, OF Pw=1—" 1.
=T e g =
We shall therefore obtain, by tracing back cur substitutions,
- t =241
s= 3t 4 u= Hu 4 3
= s t= 9t 4,
q= e.lT.m.uu.._.@:Lﬂ 1
D= m.._le.na.wm:lfl:.

3 i 9Ky -+ 11, and that of
i number of women was < , :
Wﬂ“ﬁw“m@__m: 47 and In these formulze we may substitute

| ively, to be
bers 176 and 253 ought, respectivelys
&Mm%uwm.nww MME%@ 56; and as the former omm%qf %HM mmwm
question, to leave the umBMw.E.mmn Huqam wwgmmﬁswﬂ.:ww &ﬁ.m b e
s formed by multiplyng 36, &
WNWWQM-. Mowﬁwm nrmm product: or by multiplyng 253 by 39, and

adding the remainder 16 to the product. .Hr:m,

5 40} + 16 = 9883
(176 x 56) -+ 27 = 98835 and (263 x 39) T 150

then .




508 ELEMENTS PART 1L

for » any wﬁmmﬁ..ssmﬁmmm whatever. The least results,

therefore, will be as follow :

v

Number of women, 11, 36, 61, 86, 114, &e.
of men, w93, 49, 55, T, &e.

According to the first answer, or that which contains the
least nombers, the women mﬁﬁﬁ&mm 176 livres, and the men
175 Hivres; that is, one livre less than the wonen,

16. Question 10. A person buys some horses and oxen:
he pays 31 crowns per horse, arid 20 crowns for each ox;
and he finds that the oxen cost him 77 crowns move than the
horses, How many oxen and horses did he buy?

{f we suppose p to be the number of the oxen, and ¢ the
somber of the horses, we shall have the followmg equation :

8lg+T 1ig+7 ”
p=SLET g B g or 0 = g
207 —T r— .
s g = I..WH.IH% {H%.IT& or 11s = 9r-T,
11e47 2
r HII,.%nl =5+ mum__.l =stgor 9= 27,
M — [
8= 2 g 1 Hmu_“..*ll.leﬂH = ¢ or 2= ¢=T,
whence f . « . . .. = %t 7, and, consequently,
i s = 4 L u= O 1 28,
r= .M_Hﬁ t = 11w+ 85,
g= r+=Wu63 number of horses,
. p= g4 r=38lu+t 08, number of oxed.

Whence, the lenst positive values of p and g are found by
making z = — 3; those which arc greater succeed in the
following arithmetical progressions : .

Number of oxen, p = 5, 36, 67, 98, 129, 160, 191, 222, .
a58, &e. . . . ‘

‘Number of hovses, g = 3, 23, 48, 63, 83, 108, 123, 143,
163, &c.

17. If now we consider how the letters p and g, In this
manm;m_ nre mmmmﬁdmsm& by the succeeding letters, we ghall
perceive that this determination depends on the ratio of the
sumbers 31 and- 20, and particularly on the ratig which we
discover by secking the greatest common divisor of these two
numbers . In fet, iF we perforg this eperation,

“alway

it s evident that- :
cessive values of the lettersp, 4, 7> 5

connacted with the fivst - letter to the

OF ALGLDKA 309
20) 81 (1 .
) 20 (1
11
o g) 11 (1
. 9
299 (4
8.
1) 2 (@
2
‘llll‘
. 0

{ that the ﬂcom.msww are found also in the suc-
&e. and that they are

right, while the last

rematns alone.’ We see, farther, that the uﬁsﬁwﬁ. 7
. peeurs only in the fifth and last equation, and is affected by

the sign -+, because the number of this e nation is oﬁmﬂ
for if that aumber had been even, We should have ogm:.um&

_m, This will be made more evident by the following
*Pable, in which we may observe the decomposition of the
numbers 31 and 20, and then the determmation of the values

of the lettevs p; ¢, 73 &e.

mw“wxwo+wﬂfcﬂmx.m+u.
wo”HxHH+@ ﬂﬁ,_.x‘....f.m
11=1x gLt 2 r=1xas+t
g =4x 94+ 1 s=4dxtt+u
9=9x 1-+ 0 muwx:.fq.

18. In the same mannet, we may represent the esample

in Art. 14 -

o mau_xmmzﬁiunw
99 =2 x 17+ Blg=2
WM=8x 54 2|r=3
5=9 x g4 1 s =2

" g—gx 14 0jt=2

i

+ &
s+ ¢
¢ £+
w -+ 11

x g r -
r

XX XX

19. And, in the same manner, We may analyse all ques-
tions of this kind. For, let there be mﬁ_.aa the mﬁ:ﬂﬂoﬁ
bp — ag + %, in which a, b, and n, are mown numbers;
ﬁ.mmnv émm rmﬁm only to .?.onmmm as we should do to find the

groatest common Jivisor of the mumbers & and b, and we




e

may immediately deteymine p and ¢ by the suceeeding let-
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ters, as follows:
a=db+ec (p=dg+r
b =DBetd lg=Br+s
Let e—= Cd + ¢ acd we shall 17 = Cs + ¢

d= D¢ +f  find By =Di+u
e=FEf+g t =HEutv
Jf=Lgto. w=Fo &+

We have only to chserve farther, that in the last e uation
the sign + must be mﬁ.mmﬁm@ to m, when the dcsmdmw of
equations is odd; and that, on the contrary, we must take
— n, when the number is even: by these means the ques-
tions which form the subject of the present chapter may be
readily answered, of which we shall give some examples.

20.” Question 11. Required a anmber, which, being di-
vided by 11, leaves the remainder 3; but being divided by
19, leaves the remainder 5. .

Call this number ¥; then, in the fivst place, we have
w=1lp-}3, and in the second, ¥ = 197 + 5 therefore,

wo have the equation 11p =19 + 2, which furnishes the
following Table:

.._.w“u.XH.‘_.le p= m_+u-
i1=1x 8+3 g = r 48
g=2x 5+2 =2 + i
mwu..—.x w:—l”—. g =t I+ u

where we may assign any value to 2, and determine by it
the preceding lotters successively. We find,

oo s v = oy 4 2
s=t+u= Su-4- 2
r=Rs+ 1t = Bu + 6
.m“a.xﬂ.m“ﬂ.:'__um

pP=1 4+ =19+ 14

whence we obtain the number sought w—=200u—--157 ; there-
fore 157 is the. least number that can express N, ot
the terms of the question.

a1, Question 12. To find a number N such, that if
we divide it by 11, there remains 3, and if we divide it by
19, there yemains 53 and farther, if we divide it by 29,
there remains 10, : :

The last condition requires that N = 29p -+ 10; and as
we have already performed the caleulation (in the last
guestion) for the two others, wo must, in copscguence ol that

satisfy

OF ALGLBLRA- 811
e 209+ 157, instead of which we ghall
w -+ 1575 80 that .
_,.,.F%n a0)g -+ 157, o 29p = a00g + 1475
we have the following Table;

0 i 4 ="g-t7
-9 — " % 2946 . m.ﬁ“%. rn
; mw = % X W....___ln mw.u 4..,_.43.&..03 ﬂml — s ..”ﬂﬂ £,
. —1x . Y= stb
o Wﬂmx 1403 .mlmw 147
.».Wﬂmu.mm ‘we now retrace these steps, We have
o o= s UL

— g+ t= Gt — 149, -
o dr - 8= 20— "85,

9T N = a09 — BROR .
u.ﬁ.mowwn \Hmwgmm and ?m ummmn 5E|uwdm.mw.aw
, Aoy X 72 DR 56, which supposition gives N =2 T
o Hum W.mww.mwmﬁun however, to observe, 1 order that msw

e of glhe form Bp = ag--+ n way be yesolvible, that
zu_p,,ﬁmw..w‘a, and b must Lave no common m:ﬁmow :
188, zum &amm&oﬁ would be WE@P@EEP unless the

amber quhad the same common divisor.

= 18 a:
TUULf 1t were required, for example, t0 have 9p == 15¢ + 23

"gince 9 and 15 have a ‘common divisor 9, and ai.znr memwaw
divasor of 2, 1115 jmpossible 0 resolve the question; dmo&mw
9p — 15¢ being always divisible by o, can H._mqmp Decone
9, Bu ifm {his example # = 3, or n = Eu.. : e
guestion would be posssible: for 1t éc.uﬁevo Mﬁm nwﬂsw i~
tp divide by 33 since we chould obtain &m = ..ms =
equation eastly Jesolvible by the rule alvea um WFMM L e
evident, therefore; that the numbers & b, ozm it to B
- commot divisor, and that our rule cannot app y in any.

case. . . . ]

29, To prove this still more satisfactonily, We mwﬂm.ﬁmwwy

gider the equation op = 159 42 according to

method, Tiere we find

..Enﬂﬁmﬂm‘ﬁﬁquﬂewmc%ﬁ
" gy = Gy 9 o g =9 — &5 O
gr—2a - Sr—2

. ;%= 08,
q= \lmw..l.llé...__..llawtl =y 485 S0 that 3 ..

# That is, — 5202 X 29=— 153468 3 to which if the ¥e-

- m 15
mainder --10 requireft by the question be added, the suin

— 153458,




R

e R

312 ELEMENTS PART TI.

- : G52
or 8r = (ls 4- 2: noummm:mbm%u = I_m'«-

= 8 2.

Now, it is evident, that this can never become an integer

pumber, because § is pecessarily an integer; which shews
the impossibility of such questions ¥,

CHAP. I,

Of the Rule which is colled Regula Caecl, for determining
by means of two Lquations, three or more Unknown
m\ i | ) I

uantities, ’ .

24, In the preceding chapter, ﬁ.m have secn how, by means
of a single equation, two unknown quantities. may be deter-
mined, so far as to express them mn integer and “positive
numbers.  1f, thevefore, we had two equations, in order that
the quesiion may be indeterminate, those equations must
contain more than two unknown quantities,  Questions of
this kind occur in the common books of arithmetic; and are
resolved by the rule called Reguln Caci, Position, or The
Rule of False; the foundation of whiclh we shall now ex-
plain, beginning with the following example::

Q5. Guestion 1. Thirty persons, men, women, and child-
ren, spend 50 crowus in a tavern ; the share of 2 man 18 3
crowns, that of a woman 2 crowns, and that of a child is 1
crown ; how many persons were there of each class?

If tlic number of men be p, of women g, and of children 7,
we shall have the two following equations;

1. p+ g+7r=30 and

2. 8p + 2 + 7 = 50,,
from which it is required to find the value of the three
letters p, g, and 7, in integer and positive numbers. Tha
first equation gives 7 = 30 — p —g; whence we imme-
diately conclude that p + ¢ must be less than 305 and, sub-
stituting this value of r in the second equation, we have
9p + ¢ + 50 = 505 so that g=20— 2, and p+¢=

# See the Appendix to this chapter, at Art. 3, of the Pm&.mcsw
by De la Grange.

SN : 313
, , OF ALGEBRA.

3 a Now, 45 We
. ss than 30. 5,
is aleo less A ehich do

ihicls evie 1 Lers for
s . nym £1

= \yation assume & . STISWEYS |

e mﬁ:%m mrmﬁ have the follawing eleven H.wmwm.:?.

i wm .om. ,wmms. p, of women g, and of children 75 BES
mmber o ?

e will remain 9.

A 3F we omit the first and the last, there %E M@E%%Mm - 4
: W m.wa.&s_oa g A certain person buys ummww mﬂﬁcﬁm anc
.n.,mﬁmm?.ﬁo thie number of wmou mwum. H.Wuu %%Mﬂ%m O e hee,
SRR howns aplece 3 the SOAYS 55 3
; EWM%MB pwmo.m pirid _S,,W o OMMMMHMM the goats q and of
= oy ey gf hogs e Py AHE 2L o B , and o
h Hmﬁ Mﬁwﬁwﬁwm“@m;mrmm have the two following equations :
o h —@Wwﬂ .+. H.Wm IT WQ..#.”%.@O no:wmw to Hnwm.bD.fA“v.

iph - @, in order

[ wbich Uﬁﬁgmoﬂwﬂwﬁu WM_ .%uwe.uu 600. Now, the

;= 100 l‘mw — g;.and if we substitute this
A th second, we have 18p + B¢ = 200, or

o . Hm.mu . )

( i o oquently, 18P
= 300, — 18p; and g =60 ——F* consequently, !
&:.mﬁ dmm?._m.pzm by 5, and Em.ﬁ.mmcp.mu mm ww NW%MWDWWM%W

= 5 must contain 5 as a factar. e Jmake
ruﬂﬂ‘,.u umw 5u.<w obtain g = 60 — 18s, E.__m. 7 Jmnwm.,_ mlw M%nwrw !
.N,Enr we may assume for the value of .ﬂmﬁu i X m.._ or b
whatever, provided it be suei, that ¢ does m:o Do e

ative: but this condition Timits the valne © acmémmm o
m. we m.pmo exclude O there can only e three &
question ; which ave as follow: .
o When s= 1, = 8,

R
’ : p= 5,10, Hw‘
2 B4 ).
We have J q = 42, =%
» = 53, 66, 9. :
r 1 ¢ must take
1 v cxamples fur practice, w :
i T mzﬂn X A ﬁa dc,o_m._gmw in order to which,
particular care that they may ossibles
we wust observe the following parfict e wero just
Yt us w.m?.mmm:n the two m@cmsoﬁ. to which
now brought, by
1, 2+ y+ 7 = a, and
9. fet+ 8y 4 hz =0,

e oiven riumbers.
in which /5 & and i, as well as @ and b, ave given ¥

o
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fa 4+ fy + fror (x+y+ uﬁa“\.&.?mamzmm& + y+z=a)

it is evident, that fir + /¥ - f% s greater than /& - gy -+ hzs

consequently, /& must be

than £z Farther, smee hr + hy + k2 or(z + ¥t z)h =ha,

and ha 4 hy + bz is undoubtedly less than /& + gy <+ ha,

- 7. must be less than &, or b must be greater than Aa. Hence

it follows, that if & be not Jess than jfa, and also greater than

sy the question will be impossible : which condition is also

expressed, by saying that & must be contained between the

limits f& and Aa; and care must also be taken that it may

not approach either limit too nearly, as that would render 1t
impossible to determine the other letters.

In the preceding example, in which e = 100, £ = 8%,and
% == 1, the limits were 850 and 50. Now, if’ we suppose
b = 51, instead of 100, the equations will become

x4y 47 =100, and 8Lz 4 13y -- 32 = 515
the first be multiplied by 8, we have 32 + 8y + 5z = 300.
Now, subtracting this equation from the other, there re-
mains 18z + 5y = 6; whichis evidently impossible, because
« and 7 must be integer and positive numbers ¥,

93, “Croldsmiths and coiners make great use of this rule,
when they propose to make, from three or more kinds of
metal, a mixture of a ﬂqoﬂ value, as the following example
will shew.

Question 3. A coiner has three kinds of silver, the first
of 7 ounces, the second of 5% ounces, the third of 4% ounces,
fine per mare T3 and he wishes to form a mixture of the
weight of 30 mares, at 6 ounces: how many marcs o’nmor
sort must he také? '

1 he take o maves of the first kind, 37 marcs of the second,
and z mares of the thizd, he will have = 4y =30,
which is the first equation. ~ .

Then, since a marc of the first sort contains 7 ounces of
fine silver, the & marcs of this sort will contain 7x ounces of
such silver. Also, the i marcs of the second sort will con-
tain 5%y ounces, and the z marcs of the third sort will con-
tain 43z ounces, of fine silver; so that the whole mass will

o contain Tar + Biy + 452z ounces of fine silver. As this
| w, mixture 1s to weigh 50 mares, and each of these marcs wust
|

contain § ounces of fine silver, 1t follows that the whole mass

* Vide Avticle 22.
1 A mare is cight vunces,

Now, if we suppose that among the numbers f; g, and 7,
the first, f; is the greatest, and A the least, since we have

greater than b, or b must be less

or, removing the fractions, 2iz + 8y -+ 8z = 206; and if

315
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.:m?m
oo and thence TESH
ST ces of fine silver; X 11y
_ oﬁam_bﬁ_ﬂmo EJ.E. - 5L A Afz = 180, or o .u.m_a .N.Em
4 equation, 1¥ 7T T2 0 oer from this equator, 1+
o+ 9y + 9% = 210, theve HwEuEM. 5
IE e oﬁm%.os hich must give %mﬁﬂmdwﬂmoom z, We
sl t mwhp ann. pers; and with H.mme.h.w to 80 —a— Y
An ntegel DL ? |+ .aquation ® =
derve it from the first ¢ g0 — 92, and

. the former ecquation gives 2Y = .
552, therefore, if 2= ay, we shall have ¥ =
3 i that 1w wust he
o= Gy — 183 which shews °
h M._ M_wuguaﬁ less than 10 .Oonmaaﬁmuﬁu_.u the gues
than the following solutions o

M ou=5 & b & 5

T - ‘.\\\.\l

| e =10 1% , 16,15

* rithen B .|.||.1 O n\_.mu 1 ] ]
S ¥ =255, 6 912
¥ mes 0 more than three

_— . epniaining Mot
tinies OCCHr, €0 ved in the same

o9, @nmmﬁosm.. gome O hve also Tes0
oantitips; but they &€ % ra o
ﬂwwsﬂu:mmm:m following example f__w mquom il for 100
Mmant wiom i A person buys 100 he e pounds,
Question % 2 b 10 pounds ench, cows at 5 POTGy
doﬁsmm wn Mﬁ.oﬁs_mm and sheep at 10 ”.wrﬂﬁrsmw nw. .
™, ~ 2 Y
MWMM MAmP@nozmu calves, ﬁJ& memww ﬁm%. ﬁwﬁm ooﬁm g,0f ealves
. . of oxen be A Ations :
,H.E.w wm.mmww%mmm.w ,cﬁ::mﬁ we mmﬁw he following equations
7, and - H. P g 47 + a.w .H\Iaw.wwu
| g, 10p -+ B9+ A F T gy s = 200
1 : i 1 ~ } . ) .
removing, the fr mnﬁoﬂﬂ;mﬁ%ﬂ “from this, there remains

o,

" Gbtracting the firs
%Mwﬁ M_MM AM. —wm — 100 ; whenee .
‘ : ap = 100 — 19p — 9g, an¢ o
_ .\@m.._ﬂwlmﬁ.!.w%.lm,
T 1—p
) r= 93— gp— B¢+ g ° -
1 1 : pyorp 1, must be divisible by 83 therefo
whenee 1 — 15
i woaaake p— 1 = %t, we have:
! "llll‘llll‘l‘l‘l
p =95t 41
=9

a7 — 19t — 37

H

IR




816

ELEMENTS

whence it follows, that 19¢ + 3
that, provided this condition be observed, we ma

value to ¢ and 4, We have therefore to noummmon% give any

ing cages: | . the follow-
1L Ift=0 o
we havep =1 - HMM ...M. M
mwf a me
i RN St
~TT A § = 2
We cannot make ¢= 8 + 2.

C becau "t W ]
.. ive - 3 se ¢ onld then Tmccgm
Nov wH_. ¥
¥y the first case, cannot exceed wh and, in the
]

second, it ¥
, 1t cannot exceed Z; so that these two cases give

the following soluti
ttions - el -
answers : ] , the first giving the following ten

1. 2. 8. 4. 5. 6. 8.

1
7
6

1

P
g
p
8

c:)_a:'-"f

won =P
SO D

11 1
3 4 5
81512 9

o
<]

T2
nd i
And the second furnishes the three following answers
=] =

1. a. 3,
4 4 4
01 2
8 5 2
88 90 92,

There are, ther 1 i

» therefore, n all, thirteen a i

e answers, whic oI

%_m% %hﬁaz if we exclude those that ncﬁmmﬁu mﬁﬁrﬁw% -
n n:mw + umw Em%mm would still be the same, even m.uﬂrm letters

; rst equation were multiplied by giv 1l .
:imw. be scen from the following ,W.x.ms%u% given numbers, s
e Amh._.wmhﬁ%_wuw 5. | ..Fw find three such integer numbers, that i
BT e m:_ww:cﬂmw_ﬁm v«mm. the second by 5, and the third
1y ', he producis may be 560 ; if
1y e y be 3 and if we mul-
: rst by 9, the second by 25, and i
the sum of the products may be Wwwm the third by 49,

If the first numb -
G er be &, the sec . .
shall have the two o@:mmcmﬁp econd g, mﬁ& the third 5, we

1

»
g
o
§

it

L 8x4 Bydd Tz= .
- 1z = 560 .
. 2. 9x - 25y 4 492 = 2920.-
nd here, if we subtract three times the »
And here : he first, or
mlu\m_. olonomo. from the second, ﬂrm_.% H.wmw..._um%_”mmn.am.n M:W.N.%
= 1240 dividing by 2, we have 5y + 14> = 620 ..w.,crn.mnm

TART I

g. must be less than 27, ang

*+ st substitute for ¢
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abtatn y = 184 — 5= 8 that  must be .m_:;mHEm by
If th 7= have y=
Ik therefore 'we make z = bu, we shall oy
947 14y ; which values of y and = belng mzdmm;ﬁmm in the
st equation, Wwe have Sz — 354 + 600 = 560; or 3z =
Mm..,,,mﬁ .l 60, and 2 Hmmlsg . 20; therefore we shall make

.= § 3 we

= 8, from which we ohtain the following answer,
U p— 85t — 20, y = 124 — 49¢, and 5 = 156, 0 which we
S0P ¢ an integer number greater than 0 and
less than 3: so that we are limited to the two following
Aliswers : R ,
SRR R S z =15y =82~ =15

If 3 we have — 50, 30,

fitl

i
w o

e e

=2 £ 40,

'\

CHAP. TII,

0f Compound ndeterminate Equations, in which one of the
Unknown Quantities does not eaeeed the First Degree.

81, We shall now proceed to indetermnate mm.:pmoumu in
which it is required to find two unknown uantities, one of
them being muliiplied by the other, or raised to a power
higher than the first, whilst the other 13 wo:.m&. only m the
first degree. . It is evident that equations of this kind may
be represented by the following general expression:
a bz eyt dat-rexy + [ oty -k hart+ fealy -+, e, ={,
As in this equation y does not exceed the first degree, that
letter 3§ easi &mnmﬁa\a:m&w but here, as before, te values
both of & and of y must be assigned in lnteger numbers.
- We shall consder some of those cases, begluning with the
easiest. )
39, Question 1. To find two such numbers, that their

product added to thelr sum may be 9.
Call the numbers songht & and ¥ then we must have

Cay a4y =195 so that ay + 3y =79 — & and

T R 80 .
PP L S B i from which
Y= "2+17 atl a1 r z+Y

P i T . ] . -
we see that.r - 1 must be a divisor of 80, Now, 80 haviog,
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sven numbers, and it is required to find integers for z and

several divisors, we shall also have several values of 2, as the
| o 5 that are not knowt.

following Table will shew:

The divisors of 80 are 1 2 4 5 8 10 16 20 40 80 az +c,

“YIT we first separate ¥, We shiall have ¥ = —3 and. re-

thereforez = 0 1 8 4 %7 9151939 ,.a.

= ‘noving & from the numeratot, by multiplying both sides by
andy=79391915 9 7 4 3 10 moving & fro \

im, we have

But as the answers in the Dottom line are the same as _mardme _ o me + ab
those 1n the mwmr inverted, we have, in reality, only the five MY = "ma—b mx — b
following; viz. t

. We have here a fraction whose numerator is & known num-
. “her, and whose denominator must be a divisor of that pum-
- bhery let us therefore represent the numerator bya product
" of two factors, as /& {which may often be done in several
ways), and see if one of hese factors may be compared with ,

ma — b, so thatma — b =f." Now, for this purpose, since

= 0,1, 8 4 Y7, and

- y="9, 89, 19, 15,- 9.

33. In the same manner, we may also resolve the general
equation xy + ax + by = ¢; for we shall have zy -+ by =
c—ar abt+e
a+ b’ Y= "rx b
2+ b must be a divisor of the known number ab 4-¢3
so that each divisor of this number gives a value of . 1t
we therefore make ab + ¢ = fi, we have

e .
hﬂwm — a; and supposing & + b=fore=Ff— b, it

¢ anand g = —a; thatis tosay, a .H.En Nk I must be divisible ww m 3 and hence it w&.
e S
Jows, that out of the factors of me -} ali, we can employ only
¢hose which are of suchi a nature, that, by adding & to them,’
the sizms will be divisible by s, We shall illustrate this by
an example: o

et the equation be Bxy = %+ %y 4 18. THere, we

have

y =

is evident, that y = g — @; and, consequently, that we have
also two answers for every method of representing the nom-
berab - ¢ by a product, such as fz. OF these two answers
one is =) — b, and y = g — a, and the other is ob-
tained by making. 2 4 b = g, in which case ' =g — b
and y = f — a. - ’

1, thevefore, the equation 2y +- 22 -+ 3y = 42 were pro-

2r+18 10290 86
Y =5r- 8 amd sy =3 =253

it is therefore required to find those divisors of §6 which,
added to 8, will give sums.divisible by 5. Now, if we con-
sider all the divisors of 96, which are 1, 8, 8, 4, 6, 8, 12, 16,
24, 82, 48, 96, it 15 evident that only these three of them,

b}

osed, we sho e oa=2 g — 42 . ; : - o
posed, we should Jr.ﬁn =2 b3, and ¢ = 42; con- viz. 2, 12, 82, will answer this condition.
sequently, 7 = B 2. Now, “the number 48 may be Therefore, . a ;

x+3 ’ - ¥ : 1. If 8z — 8 == 2, we obtam 5y = 50, and
represented in several ways by two factors, as fi: and in o mnwmmm@wmﬁlﬁq% = Hm n._:ft = 10. 1
ench of those cases we shall always have elther 2 = f— 3, L2 Whr—a= 12, we obtain 5y == 10, anc

. consequently & = 3, and yy = 2.
3. I Bz — 3 = 92,weobtain 5y = 5, and
cousequently @ = 7, and y = 1.

andy =g —2; orelses =g — 3,andy =f—~2 The
analysis of this example is as follows:

_ Tactors |L x 4812 X 943 % 16} x 126 x m_ g5. Asin this general solution we have
_ _ mie4-ab
p * _ yiE _w:n | ¥ B ! my = e’
” 1 1t will be proper to observe, that if & number, contained In
. Numbers|—2| 46l—11 22| 0j14|1 |10{3 | 6 Jwd ! , thal _nuwmber, €00 -
or 45 —1 21| of 13| 1lo ols | 4 the moEus__m me-+ ab, have a divisor of the form ma — b, the

quotient in that case must necessarily be contained in the

. : / . — i arefor . a her
34, The equation may be expressed still more generally, formula wmy ~ a2 We WAy therefore express the nunaet

by writing may = aw - by 4 ¢35 where a, b, ¢, and m, are

Y

e 4 ab by a product, such as (ma — b) x (my -~ @), For
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example, let m =12, 4 =5, b =%, md ¢ =15, and we * QUESTIONS TOB PR ACTICE-
e15

have 12y — 5= . - Now, the divisors of £15 ate iven %Az = 199 + 16, to find @ and ¥ _.% éﬁoﬁm
nmbér; Ans.z =5, and Y = 8.
EHMH cmwmu 87z + 256y = 15410, 1o find the Wmmﬁ value of
%id the gr 1 1 itive numbers.
il e greatest of s in W0 TS0, and y = 12800.
m.._.“ﬂﬂbmw 1 the number of all the possible values of Y
51 %, in whole numbers, in the equation 5% 1Y -+
Zogkr . dns. 60.
‘4. Howlmany old guineas at als, 6d; and @Wmﬂo.wmm mw 14s,
=it 0L ¢ and 1n how many ways Cai it be done?
Ny w.m.w,w.oﬂ‘ . Ans. ah_w_.m.m Jifferent ways; that 15,
T 19, 62,108 pistoles, and*78, 44, 10 guineas.

12z — .
1, 5, 48, 215; and we must select from these such as ave
contained in the formula 122 — 73 or such as, by ddding 7
to them, the sum may be divisible by 12: but 5 1s the only
Jivisor that satisfies this condition; so that 12r —7 = 5,
and 12y — 5 = 48. In the same manner, as the first of
.these equations gives & = 1, weialso find g, in integer num-
Ders, from the other, Ramely, y = 4, This property is of -

the greatest importance’ with regard to the theory of num-
bers, and therefore deserves ﬁmﬁ.ﬁ&mu attention.

. 86, Let us now consider also an equation of this kind,
zy 4 2* = 2w -3y -+ 2. First, it gives us

. _ e onght 80 birds for 20 pence; TSNS of
o = 2r—a .M.mw.u ory= —x—14 26 . and br - mb‘;. ¢ quails ay. +d. and larks at +d. mmnr.w how
T— 26 : - r-—8

§ &M.M_H.Emm Mmmmmu Hm@ﬁmﬁmu wﬁ&mwﬁwm.
CAUB, and G, and theic wives P, @ and R, went 1o

market to wr%,.rbwmw each man and woman bought as many

ytfeti=_—3t 0 that & — 3 must be a divisor of 26 ;
and, in this case, the divisoxs of 26 being 1, 2,13, 26, we
obtain the three following answers :
1. 2 —83=10re=4%; sothat
Q+&+HHE+unmuE&QHwHW
0 w—8=9 or v =5; sothat
@.+E+HHE+QHHPE&.¢U4W
3 2—8=18,orz=16; so that
%.TE+HHE+u4kupﬂQEH]Hm.
This last value, being negative, must be omitted ; and,
for the same reason, we cannot include the last case,

a — % =96,

s they pave shillings for each; A bought 25 hogs
. mumwu %qmﬁm B .mocmmr.ﬁ 11 more than. P. Also each
man laid out three m;.ﬁmm.m more arwﬁ fmm uﬁ.mm. Which two
el - pespectively, man ana Wwilc s
%m_..mnﬂm were; 1OSPEC uw:a. B and Q, C and T, A and R.
#. To determine whether it be possible to pay 1004, in
guineas and moidores only ? Ans. Tt is not possible.
8. 1 owe my friend a shilling, and have .uos_ﬁum about me
but ms.:umm.m, and he has notbing but louis d’ors, valued at

17s. 2ach ; how must I acquit myself of the debt ?

; i -neas, and he must jve me

37 Tt would be unnecessary to analyse any more of these dns. 1 ud:mﬂwﬂwmwﬂow.”“.ﬁ@%%ﬁ i 5
formules, in which we find only the first power of 7, and 9 ,Hﬁ how many ways is 18 possible to pay 1000L. with
higher powers of 23 for these cases occur but seldom, and, e guineas MEWW moidores only Ans. 707134,
Dbesides, they may always be resolved by the method which .Ec.hu:.uwhmu fnd the least whole number, which being divided

we have explained. But wheny also is raised to the second
power, or to a degree still higher, and we wish to determine.
its value by the above rules, we obtain radical signs, which
contain the second, or higher powers of z; and 1t is then
necessary to find such values of x, as will destroy the radical

signs, or the irrationality, Now, the great art of Indeter-

by ihe nine whole digits vespectively, shall leave 1o wwm‘
mainders. Ans, 2520.

mznate Analysis consists in rendering those surd, or ncom- X '
mensurable formulee rational: the methods of performing I :
which will be explained in the following chapters . ,

¥ See the Appendix to ”Emnrmmﬂﬁuunb-.w.% ow?mb&.
ditions by De la Grange. .
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CHAP. IV.
On the Method of rendering Surd Quantiiies of the form
V1@ + by + ¢a®) Rational.

8. It is required in the present case to deternine the
values which ave to be adopted for z, in order that the
formula @ -~ bx 4 ex® may become a real square; and,
consequently, that a rational root of it may be assigned.
Now, the letters 4, b, and ¢, represent given nuinbers ; and
(Lo determination of the unknown quantity depends chiefly
on the nature of these numbers; there being many cases in
which the soluiion becomes impossible. But even when itis
possible, we must content ourselves at first with being able to
assign vational values for the letter @, without requiring those
values also to be integer nimbers; as this latter condition
produces researches together pecaliar.

89, We suppose here that the formula extends no farther
than the second power of a; the higher dimensions require
different methods, which will be explained in their proper
places.

We shall observe fivst, that if the second power were not
in the formula, and ¢ were = 0, the problem would be at-
tended with no difficulty; forit «/(a -+ D) were the given
formula, and it were required to determine a, so that a + bx
might be a square, we should only have to make a -+ o =3,
¥ 5 n.. MHow,
whatever number we substitute here for , the value of
would always be such, that a + dx would be a square, and
consequently, @ < b} would be a rational quantity.

40. We shall therefore begin with the formula 4/ (1 + 2%);
that is to say, we are to find such values of @, that, by add-
ing unity to their squares, the sums may likewise be squares;
and as it is evident that those values of & cannot beintegers,
we must be satisfied with finding the fractions wlich express
them.

41, If we supposed 1 4 a® = g/*, since 1 4 a* must bea
square, we should have 2* = " — 1, and & =+ (y* — 13
co that in order to find & we should have to scck numbers
for 4, whose squares, diminished by unity, would also leave
squares ; and, consequently, we should beled toa question as
diffieult as the former, without advancing a single step.

wheace we should immediately obtain @ =

9
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.Hn”.mm .aE.S.E however, that there are Hm.& m.mmnmcsm“ awr.wnr m
¢in, _.mmwmmwmﬁm& for z, will make 1 -2 a m@.:ﬁm, o
which. we may be satisfied from the following cases: ﬂ
4, If o= 3, we have 14 2® =35 and consequently
. / 1 : = = lMl! - - »
,.,_\Mm w_;ﬂw% becomes @ square lLikewise, i # =% which
o Y = 5, .

m?% ; H\Mﬁamw_lﬁmwa 7= I, we obtain 1 4 a® = 188, the
synare root of which is 2.~

_mw:ﬁ_ it 18 _.m.mm.ﬁ.m@ to shew how fo m.Ew these values of &
T an [ even m;,m..Om.m.HEm pumbers of ﬁFm.Eﬁm.. The fist o
549 There are two methods of doing this. m. ixst xc-
guires ﬁm;ﬁn,.‘Emw.n ...\.,\@.lr &) =2 4 p; from which P

T Wom._.mmw wehave 1 2% =2+ Lx + P where the square

e AaGs hat we may espress o withont 2
: _m.mmm"nms Ww cancelling 2° on both sides of the equa-

d H ] ... ] .._..,, . ..#. .Ix.@-.w
M.umuww armznmémmsm..eﬂlwﬂhm

a e_wd&n.% in which we may substitute for p any number
whatever-less ‘than unity.

g " i

* ‘Tiet-us therefore suppose p = " and we have

BT |

g = ——2, andif we muliiply both terms of this fraction
L .
n

: nE i

by n?, we shall find & = —5 -

43. Tn order, therefore, that 1 4 2" may become ,w mmzﬁ.mm
we may take for m and = all possible Integer U ers, an
i1 this manxer find an infinite number of values for 2.

nt—m?
. . . R we mﬁ& .—u
Also, if we make, m general, & = g, > ¥

o at — Smen® -t
! Al — —_—
o l4a* =g
dan® . , S e w L
3 14 . » ” - 3
1= T the numerator, 1 -+ & |1||1|m§1|\|1~_:.
fraction which is really a square, and gives
ni--mt

SqUATLD or, by puttng

v T ) == - Qmn

We shall exhibit, according to this solution, SOME of the

least values of a. -
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— f1] )
Ln = wu Sy n-unu P_u ﬁu mu mu mu mu
W and m = .._.u ”_.u 2, ,‘_.u 3, 1, mwu mu 4,
povmnd s 5 x 2
e .wum.a_.m &= wu .%u Tz H.m.u |pq+u H.ml E] ]uwu 52 H.Wc .

44, We have, therefore, in general, :
: (nt—m?? (n*+m)® .
L+ = Gmye T @y
and, if we multiply this equation by (2mn)?, we find
(Qmm)? + (0% — m?y = (@ + mye;

so that we know, in a general manmer, two squares, whose
sum gives a new square. This remark will lead to the
solution of the following question:

To find two square numbers, whose suin is likewise a
square number.

We must have p* -+ g% = #*; we have therefore only to
2

make » = 2mn, and g = a* — m*, then we shall have
= n* -+ mh. :

Tarther, as (n® + m%)® — (2mn)* = (* — m)E, we may
also resolve the following question:

To find two sguares, whose difference may also be a square
number. :

Here, since p° — ¢* = 7% we have only to suppose
p = u* + m? and g = 2mn, and we obtain r = n® — m°.
We might also make p =a® +m% and g = n® —m?
from which we should find » = 2man.

45, We spoke of two methods of giving the form of a
square to the formnla 1 + a% The other is as follows :

Y

If we suppose +/(1+&"} =1+ o we shall have

Omx | mia®

14 = “.Hlqu.m'l_l pe

Qmx | miad

; subtracting 1 from both sides,

we have 2* = — +—s This equation may be divided
Am  mir
by @, so-that we have @ = - -+ - O ntr = 2mn + wlr,
% "
) 2mn . .
whence we find » = — .. Having found this value of
— N
2, we have
At nt - 2men® 4+ m?
1+a2=1+ = - which is
. B —Qmnt mh | nwt—2mn
a 2
nE e . _
the square of ~5— Now, as we obtain from that, the
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E = ﬁﬁ.@ we shall have, as be-

equation 1 *F iy @ e
fore, (n*—m*)* 4 (Zmn) = (n* = m?)*s

,. Ew& is, the same tWO squares, whose sum 18 also a sQUALe.

46. The case which we have just pd&uam@ farnishes two

i 1 formula a + bz + cr®
“rmethods of transforming the mgﬂm& [

,JWS a square. The first of these methods M%@rmﬂ to all
" the cases in which ¢ 18 a-squares and the second to those 10
" which @ is o square. We shall consider both these sup-

ositions. ) . )
p ‘Tirst, let us suppose that ¢ 1s 2 squate, OF that the given
formula is « -+ bz + Since this must be a sqUATe

. g : .
we shall make &/ (a+ b 0 =SE and shall thus

i me

wm::ma+ wd+hﬁawﬂ Fratr— T in which the

k2

_ﬁmﬂ.._Bw"moEu..Emnm #* destroy each other, so that

1

mu_u br = %nTMW If we multiply by #, we obtain

¢ 4 m—wa and
|.l 0 l i s
%a+:§a\m§:a+s-u hence we find = —5 5% T

substituting this value for z, we ghall have o
mif—ataf M mnb—mf — e
v+ be S 2} = nb—2mnf W T wb—2mnf
47. As we have got 2 faction for z, pamely,
m ...sqmmlal et us make ¥ = %J then p = mt — n, and
wb— 2maf” q -
: bp S
q = n'h — &mnf; 80 that the formula & + .|ml =

square; and as it continues a SqUAre though ﬂn r% .Eﬁw.
tiplied by the squave g% % follows, that Slml wgwwa
aq®-+opg-t Fop* is also a SqUALe if we .mnﬂu&ﬂ %l..éwwmﬁwm
and q = nth — Qmayf. Tence it is evident, that ﬂﬂw inflouts
number of answers, in integer numbers, may res L from
this expression, because the ealuesof the letters m anc 2 <
rivtrary. . . .
EM@. %rm gecond case which we have to oosm_%m_.u .M mwﬁmﬁ.
which @, or the first term, 15 & square. @bmn Hwﬂ zr.sm -
wommmu for mﬁps:‘_mmu the formula f* + a.s*..:ummm
35 required to make a SqUATE: Here, let us sUpp

is a




o
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Vf* A+ be b ert) = f+ oy and we shall have

fmz  mta®

[+ b e = 4

n e

the terms .\B mmmﬁ.o.. .. .

e ying each other, we ma 9 .

maining terms by z, so that we obtain y S,mm the re:
. Qmf mix
bder ="+

n >

2 D — O ]
7 wal_l b aam = 2mnf -} m'x, or
z(n%e — m?) = 2mnf — n2b; or, lastly,
Smnf—u"h .

a L

et

If we now subsiitute this value instead of x, we have

VP b et =+ b _ gt mf—mnb,

&=

2 2 a
nc—m-* Qﬁuﬁl Ewm ?

. 2
and maling 2 = 2w i
king 2 = - we may, in the same manner as before
7 2

q°.
transform the expression jf°¢*

X n 2" + bpg + cp? into a y
rﬁﬁ&w%m p = Qmaf — b, and ¢ = z.ﬂ% 2 4 s
. A p m”.mﬁém have chiefly to distinguish the case in which
mwm.l 0, mu is to say, 1a which it is vequired to make a
quare of the formula br 4 ex?; for we have only to

L mz .
suppose + (b + c2®) = . from which we bave the equa-

2.2
fion b + e = —o3 Whi ivi
o which, divided by «, and muliiplied
by »*, giv 2 :
170 n2 Don — % -
y #*, gives bn® + on®xr = m%; and, consequently,
on? .
B T
o’ — en*

If we seeck, for
seek, for example, all the triangular numbers

that are at the s - ..
i same fim . .
g e fime squares, it will be necessavy that

which 1 - i
3 ich is the form of triangular numbers, must De

a square; and, c 2t + &
q ; , consequently, 2u* + 2a must also be a

square. Tt us, therefor a
> ote, suppose to ; .
ppose —-5 to be that square,
and we shall have 202 -+ 2r° = m'z, and 2 = 2 :
T ot — 9t n

which value we may substi i
a v substitute a
ay tute, nstead of m and =, all pos-
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i sible o

4 ——, in which equation’
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thers; but we shall generally find a fraction for &,
o wr,moﬁmmB_mm we may obtam an integer number. For
xanple, if m = 8 and 7 = 2, wefind z = 8, the trlangular
iimber of which, or 86, is also a sguarc.

We may also. make m="T, and n =153 in this case,
z'= — 50, the tyiangle of which, 1225, is at the same tme
the triangle of +49, and the square of 35 We shonld
“have obtained the same result by making p=" and m=10;
~for, in that case,. we should also have foond @ = 49.

Ryt

“ = the same ranner, if m = 1% and n = 12, we obtain

z = 288, its wiangular number i
] v Y
o a(z+1) = 288 x 289 = 144 x 289,

which is a-square, whose root is 12 x 17 = 204

50.. We.may remark, with.regard fo this last case, that
we have-been.a le to transform the formula b 4+ cr® nto a
square Frod 1ts having a known factor, 25 this observation
leads to_other cases, "0 which the formula « + be 4 cx®
-may likewise become a square, even when neither ¢ nor ¢
are sQUATES. - - :
... These cases occur when a 4 bz -} ex® way be resolved
it two factors; and this. happens when 0% — 4ac 1s a
square: to prove which, we may remark, that the factors
depend always on the roots of an equation; and that,
therefore, we must suppose & A4 Do 4+ e = 0. This

being laid down, we have ex® = — by — 4, or
br @
W= - whenee we find
[
: b iy i @y b (b dac)
&= g Y Yy ea=—git g,
Gt VlgET T T ke T T e

and, it is evident, that if b — 4ac be 2 square, thia quantity
becomes vational.
Therefore let §* — duc = d; then the roots will be

—brd .. - bid 1
T that is to say, £ = ~g,  ° and, consequently, the
- \ . B o b—d 1
divisors of the formula a4 bx 4 cot ave @ 4+, M

btd e -
X+ 5 If we muldply these factors together, we arc
brought to the same formula again, except that it is divided
e B° &

- for : o g At bx | 9"~ and since
E_n,wc:lro product is &* + -+ 3~ et

B o= B - due, we have
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&t L @l + b _ 8¢ dae

= _ F br .
e dE T g +M+ln1 3 which being

wultiplied by ¢, gives cx®
y ¢, gives ¢z* 4 bo +a. W, 7e; ther
to multiply one of the wmnnmwm by e, MmeMw %Wmmm_mwm ’

only
formula in question expressed by the product
2

b 1
An..e.+|lm| x (2 b d

and it is evi i fon 1
b is evident that this solution must be applicable when

ever 0* — 4ae is a square.
51. From this results the third ¢

shall add to’the otlier two.

52. This

2. case, 45 v '

o2 his case, Mm we have already observed, takes place
la may be represented by a produet such

1 v - > :

in order to make a square

as (f+ ow) X (& + k)
f . ). Novy
of this quantity, let us suppose Mmm Yoot, or

T+ gm) x (ke + Fz) = si.\ulfm.@
b

7

have (f+g2) % (b F ka) = 7S g2
7

S and, dividing

1his equati : .
s equation by /' gw, we have %+ kv = mH f+g2)
- n 3 or

hnt @
-+ ket .I...\\_._.._wu. ..._l.m..__._‘wne.ﬂm
Jfmt—hn®

Tent e oo
Ll p_m.a_w

7.

Fo dlustr i

ate this, 1

nosed, ~ let the following questions be pro
Question 1. To . |

o uestion 1. o find all the nmmbers, #, sue if

a scmpmcﬁm& from bwice their sguare, tl Au.f e e i

: mm_.:m_ " guare, thie remainder may be
ince 22 — 2 is the i i

o Ba” = 215 the quantity which is to be a squar

% (o st \M:NM ::w quantity is expressed Ew_. MMW_MMM,. s,

2 — 1). 'If, therefore, we suppose wmm Hﬂcmm

_m{z+1)

N.:Eu consequently, » =

= o we have 2(x + 1) x {x — 1) = iz £ 1)
.—. g b . aa : -
“ﬁE&EmUM.W+H“mma_w:namrbsmvu:waEm oUSHH
.. u ﬁ

[T ! ’
0% == 20" = m¥x + w2 and & = w’ o
" L 0 —
Ry m_u_m»nmﬂ:: we make m = 1, and 4 n
and 2 — 2 =16 =4° sandn =1 we find e =3
0 b N U
Im=%and n =2

=%, we have v =— .
. have w == 17, Now, us & is

PART 11,

& - bx 4 cx* may be ﬂ.mwmm.cnm_mmmwmmm in which the formula
R nto a square; whi ]
5 which we

; and we shall then

Y3
" square.

- which .mnn.ﬁ.uﬁw.m. Bt +
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und m the gecond power, it is indifferent .ﬁ.fmﬁrmu we
1, or &= 17; either supposiion equally
K — 2 = 576 = 247,

Question 2 Tet the formula 6 + 182 + 62 be pro-
osed to be iransformed _into & square. Here, we bave
=6, b0=13 and ¢= 6, in which _p.m;ﬁm._.. guor ¢ 15 a
1f, therefore, we &Y whether 5* — 4ac becomes 2
we obtain 255 80 that we are sure the formula may

Fuare,
- be ﬂm?mmmﬂﬁmm.ww two Tactors ; and those factors are
e (@ +85) X (3 + %)-

-If m(2+31) is their root, we have

K

SR E T A N 2 G D \e
@Sy k B+ %) _mR3)

n
Qe = 2m* + 3, whence we find

Fgppgnt | Gnf—2m® .
. " Now, in order that the nume-

. ni—_dme Sme-- W
yator of” {his fraction may become _positive, 3n* must be
gveater. than om?; and, consequently, @ye® less than Bn:
L et .

that is to say, — =" must be less than . With regard to the

denominator, if 1t must be positive, it is evident that 3m’
Wt _
must exceed 2n*; and, consequently, - must be greater

than 2. If; therefore, we would have the posttive values
of x, we must assume such numbers for m apd n, that

et .
—- may he less than %, and yet greater than 2.

—.E_H

For example, let m = G, and n =
m?

n?
2, whence & == 3 : ,

54. This ?.M.HM case leads us to consider also 2 fourth,
which occurs whenever the formula a4 bz + cx® may be
resolved into two such parts, that the first 1s a square, and
the second the product of two factors: thatis to 82y, in this
case, the formula wust De represented by a guantity of the
form p* + g1, i which the letters p, ¢ and 7 eXpress quen-
tities of the form f -+ g 1t is evident that the rule for this

5; we shall then have

= 48, which is less than &, and evidently greater than




330 ELEMENTS PART 11

7 .,
thus obtain p*-4- gr = p*- m§|3.wum+ msﬂmu ,inwhich the terms
#° vanish; after which we may divide by g, so that we find
__ 2mp  mq
r=— -+

el n*r = 2nmp + m’g, an equation from

which x is easily deternyined. This, therefore, is the fourth

casein which cur formula may be transformed into a square;

’ the application of which is easy, and we shall illustrate it by
a few examples.

55. Question 3. Required a number, =, such, that double
its square, shall exceed some other square by unity ; that 1s,
if we subtract unity from this double square, the remainder
may be a square, ’ .

For instance, the case applies to the number 5,- whose
square 25, taken twice, gives the number 50, which is
greater by 1 than the square 49. :

! According to this enunciation, 22 — 1 must be a sguave;

and as we have, by the formula, e =— 1, 0 =0, aud ¢ =8,
it is evident that neither ¢ nor ¢ is a square; and farther,
that the given quantity cannot be resolved inte two factors,
since 6*— 4dae = 8 which is not a square ; so that none ot
the first three cases will apply. But, according to the fourth,
this formula may be represented by

P @ D) =t @ 1) x (@ 1),

mla + 1)
7

If, thervefore, we suppose its root = = -

s WG

shall have

. ), T of. 2 s
Pt @ 1) X ) = 2t h LEFM.M.THV L ﬁms.h_n 1) .
This equation, after having expunged the terms 2% and

divided the other terms by & + 1, gives
i e — 0% = Zmny + @' + m®; whence we find
|

‘ -t
i JS£=

! ——— ; and, since in our for 22— 1, the
ﬁ RO — 2’ 3 rmula, 2x 1, the

square 2 alone s found, it is indifferent whether we .take
, positive or negative values for 2. We may at first cven
write — o, mstead of 4 m, In arder to bave

-case will be to make /' (p*+ ¢y =p + ﬁmm for we shall-

Zy2 — 1 =13

%
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s 4nt ) )
€ = 2 Qmn — M
= find & =1, and
AE =1, and n =1, We k.
I Emwmo“ if swm make m =1, and n = 2, we lmmuﬂw
“_ s gnd 22— l=47%3 lastly, if we suppose “ﬁluw@ R
M e — @, we find ==—35, of & =45, and w.a. lmn..mgm.m
56 " Question 4. To find pumbers whose squares
wd .H.n.unmm_mmm vﬂ - .q_w.puq ﬁwmn%ww memmaﬂwmmmo the double of
%oy a number, for instance, 15 .
Hﬁmmq.u%mwﬁw is 98,. and if we add 2 toit, we have the square
o - thevefor e 2o uave; and as
o i hey  have 2z* + 2 a sq 3 .
v Hw:wmﬁ@ nﬁ%wmh.owwh g, "so that neither @ nor ¢, NOY
me.u wmanu. “the Fmﬁ?w:um == — 16, ave squares, We must,
e T v recoutse to the fourth Tule. S econd
e iaose the first part to be 4, then ihe second
: wam g a0z + 1) x (& — 1) which presents
uﬁwﬁw‘.wuam@mmm in the-form :

4+ (@t x (@—D

x =

.. ,Wo% gm... m_.._..ssﬁa +.C vm#mnooﬁgmém m_u&_rmsd
L ,..., ] 7

the equation

(1) | w(@ + 1)
hi2esl) x @-N=4+—p0 T m

in which the squares 4, ave destroyed ; so that after having

ivi terms by & -+ 1, we have .
Mﬂw mm muhﬂﬁ.unwwﬂémﬁl EM& + ssmm and consequently,

donnt-me2 20
— ———
& = Dp?— e

- =1, we find
3 3 lue, we make m = 1, and n ’ )
x .m.u .ﬂwﬁphwﬂw_ﬁﬁmn_n m« — 100. Butifwm =0, andn =1, we
— 3 o~
—1, and 228 42 = 4 )
35 I By bappens, ko, when sore of e 5%
y applies, that we are still able o ré
WMM;W&%SMMM? m,upﬁm as the fourth rule requires, though
not so readily asin the foregomg examples. woula 4 15
Thus, if the question comprises the h.oga.ﬁ ._p ks the
1 18a%, the resolution we speak. of 1s posst nMumE.E.H.E_.
method of performing it does not readily o?ﬁo (L — @) or
Tt requires us to suppose the first part to 1Mz -+ 1222
1 - o 4 a?, so that the other Hay be 8 m.._.. tors, beeause
and we perceive that this part has Cwo 125 % factors
175 — (4 x 6 x 12), =1, 15 3 squUAIe: The two fa

R
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therefore -are (2 + 82) % (8 + 42); so that the formula

f ‘ becomes (1 — ) 4 (2 + 82} x (8 -+ 4a), which “we may "

_ now resolve by the fourth rale.

But, as we have observed, it cannot be said that this

i analysis is easily found ; and, on this account, we shall ex-
plain a general method for discovering, beforehand, whether
the resolution of any such formula be possible or not; for
there is an infinite mumber of them which cannot be re-
solved at all: such, for instance, as the formula 32% 2,
which can in no case whatever become a square, On the
other hand, it is sufficient to know a single case, in which 4

_ . * formula is possible, to enable us to find all its answers; and

_ this we shall explain at some length.

58. Trom what has been said, 1t may be observed, that all
the advantage that can be expected on these oceasions, 18
to determine, or suppose, any case in which such a formula

: as @ + bz + ex, may be transformed into a square; and

| the method which naturally oceurs for this, is to substitute

_ small numbers successively for 2, until we meet with a case

! which gives a square.

_ Now, as » may be a fraction, let us begin with substituting

. £ . :
wo_..ﬂ.%mmmumem:ﬁnsos o and, if the formula

bt coff ] . . ..
a + - + T which results from it, be a sguare, 1t will be

_ so also after having been multiplied by «*; so that it oaw‘
remains to try to find such integer values for 3 and u, as will
make the formula au? -t biw - et® a square; and it is

; . es H .
evident, that after this, the supposition of # = o cannot fail

to give the formula & -+ bz +- o® equal to a square.

But if, whatever we do, we cannof arrive at any satisfoe.

tory case, we have every reason to suppose that it. 1s altogether
impossible to transform the formula into a square; which, as
m we have already said, very frequently happens.
., 50. We shall now shew, on the other hand, that when one
| satisfactory ease is determined, it will be easy to find all the
| ather cases which likewise give a square; and it will be per-
f : ceived, at the same time, that the nmmber of thoese solutions
is always infinitely great.
Let s first consider the formula 2 - 72, in which & = 2,
b =0, and ¢ =7. This evidently becomes a square, if we
suppose x = 1; let us therefore make & = 1 -y, and, by
substitution, we shall have 2 =1 4 %y 1+ 55 and our

. .@me, d-rule, the square root

. <. ginee the:second POWEr.
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: _m. rmnoEm.m 0 4 14y -+ Yy in which the first term 18
la

‘mably to the
. ; chall suppose, conforma
g that e rot of s%% new formula to be

7Y and we shall thus obtain the equation
o™ 1 , g,/
w.._; 14y + Tt = 9 - .@M@l mq.wm“lu in which we may eX-
i 4 divide by y: which being
N m_..EMH ﬁ%ﬁm wmm._mww W_W Wty = Gmn + MY whence

Grn =147 13, consequently,

M\.l i ]

 Gmm—"Tmrm in which we w8y substitute any

R R

= T Apt—m
walues: 1ease for m and 7. i or
‘ ..4&£@m.ﬁmu%%m o= Lyeand =1, we have z =— 73 9%

of  stands alone, ¥ = 4 %, where-

fore & =& = e e _l.ovx= + L
DU 9 1, wehavex = — L, OV # = T
e wﬁﬁmwwﬂw.&%m n= —1, we have & = 17 ; which

et T e o 9025, the sguare of 45. )
m?%m M_ﬂ ..WMW and n =93, ém@ shall then have, the same
manner, @ = — 17,00 awun IM 17
But, by making m = 0, i =
0 ?E... @ + Ha? == 514080 = T,

: ‘ m.wmanf.ﬁ S_.mnr
/60, Tetusnow sxamine theforatls BT T e, i

comes a square by the supposition ] i
ﬂmm‘wd&ﬂm x Mn y — 1,00r formula will be changed mnfo this

nlwuﬁmmﬁn.maﬂmq._.w

+ %y —3
+1 )
0 |||II1|[|I.||.||
mﬁnll 4%+©u
tobed — my by

ihe square root of which we shall suppose "

which means we shall have

g —TyF9=9 -7t e

s e
Bnty — Tnt = — Gman - m?y ; whence We mmm:o
Hn2 —Gmn a2 — Gmn-nv’

y = g 5 wndy 1Y, &= Tt
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Ifm=2,and w =1, we have 2 = — 6, and consequently
522 - 8z -1 = 169 = 182

Butifm = — 2 and n = 1, we find # = 18, and 5z* -
8z -7 = 1681 = 417, :
| 6L Let us now consider the formula, 72® +- 152 - 13, in
”_ which we must begin with the supposition of + = e Hay-
ing substituted and multiplied 2% we obtain : n
74% - 1540 -+ 1822, which must be a square.  Let us there-
fore try to adopt some small numbers as the values of¢

Grous, it, wi ; ‘le to fix on some characters,
* - rous, it will be worth whi ) e chpacters
.ﬁﬁuﬂm& ‘heir impossibility may be pereeived, m oF @9 %Sﬁ
.ME. be often saved the trouble of useless %E&m ; whie
ghal wwmi fhe subject of the following chapter®.

CHAP. V.

i and w. . M\.t&d%& in which the Formula a + bz 4 e¥® can never
) Ife=1,ande=1, , = 85 At ~ - ... become o Square.
_ i=Zadu=1 i = 71 : A ala d of three terms
? * . theformulawiltbecome o - 1 forinnla is composed o1 thr 5
i =2 andu=—1, — 11 . 7.8, As ‘our general lormna 8 ; e
| = w“ and % = }, . =121, “iye -shall cobserve, in: thie first place, that 1t may always

EUmEE S . i iddle term is want-
W Now, 121 heing a square, it is proof that the valud of ,.ﬁ.ﬂbmmc.ﬁﬁmm nto ano ther, 1o which the micdie

: e e —b . .
; x = 5 answers the requived condition ; let us therefore sup- RSO 11 i s done by supposing & ﬂ$& ; which substita-
. . . B A : wﬁmm{; L: ,HMQ. . Qe
! pose =y + 8, and we shall have, by substituting this LERRLL : N
value in the formula, - fion changes the formula into

Taraag b

ﬁ Tt o+ 4% + 63 + 15y + 45 4 18, or

b
: TP+ 5Ty + 121

Qac—b2+y° . .
dac 3 +Fm and since this
e . .

..q%_,lmww.ﬁ,@lﬂ,m or
A

ny
Therefore let the root be vepresented by 11 4 ¢I.Mu and we

2

must be a square, let us make it equal to —-, Wwe shall then

i)
4ozt

(3 2,2
shall have 7y + 5Ty -+ 121 = 121 ?IH@ 4 my

. 2 — — gl e th
pra s Thave dac — 8 T3 = R and, consequently,
Tty - 5t = 2Qmn + miy; whence - 2 me on LI — dac. ‘Whenever, S“Muwmﬁow.mu wmﬁ. *.O.MME_M H_M
LS . o o 0 likewise ; @
5T — 22mn 86m*—22mn—-5m® a square, this last ez® + b ..»anw, be Mmmm m_op.E:ﬂm il
Y= e and @ = i Fos . reciprocally, if this be a square, the prop B4
| m® — T . et —"Tn ~ be a square also. 1f thevefore we write 7, nstead of 5*—4dec,
d Suppose, for m.Am_B@_mu. m =3, and = = 1; we shall then the whole will be reduced to determining whether & quanfity
_ iind x = — %, and the formula becomes ew

of th#form cz* -t can become a square or not, _.FPE_. mﬁm
. this formula consists only of two terms, 1t 15 certainly Eﬂo M
" easier to judge from that whether it be ﬁcmmﬂzﬂow uoﬂ N*.
in any further inquiry we must be guided by the nabuw

the given numbers ¢ and (-

6%, Tt is evident that if £ = 0, the formula ez* can wm.n.ﬁﬁm
" asguave only when ¢ is a square; for the quotient aviais

Fat + 16 + 18 = 2F = (&)
Ifm=1,andn =1, wefind x = — i7; f m = 3, and
| n = — 1, we have & = *22, and the formula

_ J...qm..THmHIT 13 = .nm.mvca — Aw.ul.quw.

H 62. But frequently it is only lost labor to endeavour to
; find a case, in which the proposed formula may become a

from the division of a square by another square being like-

m@EE..m. We _..—m_.dm M_.mw.mm.ﬁwuﬂ said that 327 + 2 mm one of ﬂrOmm i wise a mnwﬁm_.nmu the nwﬁm..ﬂnwﬁu\. e3z* cannot be a m@ﬂm._..mu :.p._u—mmm
l unmanageable formulze ; and, by giving it, according to this =

rule, the form 3 4+ 2u®, we m_ﬁ._m perceive that, whateyer o % SGee the Appendix to this chapter, at Avticle 5. of the Ad-

values we give to £ and 7, this quantity never becomes a ok o

R " ditions by De 1a Grange.
- square number. As the formule of this kind are very
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M.Mu that is to say, ¢, be one. S0 that when ¢ is not a square,
the formula ¢z2 can by no means become a square ; and on the
contrary, if ¢ be itself’ a square, ¢z* will also be a square,
whatever number be assumed for =

65. If we wish to consider other cases, we must have re-
course to what has been already said on the subject of dif-
ferent kinds of numbers, considered with relation to their
division by other numbers.

‘We have seen, for example, that the divisor 3 produees™

three different kinds of numbers. "The first comprehends
the numbers which are divisible by 8, and may be expressed
by the formula 5. :

The second kind comprehends the numbers which, heing

divided by 3, leave the remainder 1, and are contained in

the formula 9n + 1.

To the tlird class belong numbers which, being divided
by 8, leave 2 for the remamder, and which may be repre-
sented by the general expression 3n - 2.

Wow, since all numbers are comprehended in these three
formulee, let us therefore consider their squares. Tirst, if
the question relate to a number included in’ the formula 8%,
we see that the square of this quantity being 9%, itis divisible
not only by 8, but also by 9.

If the given number be included in the formula 3n-1,
we have the square 9n® - 6n -1, which, divided by 3,
gives 8n-}- 2n, with the vemainder 1; ahd which, con-
sequently, belongs to the second class, 8n -- 1. Lastly, if
the number in question be included in the formula 3n + 2,
we have to consider the square 9n® + 120 + 4; and if we
divide it by 8, we obtain 3n® + 4n + 1, and the remainder
1; so that this square belongs, as well as the former, to the
class 8n - 1.

Tlence it is obvious, that square nmbers are only of two
kinds with relation to the number 3; for they ave either
divisible by 8, and in this case are necessatily d ivisible also
by 93 or they are not divisible by 3, in which case the re-
mainder is always 1, and never 2; for which reason, no
number contained in the formula 8iz -+ 2 can be a square.

66. It is easy, from what has just been said, to shew, that
the formula 32% + 2 can never become a square, whatever
integer, or fractional number, we choose to substitute for a.
Tor, if « be an integer number, and we divide the formula
Sa® + 2 Dby 8, there remains 2; therefore it cannot be o

=<1

S ;
OH AP V- or ALGERRA. a3
* 1 3 4 21 3

Next, if  be a fraction, let us express it by

.wnwwcmmum. it already reduced to its lowest terms, and that ¢

. 3

fides havenocommon divisor. In order, therefore, that i 2
1ay be a square, we must obtain, after multiplyng by 7
“5i* + 2’ also a square. Now, this 1s _EmOmw.pEnw for the
nnmbet 2 is either divisible by 8, or it 1s not: ifit be, ¢ will
“not belgo, for ¢ and = have no common divisor, since the

2

(3

#

“ fraction — I in its lowest terms. Therefore, if we make

U
w = §f; as the formula becomes 37 = 18/, it is evident that
¢ can be divided by 3 only once, and not twice, as it must
necessarily be if it were a squarc; in fact, if we divide by 8,
we obtain £ 4- 6% Now, though.one part, 677, is divisible
by. 8, yet the other, &, being divided by 3, leaves 1 for a

remainder.
~ Let us now suppose that u s not divisible by 8, and see
what results from that supposition. Since the first term i
_divigible: by 8, we have only to learn what remainder the
“second term, 2uP, gives. "Now, u® bemg divided by 5,
Jeaves the remainder 1, that is to say, it is a Humber of the

- elass 8n + 1; so that 222 is a number of the class Gn + 2;

and dividing it by 8, the remamder 1s 2; consequently, the
formula S¢s- 202, it divided by 3, leaves the remainder 2,
~and mm.oﬁ.m.wu; not a square number.

¢7. We may, in the same manner, demenstrate, that the
formula 342 -} 502, likewise can never become a square, nor

any one of the following :
g 1 Sut, 822 - 11a8, 38° + 14, &c.

in which the numbers 5, 8, 11, 14, &e. divided by &, leave
9 for mwemainder. For, if we suppose that  Is divisible by
8, and, consequently, that ¢ is not 5o, and if we makeu = 3n,
ive shall always be brought to formule divisible by 3, but
not divisible by 9+ and if « were not divisible by 8, and
consequently u¢ a number of the kind 3n -+ I, we should
have the first term, 8¢, divisible by 8, while the second
terms, 5u®, Su?, 11u®, &c. would have the forms 15% 4+ 5,
24 + 8, 93n -+ 11, &c. and, when divided by 8, would
constantly leave the vemainder 2. .

68. Tt is evident that this remark extends also to the ge-
neral formula, 82 4 (8n -+ 2) X 5% which can never be-
come a square, cven by taking negative numbers for 2. 1,
for cxample, we should make n = —1 I say, 1t 18 1m-

7
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possible for the formula 3¢2 — u* to become a square. This
is evident, if = be divisible by 8 : and if it be not, then «*
is a number of the kind 8z -+ 1, and our fortaula becomes
a2 - 8y — 1, which, being divided by 38, gives the re-
mainder — 1, or + 23 and in general, if » be = — m, we
obtain the formula 828 — (3m — 2) «2, which can never be-
come a square.

69. So far, therefore, ave we led by considering the di-
visor 3: if we now consider 4 also as a divisor, we see that
every number may be comprised in one of the fonr following
formulae ;

second term 2u2, if divided by 4, will leave the remainder 2 ;
so that the two terms together, when divided by 4, leave a
remainder of 2, and therefore cannot form a square. Lastly,
if we were to suppose % an even number, as 2s, and ¢ odd,
so that £2is of the form 87 + 1, our formula would be changed
into this, 24m -+ 8 + 8s%; which, divided by 8, leaves 8,
and therefore canmot be a square. ’

This demonstration estends to the formula 3¢+ (Bn+2n7;
also to this, (Bm 4 8) £ + 2uf and even 10 this,

(8m + 8) %+ (Bn + D %5 in which we may substitute for
m and # all integer numbers, whether posifive o negative.

9, But let us proceed farther, and consider the dlvisor 5,
with respect to which all numbers may be ranged under the
five following classes: :

’ 5n, 5n -+ 1, 5 + 2, 5n -+ 8, an + 4 .

We remark, in the first place, that if a number be of the
first class, its square will have the form 2572 ; and will con-
sequently be divisible not ouly by 5, but also by 25.

Every number of the second dass will have a square of
the form 25n¢ -~ 10n 4 1; and as dividing by 5 gives, the
remainder 1, this square will be contained in the formula
sm4 1. - -

%__wum aumbers of the third class will have for their square
95p% + 20n - 4; which, divided by 5, gives 4 for the re-
mainder.. )

* The square of a number of the fourth class 13 25n® 4
30n + 9: and if it be divided by 5, there remams &
«  Lastly, the square of a number of the fifth class is
9Kn® + 40n + 16; and if we divide this square by 5, there
will yeinain 1. B )
. When a square number therefore cannot be divided by 5,
the remainder after division will always be 1, or 4, and never
2, or 8 hence it follows, that no square number can be con-
tmined in the formula 5n + @ or 51 + 3.

48, From this it may be proved, that neither the formula
5te 4 22, nor 54 -1- Su?, can be a square. For, exther 18
divisible by 5, or it is not : in the first ease, these formule

“will be divisible by 5, but not by 25; therefore they cannot
be squares. On the other hand, if 2 be not divisible by 5,
% will either be of the form 5n + 1, or En + 4. Inthe
first of these cases, the formula 56* + oM GmnﬁEmm 51 4 ‘ |

10n + 2; which, divided by 5, leaves 2 remainder of 23 :
+ and the formula 582 4 8u® becomes 522 + 1bn + 3; é?oru
being divided by 5, gives a remainder of 33 50 that neither
ihe one nor the other can be a square. With regard to the
case of u? = bn + 4, the first formula hecomes 5¢* H 10n + 83 :
A i

4p, dn 1, dn + 2, dn + 3

The square of the first of these classes of nnmbers is 16n%;
and, consequently, it is divisible by 16.

, That of the second class, 4n + 1, is 160° + 8n + 1
which if divided by 8, the remainder is 1; so that it belongs
to the formula 8» + 1.

The square of the third class, 4n + 2,is 160 +16n - 4;
which if we divide by 16, there remains 4; therefore this
square is included in the formula 16n 4- 4.«

Lastly, the square of the fowrth class, 4n -3, being
1602 + 240 + 9, it is evident that dividing by 8 there re-
mains 1.

70, This teaches us, in the fivst place, that all the even
square nmunbers ave either of the form 16n, or 160 + 4;
and, consequently, that all the other even formulee, namely,

1614-2, 16n-+-6, 16148, 160410, 160412, 16n -+ 14,
can never become square numbers.

Secondly, that all the odd squares are contained in the
formula Sr 4 1; that is to say, if we divide them by 8,
they leave a remainder of 1. And hence it follows, that all
the other odd nmwnbers, which have the formi either of
8n. 4+ 3, or of 8 + 5, or of 8n + 7, can never be squares.

71. These principles furnish a new proof, that the formula
5£ 4+ 2° capnot be a square. Tor, either the two numbers
4 and 2 are beth odd, or the one is even and the other odd.
They cannot be both even, becsuse in that case they
would, at least, have the common divisor 2. In the first
case, therelore, in which both # and #° are contained in the
formula 87 4 1, the first term 8¢, being divided by 8,
would leave the remainder 3, and the other term 2u* would
leave the remainder 2; so that the whole remainder wonid
be 5: consequently, the formula in question cannot be a
square. But, if the second case be supposed, and £be even,
and z odd, the first term 922 will be divisible by 4, and the
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which, divided by 5, leaves 8; and the other becomes
56 + 1an + 12, which, divided by 5, leaves 2; so that in
this case also, neither of the two formule can be a square.

TFor a similar veason, we may remark, that neither the
formula’ 58 + (8n + D)u?, nor 5¢* 4+ (5n + 8)u®, can be-
come a square, since they leave the same remainders that we
bave just found. We might even in the first term write
Gmi?, instead of 5¢%, provided m be not divisible by 5.

74. Since all the even squares are contained in the formula
4n, and all the odd squares in the formula 4n 4 1; and,
consequently, simce neither 4u + 2, nor 4n + 3, can become
a square, it follows that the general formula (4m + 8) £ +
(47 + 8)® can never be a square. For if ¢ be even, #* will
be divisille by 4, and the other term, being divided by 4,
will give 3 tor a remainder; and, if we suppose the two
nunbers ¢ and » odd, the remainders of #* and of * will he
1; consequently, the remainder of the whole formula will be

2: now, there 1s no square number, which, when divided by

4, leaves a remainder of 2.

We shall remark, also,-that both m and % may be taken
negatively, or =0, and sill the.formule 88 - 8u*, and
Bt — w*, cannoi be transformer] into squares.

75. In the same manner as we have found for a few di-
visors, that some kinds of numbers can never become squares,
we niight deterinine similar kinds of numbers for all other
divisors.

If we take the divisor 7, we shall have to distinguish
seven different kinds of numbers, the squares of which we
shall also examiue,

Kinds of numbars. Their squares are of the kind,

1. T 405 n
2 . Yo+ 1| 498 4+ 1dn + 1 T + 1
5. T 4 2 | 400 + 980 + 4 Tu 4+ 4

4, U3, 400 - 420 + 0 | Te 4+ 2

A, " 4 d | A 4 56 416 ] T - 2
6. T 4 5 | 400 + 700 + 25 | T 4 4
7. Tu 46 490 4 B4 + 36 | T -F L

Therefore, since the squares which are not divisible by 7,
are all contained in the three formule Tu -1, Tn -2,
Tu 4 4y it is evident, that the three other formulse, o + 8,
in + 5, and 7a + 6, do not agree with the nature of
squares. .

76, T'o make this coneclusion stiil more apparent, we shall
vemark, that the last kind, 7o + G, may be also expressed

)

i~ foretit classes o
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R i { . the formula Te + 5
w1 that, in the same mannet, I+ !
by n " L Mm J“: — 9 and Tn + 4 the same as T — S
e e it ] sdent. that the squares of the
his being the case, 1t 15 eVIe ent, o e o by
two classes of numbers, n +- 1, wmwmpmm_ MSM o ngs o
91 give the same remainder 1 5 ; f
M_wma ﬁﬂm classes, Tn + % and Tn — 2, cught .8 ﬁw%ﬂﬁw
I other in the same respest, each leaving the remainde A
e \. therefore, let the divisor be apy nuamber
#y. In general, ther y b any i
hich we ghall represent by the le S.:NU
£ numbers which result from 1t will be

whaigver, w

dn; ‘ -
&H +1,dn + 2, dn + 3 e,
dn— 1, dn — 2, dn — 3, ke

o e
i i the sauares of 1 S0l S
en Ty d, 1
M .mq_.ﬁ MM%%MW ﬁm?ﬁ.w._ﬁo the same formula, dr 4 15 _uwﬂ ,ﬁrw
m.m.?mw manner, the squares of the two o_mmmMm &mCL_lzﬂ”ﬁpﬂ,,c
di — 2, belong to the same formula, &..; +m.r..7.m o ! _wram
.EW% conclude, generally, that the m@:mﬂmm mu he b Q;E:Em
L dnl gy and din— 6, when &Eﬁw&. m.a.um:mw ¢ nw . y :_
‘temainder 2, or that which remams in v g 4 .M &
* wg. These observations are sufl Qmw: to ﬁcE&.oM. m.z._:.é
- fnite number of formula, such as ad’ -+ bu?, wl wou&aw. ok
by any menns become Squares. Tbus, by mﬁwm.mwm ﬂ_w g the
m._&momkqu .w”a s MEM \Mwn @Mnmwwmm%r“n mwmw _.HE m<9., ecome
mulee, T° 4 o N ver b ne
MOMM”E,,.M“ because »_.rm %M.Er.uﬁ AM. u* %ﬂwwqo,wﬂ_ﬁ.ﬁ ‘mwﬂmmc__..”m:__% u
- mainders 1, 2, or 4; and, i the 5C e,
‘ %M_Mwmwmw._&rm cither 3, orG,or5; m the mmnc:&m 5, m_w MM mm
and in the third, 8, 5, or 8; which cannot auwnm mmr e i
square nuumbers. érm:_mamﬂ H.ro..n%“ww%M&Mﬂvmmwmnoé?
ormult arve cortain that it is uselessto 2 v
MMWE%%MM“M, in which they can become SQUIICS: and, for

g ! . . sl
this yeason, the considerations, mto which we have Ju

i rtance. .
entered, are of some 1mportant . ) s
T#, on the other hand, ?mmcea__&m P omwmwnwmmw mwacmm._ Mm.&mﬁ
X sep in the last chapter, thal
nature, we have seen 1n the a3 i sufficon
] se. o which 1t becomes a square,
to find a single case, 1 WCH ( L sqaare, 10 o
se from 1 infinite number of siaLar Cases.
us to dedaee from 1t an stnu s
MPhe viven formutm, Art. 63, was properly @ -+
The gven snally obtad 1 for a, we supposed
and, as we usually obtan fractions for &, v
1
a = Wu so that the problem, in reality, s o
"

transiorni

al + b

into o square.
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But there is frequently an infinite number of cases, in

which # may be assigned even in integer numbers; and the
determination of those cases shall form the subject of tle
following chapter.

|

CHAP. VL.

Oy the Cases in Integer Numbers, in which the Formula:

. ax® + b becomes a Square. \
9. We have alveady shewn, Art, 63, how such formulse
as a -+ br + ea®, ave to be transformed, in order that the
second term may be destroyed; we shall thevefore confins
our present inquiries to the formula ax® + b, in which 13
required to find for x only integer numbers, which s
transform that formula into a square. Now, -fivst’ of MEH

such a formula must be possible; for, if it be not, we shill -
not even obtain fractional values of x, far less integer ones. -

80. Let us suppose then aa® + b =y*; a and b leing
integer numbers, as well as  and 7.

Now, here it is absolutely necessary for us to know, or to
have already found a case in integer numbers ; otherwise it
would be lost labor to seek for other similar cases, as the
formula might happen to be impossible.

We shall, therefore, suppose that this formula becomes a
square, by making » == 7 and we shall represent that squave
by g% so that af® + b = g% where fand g are known num-
bers. Then we have oaly to deduce from this case other
similar cases; and this inquiry is so much the more im-
wg.nm:w as 1t is subject fo ceansiderable difficulties ;, which,

owever, we shall be able to surmount by particular artifices.

81. Since we have alveady found f* 4 b = g% and like-
wise, by hypothesis, ax* 46 = g, let ns subtract the fivst
equation from the sccond, and we shall obtain 2 new one,

axt — af* = y* —~ g% which may be represented by factors
in the following manner; a(e + ) x (& ) = (7 +8)
(y—g), and which, by multiplying both sides by pg, be-
coines apgiv +\J ®x (@ .I,\J H%@@ +.,.m.v % A..Q . m.v. If
we now decomponud this equation, by making ap{w +7) =
Hy +8) and gle — ) = p(y — @, we may derive, from
these two equations, values of the two letters x and . The

atug

epms will be seduced to the same denomination, and we

s

fist, divided by g, gives y + &=

. mmEr divided by p, gves ¥ — &=

. . P
"latter m@dwﬂmﬂ from the former, we Wma..m
\ o E@mlm&a.ﬁ.ﬁnﬁf‘ﬁqu or
| g N .
.ﬁwﬂam - ﬁaﬁalmda.._.ﬁnﬁm +y u_\_u there
5 I ik 717, 5rom which we obtain
h_pcw.l Ma Qg q . i R B )
bt a9 8L And us, 16 this lat-
Y=E =g P

ter value, the frst two terms, both containing the letter g,
er : st

may be-put into-the mouE.

. AR
- brought to fractional vesults 3 and it would be required to
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-
a%&.wwaﬁ\ m. and the se- .
q
— mwl.llm.l\n Subtracting this

glap FIEu and as the other two,

pa—if
: : 2afpq_ 11 the
contatning the letter f; may be expressed by 72 g ®

e T g 4 — g ‘
sl have y =5 o

. T n ’ s pur-
i atl t, at first, to aunswer our p
B g to mmmmm.m HMM - é?mw of & and g, we are
pose; since having to find integ

\ bsiitute
3 1om. - What numbers are we to su
solve this new questlon, pun gt abstitutd
in ordex saction may disapp
and g, in order that the frac isappea :
*.ohmmn._oﬂ pwwu%.m:ﬁq still more difficnlt than our o:mﬁﬂu,_nommz
wE.. here we may employ a particalar artifice, that v
veadily bring us to our object, which is as follows : b, let
Pmumz_m&« thing must be expressed in Integer MUMDEYs,

e .
s m, and /S w, in order that we
ns make g s pregr ;
= mg — ngf.
< have @ = ng — mf; and y = Mg T
Emwm%_,“ﬂﬂqm .omﬁMo_“ here assume m and % at m:mpmzﬂmu mmMMH_
these Hm:mum must be such as will answer to érmw ummm heen
mw.mpmw determined : therefore, for this purpose, et u
sider thelr squares, and we shall find
2.k P TR
a*p* 2P T

L J— ———
M = a
apt -
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cHAR: VI
: z=fand y=g; but it 1s also
e meed ouly make 2 =f = g5 s als
X ..mm, éﬁ that this wsﬂuoﬁsg would not furnish a new %g.mm
o M..m.-uﬁ . to that already known. We shall, EEM ore,
i 1on I y; ‘ erefore
;1 8 ose that we have alveady wo:Ew such a :m_ﬁwmw.nmp c.__“w
meu% an? 4 I 18 a squave, ov that an u. 1 nw sysw %m_,ww._zo. -
i et — it = 1; anam g
“ine laid down, we-have m~ — & ltplying by
) MWW equation the one we had Hmmw“ équ mEm &Mcq %:.m +%L,~m. .
g ~laf? 2 —an’)y=g'm’ —af "m0 .
£ g A o ; g, and we shall have
" Let cm‘ﬂoﬁ suppose y = gm -+ @fn, an

T
@' pt +Zapiyt gt dap’g? .
wpr—Rap gt
aﬂww.*|mn\a@wﬂw ..,TQ*,. M
apt—Bapg +gt
83. We see, thevefore, that the two numbers m and n
must be such, that m* = ¢n* + 1. 8o that, as @ is a known
number, we niust begin by considering the means of de-
termining such an integer number for -n,. as will make
e’ + 1 a square; for then s will be the root of that square;

e — ant =

o AT z
Y- art =gt —-

and when we have likewise determined the number f so,

that ¢/ + & may become a square, namely o7, we shall ob+";
z and g the following values in integer numbersy

tain for
b=y
84. It is evident, that having once determined m and n
we may write instead of them — we and — n, b
square 7° still remains the same.
But we have alveady shewn that, 15 order to find & and y.
i integer numbers, so thot ar® -

> =g — mf y = mg — nofs and. thence, -lastly, e2®

ecause the”

know a case, such that ¢/ + 0 mdy be equal to ¢*; wheir
we have therefore found such a case, e must also endeavoud’
to kiow, beside the number «, the values of wr.and », which
will give an® 4+ 1 = m*: the methed for ﬂw.n_w shall be de.
seribed in the sequel, and when this is don&we shall have a
new case, namely, = = ng 4+ mf, and y = mg + ngf also
az” + b = 3" :

Putting this new case instead of the preceding one, which
was considered as known; that is to say, wilting ng + uyf
for £; and meg + naf for g, we shall have new values of w
and g, from whieh, if they be again substituted for & and y,
we may find as many other new values as we please: so
that, by means of a single case known at first, we may after-
wards determine an infinite number of others.

85. The manner in which we have arrived at this solution
has been very embarrassed, and scemed at firgt to lead us
from our ehject, since it brought us to complicated fractions,
which an accidental circumstance ouly enabled us to reduce ;
it will be proper, therelore, to owmm\mw: a shorter method,
which leads to the same solution.

86. Since we must have aa® + b = 3°, and have already
found ¢+ & = g7 the first equation gives us b=y aa’®,

“and the second gives & = g — ¢f*; consequently, also,

gf >, and the whole is reduced to de-
termining the unknown quantities v and y, by means of the
known suantities Fand @, 1t is evident, that fov this pur-

v”. -

g0 =g we must fist

weﬂxn + Zufgmn + @ ftnt — @ =
.. " gthE v " — ag®n? + a*f* b,
whitch theernt g 2m? ar royed ; so that
; whiich ?MJ,.mH%m 2%m and _aw\ssw m:m mmwhﬂcu_ d gp.  that
yemains @a® = gfmd + ogTn + Rafgmn, © w =
& 9fomns+ g'n’. Now, this formula 1s evidently a
mﬂsmﬂ.uw .m:w gives & == fin + gn. ¥lence we have obtained
’ & formules for  and y as before.
the same formulee for & and ¥ e . "
T g7 Tf will be necessary o Hm:mmJ this solution mo
i ing i e examples.
evident, by applying it to some exampies. ,
. @@mmaaw 1 Mo find all the .E.Rhmmw A..wwamm o..m x, that
will make & e, or give 24 — 1 == ¥
will nake %2 — 1, a square, or g AT
=—130 atisfactor
. Here, we have a = @ gud & = — 1; and a satistactory

- e T e
- ease immediately presents itself, namely, that in which &

and y = 1: which pives us f'= 1 and g = W chm_ %_ “M
farther required to &mﬁmawﬁsm.msar a value of , as W Eﬂ:ﬁ
opt 4 1= m?; and we see :bEmﬁrmnm_m;u that gmm .o - s
when # — &, and consequently w2 = &3 &0 that ev ery ca rm
which is knewn for f and g, glving us these szm nﬂmpm..‘.
2 =8f + 2, and y = 8o + 1, we derive m.cwsnﬁ m firs
solution, = 1 and g = 1, the following Et.a solutions :

z=F=1 5 20 Wom N

y—g =117 | 4 | 299, &

88. Question 2. To find all the triangular numbers,
1 » e " i
that are at the same Lime squares.

3 e
o

-

Let = be the triangular root ; then is the triangle,

which is to be also a square;; and if we call x the root of this
L

1]

o

= a*: multiplying by 8, we have

square, we have

Az + 4z == 82*; and also addmg 1 to each side, we
have o .
dp* 4 dz 4+ 1= 2z 1)t =827 +

. i square ;
Hence the question is to make 8e° 4+ 1 hecome a squares
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{or, i we find 8u* 4 1= y*, we

: : =y°, we shall have gy = 22 ,

and, consequently, the E.Eummﬁu root u.maﬂw.mm.\ﬁwﬁ be e

.yl

2 = .'lw . ,.m....p.
Now, we haves = 8, and & = 1, and a sati case

) / = a satisfactor

mmmediately occurs, namely, = 0 m“sm o=1. 1t .Hmmw_..m_mwu

Tt is here required to have {a* + 2 =35 v 6= ..__.w.mbm
: . and the known case immediately oceurs, that 1s 10
=13 so that z=F=1 and y = g = 3. 1f we
next consider the mn?mmoﬁ T + 1= m?, we easily find
“glso that n =98 and m = 8; whence ¥ = 8f + 8g, mu_m
;.@Hm%f.f 21f. . We shall therefore have the mcum_oﬁEm

evident, that 8n® + 1 = m? 1f we Em.ﬁm%wmu — 1. and < Tpesults:

21 o e ) =y Ewnmm, i - f = ] q

?Smmopmu..p = 3f | g,and y = 8¢ + 85 and since ‘ ! g . .W_ H.M.H W Ww MMM e

U oy s Y =E= -l 85

B=Tgy we shall have the following solutions : 91: D.rwmw&n@ 5. Tofndall the wriangular nonbers, that

p = f = g ave at thef same time pentagons.

w = rm.,..li % : 6 85 1 204 | 1189 - Eet. the root of the ‘.ﬁmmamﬁ be p, and that of the pentagon
Y .lmu\ H 1 3 17 99 577 | 4365 R, |. £ - - .mu.wa_r.ﬁ 8¢t —q gt ) L
g=Fo-=0}1 | 8 |49 | 288]168], & g ihen we must have—g= = =g, o o0 AL EE

: N.Em.” in mnmmpdosiﬁm.,..ﬁo find g, we shall fivst have

89. Question 3. To find all the pentagonal ; - 2
which are at the same time squares. pentagonal numbers, : . ¢ iq +% M%u and .
- - - (18p° +12
If the root be =, the ﬁm:.ﬁmmow will be = 5 5 mu which og=4t a\ﬁ.umm._.._..% mlmuuu or g= H +vd wmn_lw Pt ) 5.
we shall make equal to 2%, so that 822 — z = 2a°; o@umm..ﬁmwa , it is required to make 19p* + 12 + 1 be-
z = 2a*; then , quently q P

" come A square, and that in integer numbers. Now, as
there is here a middle term 12p, we shall begin with making

-l .
p= W!&I , by which means we shall have 12p*=8a" — 6z + 8,

multiplying by 12, and adding unit L
mult y, we have
362 — 12z 1+ 1 = (6z — 1)’ = 24a® + 1; also, making
242 41 =y3°, wehavey = 6> — 1,and z = MQIM._.
Since a = 24, and b == 1, we know the case
, o — O R
& = 1; and as we must have 24n® + 1 = m, ,ﬁ.w\mrmﬂ wu,”_ufnw

and 12p = G — G; mouummasmﬁqu 12p°+12p +1=822—2;
and it is this last quantity, which at present we are required

n == 1, which gives m = 5; so that we shall have ¥=5¢+g¢ to m.mamﬂwm%ﬂm.mﬁ © “Maﬁwmm.m 3z* — 2 =17 We ghall have
- ’
M_.E.m..a”mb.l_lwhbm H.H t wﬂ”ﬁ“ ) q.l. ’
\H ¥ l#; and not only G but also p= Z 3 Hu and g = % ; so that all depends on the formula
— . .
2= #ﬁ. because we may write y = 1 — 6z: whence we 8z°— 2=y*; and herewe have ¢=3, and 5=—2. Farther,
- . we have a known case, 2 = f =1 andy = g = 1; lastly.
find the following resulis: - in the equation m* = gt + 1, we have 7 = 1, and m = w”
r=F=0[ 1 10 99 980 therefore we find the following values hoth for @ and y, and
w —¢= 1| 5| 490 | 485 _ 4801 for p and g:
=4~ 2 Tinst, @ == 9f + @, and y = %g + 3f3 then,
=t =g 1y % 81 | re: ’ ﬁuwﬁunw 3 A
E.Niw.lf,t!.o . _ , y=g=1 5 19 71
= =0 -3 | -8 [~ | —800, &e. p=0] 1 A Wt
. d -1 1o 1
90. Question 4. To find all the integer s ; ¥ ; Hq— W : 5
bers, which, if multiplied by 7 and w:nnmmmm mw—:ﬁwﬂ%wﬂm > = oHlﬂw -2 ;
squaves. . because we have also ¢ = %
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ter

second term, in the following manner.

b

af? '.T@w.um.aﬂma.
. Now, if we mﬁcﬁuwﬂ this equation from the first, we shall
have a(x* — ) + bz —F) = y* — g*, which may be ex-
pressed by factors in this manner: & d
=Sy xlar+¢+ b=y —g) Xy +g)

and if we multiply both sides by pg, we shall have

pp(z =) (@e +af + 0y =pg (y — &) x (¥ + )
hich equation may be resolved into these two,

Lople —f) = qly — &),

2 oglar + af + 0) = ply + 8)-
multiplying the first by p, and the second by ¢, and
acting the first product from the second, we ebmn

(ag® — p)2 + (ag® +p°)f + bg* = %gpy,
which gives & == m%@ Z .. e VA &
ag - pt  agt—p* gt —p*
But the first equation is ¢(y — @) = ple —- Fy = . . .
) Safirt o
. fepg Gafy bg®
Ehaew — amwtmu».l e I%b ;sothaty — o =
sop” 2fpg _bpg

W

Now,
subtr

ER 3 and seqjuent
af—pt agp—p ag—pt ; consequently,

y=o((LIE 2pg __bpg

&

aq'-—3* cag*—pt  agt—pT

m order to remove the fractions, let us malke,

. aq-+-9* pg

before, = —* = m, and 7 =n; sh :
y i —p . g n; and we shall have

i -1

.|=Ntltw” ~———; therefore

agt—p 2a

b(m+1)

— TR . . " d
x = ng - mf B T and # = mg — ngf — Lbn; -

o

in which the letters m and # must be such, that, as before
m* = an® + 1. ” ’
93. The formule which we have obtained for @ and y,
¢ still mixed with fractions, sinee some of their terms con-
an the letter 45 For which reason they do not answer our

Now, s

m 4+ 1= Rag®

= an
ag®—p* d

ar
i

LALT 11,
52, Hitherto, when the given formuia contained a second
m, we were obliged to expunge it, but the method we
bave now given may Le applied, without taking away that

Let az® + bz + ¢ be the given formula, which must be a
square, %°, and let us suppose that we already know the case

* write —g instead of +g, we shall have the formule

. 2 “We must know such values of m and =, that
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s Bat if from those values we pass to the succeeding
MMwWowwm MWES:&M obtain integer numbers; which, _Ew%m_mu
e should have obtained much more easily by means of the
nombers p and g that were Eﬁoﬁ_.nmmm at wﬁum cmm_wzwnmwﬂ .
In fact, if we take P and g, so that p* = ag” + 1, we ww. .
have ag® — p*=—L and the b.wn:oﬁw will awlmw_,@wmwr .. w.w
thon w=—3gpq + flag® + p7) + by and y= lmﬁ_é@ +7°)
+ 2afpq + bpq; but as in the known case, 4 m + 8+
— o we find only the second power of g; it 15 of no conse-

~ quence what sign we give that letter; if, therefore, we

= 2pg +. @ + p) + beand

y = glug® + p) +2ape + 0P
and we shall thus be ceitam, at the same time, that
*ax® ok br ke =Y. :
a&HMM it . be H.m@m.mﬂ.mmu as an example, to find the hexagonal
numbeis-that-ave also-squares.
. We munst have 2z* — & = Y% or a= 2,b=—1,and
‘¢ = 0, and the known case will evidently be & = f=1,ond
y=g =1L . ‘
. ,&“.Ha%w.%muuawﬁ order that we may have p® = 5% + 1, we
must have g = 2, and p = 3; s0 that we shall have
4 =19 4 17— 4, and y = 17g + 24 — 6 ; whence re-

‘sult the following values:

s=f=1|25| 81
y=g=1|35 1139, &ec.

94, Let ns also consider our first formula, in .ﬁrmnr the
second term was wanting, and examine the cases which make
the formula ax? + b a square in _integer um_Ewmm.m.

Let aa? 4 b =g, and it will be required to fulfil two
conditions : . )

1. We must know a cese in which this equation exists;

"and we shall suppose that case to be expressed by the equa-
tion ¢f? + b= g

an* = an® 4 1; the method of finding which will be taught
in the next chapter. :

Trom that results a new case, namely, & = ng mfy
and y = mg -+ anf; this, also, will lead us to other simtlar
cases, which we shall represent in the following maumer:

z=Ff|alnlc # D
y=g |PilQ|R]|S5
inwhicha=ng +wfla=nr Jma c=nt +mB
and uH.E.mTTpEa Qz=mP +ara|lg=matans

B
T, &

D=7] +MC
3 =mn 4 enc,e,
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and these two series of numbers may be easily continued to

any length.

95, It will be observed, however, that here we can-
not continue the upper series for @, without having the
under one in view; but it is easy to remove this incon-
venience, and to give a rule, not only for finding the uppen
series, without knowing the other, but also for determining
the latter without the former.

The numbers which may be substituted for » sueceed
each other in a certain progression, such that each term (as,
for example, ), may be MmﬁmmB.Emm by the two preceding
terms ¢ and b, without having recourse to the terms of the
second series m. and 5. In fact, sinee & = ns + mn =

n(me + onc) + m@ne + me) =
9

2mnr + an’c + m'c, and nR = D — MmC,
we therefore find

= = 2mp — m% + an’c, or
E = 2mbd — (m® — an¥)c; or lastly,
& = 2mp — ¢, because m* = an® + 1,
. and m® - an® = 1; from which it is evident, how ecch term
is determined by the two which precede it.
It is the same with respect to the second series; for, since
T = ms + and, and p = n»r + mc, we have
T = ms + an’ik 4 amnc. Farther, s = m® 4+ anc, so
that anc, = s — mn; and if we substitute this value of anc,
we have T = Zms — R, which proves that the second pro-
gression follows the same law, or the same rule, as the fivst. -

Let it be required, as an example, to find all the integer
nuawmbers, @, such, that 2a® — 1 = g*. )

We shall first have =1, and g==1. Then m"=2"+1,
if =2, and m = 8; therefore, since A = ng + mf'= 5,
the first two terms will be  and 5; and all the succeeding
ones will be found by the formula E = 6p — ¢: that is to
say, each term taken six times and dimmmshed by the pre-
ceding term, gives the next. So that the numbers & which
we require, will form the following serles:

1, 5, 29, 169, 985, 5741, &o.

This progression we may continue to any length; and if
we choose to admit fractional terms also, we wight find an
infinite number of them by the method which has been
already explained *.

* See the appendix to this chapter at Avt, %7, of the additions
by De la Grange.

(AT, ¥11.

oo
r
pu

OF ALGERTBRA,

CHAP. VIL

- Qf a particuler Method, by which the Formula an® + 1

becomes @ Sauare 4 Integers.

96, That which has been taught 1n the me chapter, %m.ao_m
not be completely performed, unless we are ab M to mmmmmnoEm
any number g, a number #, such, m:mn an’ + L may be
‘a square; or that we may have m = n_ma |m. e matiee

his equation would be easy fo resolve, L&é& satis-
fied with fractional numbers; since we shot ave only

make m = 1 oS 2P, for, by this supposition, we have -

. q
n® = 1+ 2np ..HHH — an® + 1; in which equation, we
me = L o .

& n 3 3 i 1
mmay expunge 1 from both sides, and divide the oﬁ_wmw terms
by n - then multiplying by ¢*, we obtain 2pg +np Imqﬁ H

2pg .
3 i 1yl = .. would furnish an

and this equation, gving 7 T —p .
infinite number of values wc_w. % m but as » B%HHWMHMW H.Mﬁmmww

3 1 1use, an
number, this method will be of no use, and >
different means must be employed in order to accomplish
our object. ) ) . ]

97 ,_55 must begin with observing, ﬁwm:.. _M. %MM.H Mﬂwww_w
: e, in integel numpers, 3
to have an® + 1 asquare, 10 LG .
the value of a), the thing required éo“—% M%nmwmﬂmmm*ﬂ%uwm?m
For, iu the, first place, 1t 15 necess
cases, fn which ¢ would be H%medmmﬁumww MMsﬁMm.ﬁ MMNWMM
those also, 11 which a wo e itse Square ;
then an’ would be a square, and 10 m@:m:m WME fﬂmoﬁwﬂa H
square, in integer numbers, by d.m_mum. Eom.mwwmapﬁmﬁruw e
1 -efor restrict our 1or
are obliwed, therefore, to resty nula 1 -
dition, %Ema be peither negative, nor a SQUALE; WMwmiwumwﬁ
ever 4 is 4 _uom.;?e E,E:um._,o without bemg m%@%g:w 3
possible to assign such an integer value of #, ,m hat e
may become a square: and when one .mcnr wnms_.wnm e
found, it will be easy o m.mmnnm from it an E_ ﬂ”:“ pumer
of others, as was taught m the last chapter: e
purpose it 1s sufficient to know a single one, &v ;
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;msmmmmuwm:umcmgﬁ:mrﬁ..;mF_Smnm:mrﬁsmnommmvw
J an ingenious method, which we shall here explain. .
88. This method is not such as may be employed ge-
nerally, for any nomber 4 whatever; it is applicable only to
each particular case.

We shall therefore begin with the easiest cazes, and shall
first seek such a value of n, that 2»° + 1 may be a square,
ar that +(2n° -} 1) may become rational.

We immediately see that this square root becomes greater
than 9, and less than 2n. If, therefore, we express this voot

by % + p, it is obvions that p must be less than n; and we

' + 1 =mn" 4+ Znup 4 p°; therefore

n' =8p +p* —1,and 0 = p ++/(° — 1).
The whole is veduced, therefore, to the condition of 2p® — 1
being a square; now, this is the case if p = 1, which gives
n = %, and ~{(2n* 1) = 8.

If this case had not been immediately obvious, we should
have gone farther; and since +/(2p® — 1)7 ¥, and, con-
sequently, # 7 2p, we should have made n = 2p + ¢; and
should thus have had

P+g=p+y/(@° —1,orp+q=u(P*—1)

and, squaring, p* + 2pg + ¢° == 2p* — 1, whence

_ pr=gt e+ 1,

which would have given p = g + ./(2¢° + 1}; so that it
would have been necessary to have 2¢* + 1 a square; and
as this is the case, if we make ¢ = 0, we shall have p = 1,
and % = 2, as before. This example is sufficient to give an
idea of the method ; but it will be rendered more clear and
distinet from what follows.

899, Let @ = 3, that is to say, let it be required to trans.
form the formula 8n* + 1 into a square. Here we shall
make /(8 + 1) = » + p, which gives

' +1=n*+ 2up -+ p°, and 2n° = 2p + p* — 1;
Pt/ (8p" — %)

2]

~

whenee we obtain n = . Now, since

v (3p® — 2) exceeds p, and, consequently, » is greater

# This sign, 7, placed between two quantities, signifies that
the former is greater than the latter; and when the angular

point is turned the countrary way, as 7, it signifies that the
former is Tess than the latter.

shall have +/(2n° + 1) = n + p; then, by squaring;.
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.

4 = and we
P or than g, let ws suppose = p+ g e

*
lan 5
than 5

mme have

, 2p 4+ 2 =p + @ - 2), or
. NIT..S:@” }\ﬁm.mu —2);

o 1 bl g — Bpe — 8- at
" then, by squaring p° 4 Apg + 47 = oP 2; so tha

op* = 4pg +4¢" + 2, or p =g + 27+ 4 and
L < A b ed, we
Now, this formula being similar to the one proposed, we
MMWW .Emmm eoW 0, and shall thus obtam p = 1,andn =13
whenee o/ (8n° 4+ 1) = 2 ‘ . ol
. 100, T.et « = 5, that we may have to make a 5¢ .
the formiila 5n° -+ 1, the root of which 1s Wammﬁmu.ﬁwmﬁ b
We shall tlierefore suppose . )
.;\ﬁm@wlT.Hv =2 - P or 5’41 = dn’ - dnp 4 p*3
wh obtin .
v Hmﬁwwqﬂﬂm M@ﬁ 4p°—1,andn =P 44/ (5p"— 1).
Now, +/ (5p?— 1) 7 2p; whence it follows that # 7 dp s .wE.
which veason, we shall make n =4p + 9 szor mﬁmm
2p g =y (Bp— 1y ordp*+dpg T ¢ = 5p* — 1, mE
p*=4pg + ¢+ 1; so thatp = 2q 4 (59" + 1); and as
¢ = 0 satisfies the terms of this equation, we shall have
p=1l,andn=4; therefore 4 (Bn—- 1) = 9.

101. Let us now suppose ¢ = 6, that we may bave to
consider the formula Gn*--1, whose root is likewise con-
tmined between @n and 3n.  We shall, therefore, make
6+ 1) = 2n +p, and shall have |

Gro-b 1 = 4n®- dap - p”, or A’ = dnp - p*— 13

+ (Gp° —2) 9p+ «/(6p*—2)
2

and, thencg, n = p + — 4 y O A= """ 3

~

¥

that » 7 2p.
» Hmu ﬁrﬂ,mmﬁmﬁmu we make s = 2p -} ¢, we shall have
dp + 29 = 2p + ~(6p” — 2), or
mw + 2 = & {6p”— 2); .
ihe squaves of which are dp®-+ 8pg -t 4q* = Op® — < 0
.ﬁ_umnumwu = 8pg + 44"+ 2 and p* =4dpg -+ 2¢° + 1. .Hhmmz_?
p = 2 + ~{0g* + 1). Now, this formula resembling t :w
first, we have ¢ = 0; wherefore p = 1, n = 2, and
v Gn® ..: = b _
mos |THLQU us proceed farther, and take a = 7, and

o

. . erefore
fn*41 = m*; here we see that m7 223 let us th :

make m = 2n L p, and wo shall have o




|
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wwﬁurT 1 =4n°+ 4np+p°, o0 8n° = dmp +p°* —1;
2p-L s (Tp*—8)

ca . i . .
which gives n = g At present, since n 7 $p,

and, consequently, greater than p, let us maken =p + ¢,
and we shall have p + 8¢ =./(7p* — 8); then, squaiing
both sides, p* + Gpg + 9¢* = Tp* — 8, so that
bp* = Gpg + 9¢* + 3, or 2p* = g + 3¢* + 1; whence
gt/ (1 +2) 3¢

2 . Now, we E”Em here p7—-;

we get 7 =

and, consequently, p7g¢; so that making » = ¢ + r, we

shall have ¢ + 2 =./(Tg* + 2); the squares of which ..n;..m.

g + 4qr 4 4* =Tg* + 2; then Gg* = d¢r | 4" — 2,

or 3g* = 2 + &* —1; and, Hmmmww = o ;\ﬁ_w. ..l.uu..

Since now g 77, let us suppose ¢ =7 -+ .,.._u andiwe shall
rmﬁw

2 + 3s = +/(Tr* — 8); then
4r* + 12rs + 95 ="Tr* — 8, or
Br* =125 4 9¢* + 8, or

r* = dpe + 3> + 1, and
= 2 4+ /(T +1).
Now, this formula is like the first; so that making s == 0,

we shall obtain +=1, ¢g=1, p=2 and 2 =3, or
m = B.

But this caleulation may be considerably abridged in

the following manner, which may be adopted alsoin other
CASES. .

Since Tn* -+ 1 = m?, it follows that m £ Sn.
1f, therefore, we suppose m = 3n - p, we shall have
T 4+ 1 = 9n* — Gnp - p*, or n* = Gup —~ p* | 1;
; 1y

wlence we obtain 2 = EEV
this reason we shall write # = 3p — 2¢; and, squaring, we
shall have §p* -- 12pg - 4g* == Tp* +2; or

2p* = 12pg — 4¢* + 2, and p* = Gpg — 29* + 1,
whence results p = 3¢ -4/ (g* 4 1). Here, we can at
once make g = 0, which gives p=1,n =35, andm = 8,
as before.

103. Let & = 8, so that 8n*-{~-1 = m* and m £ 3n.

Here, we must make m = 3z — p, and shall have
8n* + 1 =9n*— Onp+p2 avr n® = Gnp — p* -+ 1;
whence n = 8p 4 4/(8p* + 1), and this formula being al-

5 so that » £ 8p; for

ready similar 10 the one proposed, we may make p =9,
“which gives n = 1, and m = 3.

" and we shall always be led, at last, to & radical quantity,

- form

-fin .
a7 8p, let us suppose m = dn + p; We shall then bave

: 8
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: in the same manner, for every
104, We ma ?.onm“mm“ in m !
ctlier number, M provided it be posiive and mot a sQUArE,

such as &/ (af* + 1) gimilar to the first, or %Mmﬁ Mmgm%m__w
and then we have only to suppose £=10 m ﬂ._ou ﬂmmuwﬂ -
tionality will disappear, and by tracing bac uawm W@ uu._. ¢
shall necessarily find such 2 value of n, as will make @
e. ] .
: mmmwwmm_hmm we quickly obtain oEmp end ; v:ﬁr wmm_u.%&wm
iged great 0
also, we are obliged to go through a g h e
i i ds on the nature of the num
Ot s e acip ‘hich we can foresee
. put we have no principles, by whic : e
mmm WﬂBdmn of opgrations that it will be necessary wﬁo Hu.,_w
e racess 15 not very Jong for numbers below 13,
but whén & =18, the calculation hecomes. much Emzm
pr lix : and, for this reason, it will be proper here to xesolve
that case. .o « = - : .
305, Let. therefore a = 18, and let it be Hmﬁsﬁmm,ﬁo
ndigride 1l = mr  Here, asm* 7 9n*, and, consequently,

.

185 + 1 = 9n* + Gnp + p*, or dpt =6np + p* — 1, and
8p+ /(180 —4)
n = - %
. t refor ake n=p+¢,
fore. much greater than p. If, therefore, we ma .
%wmmﬁw%ﬂn_“mmwmm,*&mn » (18p*—4) 5 and, taking the squares,
: . wm%s.lm_ﬂmup+m@m+wmm-m -
so that 12p* = 8pg + 16¢* -+ 4, or 8p* mn 2pg + 4¢* + 1,
4 (18¢*+3 g+4oq
and p = L A.wm v. Here, p7=3
shall proceed therefore, by making p =g + 75 and shall
thus obtain 2¢ + % = +~(13¢* + 8); then
- 18 + 3 =49 + 12gr -+ 9%, or
Qg™ == 12¢r -+ Or= — 3, or
3g* = Agr B> —1;

) 97+ 4/ (181* —8)
which gives g = 3 .

s which shews that n 7 $p, and theve-

,orp7qg;wWe

2 +3r 11 make
: S : or 4, we shall m
Again, since ¢ 7 g > g7 %

. =/ (18r% — B);

=r and we shall thus have » + 35 =/ {1or A

Wp. Hmeu.lf w:wn #* + Grs -+ 9s™ or 12 = Grs + 95 + 3, o
dy* — Qs + B* + 1; whence we obtail e
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,— SHV(8s* + 4) , B 3-+8s oAz Vil o AR o
. i . Dut here ¢ 7 3 OT 7785 where. — O u=ote= %lq¢g=rt+s= 1T
‘g lel = - = = = 3 = ) =
MﬁM HWMWMM.W mﬁwi_ have 85 4= /(185 4), H.H“ t =ut+v= 5 _ p= gtr= Howu
=05 + 24st + 16¢*; —y4z=1|s =6+tu=285|n= p+q =180,
vt y=2|r=s+t=28|m=5n+p=0:

so that 4s* = 2dst 4. 168 — 4 |
0 . e dy oand 5= - 472
therefore s = 8¢ - /{184 — 5“. H.Hm%m we MMW<M_ =1

$73t-1- 3 or 5 7 6¢;
we must therefore make s = 6¢ 4~ % ; whence
k]

9o that 180 is the least number, after 0, which we can
substitute for m, in order that 13n° + 1 may become a
square. ) -
8+ = 4/ (186 — 1 2 106. This example sufficiently shews how prohix these
then 4¢* = @\ma T ur .wuu M:_Mpm_mmwmml 1= 88 4 Gl - w5 calenlations may vmm:u particular Mmmmmm and ﬁ&w_p the mum-

S+ o (19ur +4) ’ 55 BT bers in question are greater, we are often obliged to go
t= ) ,orf > Gu and T , : through ten iimes as many operations as we had to perform

IF therofor : 4 7t for the number 15, ] o
" “IT relore, we MELS £ = 1w -+ 9, we shall have As we'cannot, foresee the mumbers that will require such
hT me.l A @m:-nT 4), and 18u* 1 4 = u* -} Sy - 160° 5 tedious ¢alculations, we may with propriety avail ourselves
etore 12u* = Suw + 1602 — 4 or Sur=2uy + 40° [ of the tronble which others have taken; and, for this pur-
v+ /(180> —3) Ay =totaot — 1 pose, a Table 13 subjoined to the present chapter, in ér._nr
3 2O0Y U 7 o, 0w 7D, . .the values of m and « are mmﬂn:_mﬁm& for all nirmbers, &, be-
therefor I , 3 .. tween 2 and 100; so that in the cases which present ﬁr.m.E.
ve, make % = v + &, aihd we shall have selves, we may take from it the values of m and %, which

% + 82 = ./(180* — 8), and adgwer to the given number a.

O* — Hea_,.w.—me. = 8 = d* 4 199r + 925 or . 407 It is proper, however, to remark, ».ru.r for certain
= + 92* ++ 8, or 80* = 4oz 4 8% + 1, and numbers, the letters and # may be determined generally ;
2+ (182 +8) » alic this is the case when ¢ is greater, or less than a square, _Mu.
) ; so that v 7 S2, and 7. 1 or 2 it will be proper, therefore, to enter into a particular
Let us now suppose » = -+ y, and we shall have

wn"m_“_.h.%,u U =

Let us,

0=

analysis of these cases.
108. In order to this, let & = ¢* — 2; and since we must

mma“p .._, dy = /(182" + 3), and have (¢ — 2n? -1 = m?, 1t is clear that a £ en 3 therefore
@ 4+ 8 = 2* -+ Gy + 9, or we shall make m — en — p, from which we have

122* = Gy + 9y
2 v Yy — m“ and
s Wﬁ@ + 3y* — 1; whence
Y+ v/ (18 —4) ; .
. =7 =F ., L T, e w
% ’ as P Ay F2) . and it is evident that if we

and, consequent] W ;
- MWy, & 7 . elor
¥ =¥ - 3, which gives g @ shell thorelbre, ake

By + 4z = ./ Embw — 4}, and

(¢* — 2m* - 1 = *n* — Qenp -} p*, or
92 = Qenp — p* -+ 1; therefore

&=

make p = 1, this quantity becomes rational, and we have
0t g and mo= e — L

183y — 4 =0y ¥ 0 For example, let @ = 28, so that ¢ == 5; we shall then
Ay® = Q4zy l_wutum._mm JMNM.#MHHQ.NW or A " have 23n* z.wu 1= m?, if n = 5, and m = 24. The reason
¥= G+ 4t H..EMWE ore of which is evident from another consideration; for if, in
) Y = Bz .(18 l_mﬁ”: , the case of @ — ¢* — 2, we make = =¢ we shall have

This formula being at lenoth sir; : an'~+1 = ¢+ — 2¢* + 1; which is the squarc of ¢” — 1.
take z = 0, aud go b gth similar to the first, we ma . 109. Let @ — ¢* — 1, or Jess than a square by unity.
) go back as follows: ¥ First, wo must have Qp“l Tynt + 1 = m; then, because,

as before, m 2 en, we shall make m =é&n — D3 and this

being done, we have

{¢* — Dy -1 = u* —Renp +p°, oF n®==Renp —p* +1;
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wherefore n==ep + 4/(¢p"—p*+ 1). Now, the hrationality
disappeared by supposmg p = 1; so that » = 2, and
m = 2 — 1. This also is evident; for, since ¢ = ¢* — 1,
msmﬁnwmuémmbm .

an’ + 1 = det — de” 4- 1,

or equal to the square of 2e* —1. For example, let a=24,
or ¢ = &5, we shall have n = 10, and )

24m7 + 1 = 2401 = (49« *,

110. Let us now suppose & = &* + 1, or & greater than
a square by unity. Here we must have

(e + n*+ 1 = m?,

and m will evidently be greater than en. Let us, therefore,
write m = ¢n + p, and we shall have

€+ n° +1= e*n® + eap-+p°, or n®= Lenp +p*— 1;

whence nn = ep + #/(e’pZ + p* — 1). Now, we may make
P = 1, and shall then have n =2¢; thevefore m®= e+ 1;
which is what cught to be the result from the consideration,
that @ = ¢* -+ 1, and n = 2¢, which gives
an’+ 1 = de* + 4¢" + 1, the square of 2¢* + 1. For ex-
ample, let & = 17, so that ¢ = 4, and we shall have
172* + 1 =m"; by making » = 8, and m = 83.

111. Lastly, let o = e® + 2, or greater than a square by
2, Ilere, we have (¢° 4 2n® + 1 =m", and, as before,
m 7 cit; therefore we shall suppose m = en 4+ p, and. shall
thus have

e'n® 4+ 20 + 1= e*n® 4 2enp + p*, or
" = Zepn + p* — 1, which gives
_epA/(e’p? +2p° —-2)

= - .

2

i

Letp =1, we shall find n=2¢, and m = ¢* + 1; and, in
fact, since a=e°4-2, and n=¢, we have an*+1=c*+2¢* -1,
which is the square of ¢* 4 1.

For example, let 4 == 11, so that ¢ = 8; we shall find

Lin® 4 1=, by making # = 3, and m = 10. If we

n

* In thig case, likewise, the radical sign vanishes, if' we make
# = 0: and this suppesition incontestably gives the least possible
numbers for m and », namely, # = 1, and m = e ; thatis to say,
it e = p, the fogmula 2407+ 1 becomes a square by making
i = 1; and the'root of this square will be m = e=135, F.T.

JCHAP, VI

. ,.m.g. osed .
A P 89u° 4 1 =m*, where n = 9, and m = 82,
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a = 83, we should have ¢ = 9, and

- % Qur author might have added here m%o?@. very ohvious

= oo
. . . i e® - —e: for then by mak-
case, which. is when  is of the form m., *—e; ¥

ir 7 4 2 =
-ing n =0, ouUr formula an?® + 1, becomes ¢°c° == a0 41

(ec = 1)°. I wasled to the consideration of the .n_vgm WMHH“
from having observed that the square roots of EW num ﬁmw o
cluded in this formula are readily obtained by t mrEmmn od of
continued fractions, the @:oammammzumm,@.os which M. e u.nn wEm

are derived, following a certan @mﬁmﬁmE..._mm. law, o ﬂﬁo Mmrom
readily observed, and that whenever thisis HWE %mmum.“ the H.M, cthod
swhich i given above is alsa applied with great facility.

v

"man ‘e included in the above form, I have

-eat taany numbers are included I,

w%m; Emmnmw.@ to ‘place it here, as o means of abridging the
erations in those particular cases. :

cm_Hp:m feader is indebted to Mr. P. Barlow of the chw.mp bnm.e.

demy, Woalwich, for tlie above note ; and also for a few more

in this Second Part, which are distinguished by the signature, B.
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H—bwwH.H_._u m: W * YV & I u“um_. ma
e
3 :um HO_. mu.ﬁw. WH.C.W 0%—& -.Humw Mmrﬂmﬁ H 13 ) H_.n.v. “z.
3]

that will give e = o i
a square. g # = aw® + 1#%; or that will vender am 4+ 1

= - z 4 s i .
2 2 3 [ 53 CHAP. VIIL
8 1 2 || s Emm 66249 | gy ,
5 & g 85 19 %mm o OQf'the Methad gf rendering the Tyrational Formula,
.w. m 8 mm 9 15 R e + bx + ex® ’+ dz®) Rational.
8 { 20 : w . : .
3 1 3 || 58 2574 . ummww. -7 118, 'Weshall now roceed to a formula, in %Eow..ﬂ_ rises
10 6 o 39 69 530 4o the third power; alter which we shall consider also the °
Ww w 1o mw omemwwmw 176651 5L fourth power of 2, althongh these two cases aré treated in
a 7 - 66519049 the same manmer: .
18 180 649 mw 8 63 Yetlit be requiired, therefore, to transform into a square
m % 15 ! 8 the fofmula ¢ -+ b - cz® + dad, and to find proper ﬁm_wmm
4 65 16 of & for -this.purpose, .mwmummmm@ in rational b:EU.mHm. As
S, g 33 || 66 .8 ) 129 this 1pvesti ..ﬁoﬁ;m._mﬁmumm@55 much greater Emm.o_.,;ﬁmm
W.m.‘ o% 17 |\ 67 5967 &momw than any. oﬁﬁm preceding cases, more artifice 18 requisite to
om cw 170 | 68 & cn.m . find even fractional values of z; and with mﬂ.ﬁr.. we must be
21 12 mm mw 956 TS . ...“wm.mmmmmvéwnronﬁ pretending to find values in infeger num-
2 o 50 I> Lo
MM @M wa ..ww 413 wwmw wo =+ Temust here be Hz...wioumq remarked also, that a general
24 1 P qm oa 2 17 solufion cannot be given, as m, the preceding cases; and
9% 10 =7 74 267 cwo 2281249 that, instead of the number here employed leading to an
27 3 a5 | 7 .m *c.m mmmm .Ems:m_ s:BndE. of solutions, each operation will exhibit but
25 4 o 5 . one value ol &.
wm ch wwmw Mm o.mmw 57 wm@ 118. As in mc.ﬂm.&ﬂ..Em the formula « + ba + cx*, we
80 2 11 || 78 . 6 W.Mw observed ms.EwEﬁo.ccE_bmwn of cases, m ﬁg.or .ﬁrm monﬁos.
31| 273 | 1520 | 79 g 20 becories altogether ﬁ.Emc,,,_m;;P we may _,m:..‘EM imagine that
a2 3 17 || 80 1 9 this will be much oftener the case wili respect to the present
33 4 28 |59 formula, which, _me.%mmu n%smﬁmsﬂw mu.mm_un.m% that we &Hmm&%ﬁ
S 6 3 a 13 33 know. or have found, a solution. 50 that here we can on
38 ! m 83 g Hmm give vules for those cases, i which we set out from omuhu
37 12 73 mw G 55 known solution, n order to find a new one; by means of
58 6 37 g mowwm 285769 which, we may then find a third, and proceed, successively
39 b 25 | g7 :Lm 10405 in the same manner, to others.
Mm mww o 19| gg w.w Hw% . 1t does not, however, always happen, that, by means of a
49 2 2049 | g9 55000 500001 * known solation, we ean find another ; on the confrary,
43 umm mhww 50 9 19 there are many cases, 1 é,::.“r only one solution can take
4 30 199 91 165 1574 place; and this circumsiance is a;,.m more HmEE._EEmem. in
45 D 161 92 120 1151 the analyses i:nr we have before made, a single solution
46 | 8588 | 24835 om 1260 12151 led to an infinite number of other new ones. . "
47 7 48 ww 221064 2143295 114, We just now observed, that in cnmmp.a to H.mzm?.ﬂ the
48 1 7\ 95 4 39 transformation of the formula, & + ba + cx” + m.&ﬂ mnto o
50 4 a9 || o7 69775 x.w R mw squate, 2 case must be ?.mm:c_.ucmmnr in aiznr.ﬁrm% m.owzgoﬁum.
mw 7 50 || 08 o .wm mLmowammw possible. - Mow, such a casc 18 clearly perecived, when the
52| 90| o619l 99 L 10 : |

*

See Article 8 of the additions by De la Gﬂ.m:w_..m.
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first term is itself a square mr.mm&; and the formula may be
expressed thus, 7% + da +ca2 - dzr’; for it evidently be-
comes a square, if @ == 0, -

We shall therefore enter upon the snbject, by considering
this formula; and shall endeavour to see how, by mﬁmuw
out from the known case 2 — 0, we may arrive at some
other value of w. For this burpose, we shall employ two
different methods, which will he separately explained: ip
order to which, it will be proper to begin with. particular
cases.

115. Let, therefore, the formula 1 + 2 — a® - 5% be
proposed, which ought to become a square, Here, as the
first term is a square, we shall adopt for the root reqiured
such a quaniity as will make the first two terms vanish,
For which purpose, let 1 -+ # be the root, whose square is
to be equal to our formula; and this will give 1 4 29 —
T+ a"=1+ % + a?, of which equation the first two
terms destroy each other; so that we have ¥ =g g
or 2% = 22% which, being divided by 22, gives # = 25 g0
that the formula becomes 1 +4 —-41L8 =g

Likewise, in order to make a square of the formula,
4+ G — 52° o 313, we shall first suppose its root to be
2 -k ne, and seek such a value of » as will make the first
two terms disappear ; hence,

4+ 6 — 2™ 4 82° = 4 & dpa 4 nap?;
therefore we must have 4n — 6, and % = 2; whence re.
sults the equation — 532 +3r=np2—2

o2 Ny i _ 29,
2% or dad = 12,9,
2

which gives # = 29 and this is the value which will make

a square of the proposed formula, whose root will be
24 la =43,

HE. The second method consists in giving the root three
terms, as '+ gz 4 %a?, such, that the first threa terms in
the equation may vanish.

Let theye he Proposed, fur example, the formula 1 — 4a +
022 — 523, the root of which "we shall suppose to De
1 — 22 -+ ha?, and we shall thus have
I de +62° — 525 v= 1 — dgp + da® — xS + B - Qe
The first two terms, as we see, are immediately destroyed on
both sides; and,in order to yomove the third, we must make
2h -4 =6, consequently, A = 1; Ly these means, and
transposing 2hz* = 2%, we obtain — 55 — da® |- o,
O — 8= —d-la sothat o = — 1,

11%. These two methods, therefore, may be employed,
when the first term @ is o square. The first is founded on

expressing the root by two terms, &s '+ gy in which Jis

. 363
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‘ ot of the first term, and p is gwwﬁwmmgmmﬁwwn
ikewise di ; that there re-
: likewise disappear; o here
e mmnon% ﬁmmﬁoﬁwww.m p*x* with the third and four sypww Mp
of the m.s.w ula, namely er* + da®; for then Em.ﬁ pmmwo# b
mﬁ.ﬁﬂm mw“wwgm by a’, gives a new value of a,~wr .
¢ing
e
FETE

: in the second

he. gquare o

method, three terms are given to the roots

Lpr he oot
1 i irst term & = f%, we express t

that 15 to mn._.uﬁw Hwn ﬂ.umwwn_mwn which, p and m_ are &mSuE.EEm@%ﬂmM“
J%mm. mw,muu%nmv %:.mm terms of the formula may vamsh,

Mm, done in the following manner: smjee s B s o
ot b e A S e L AP s% gt
| R y .2 . fuvther.

we must have b=2fp; and, consequently, p = o7 farther,

gt gt =P, frer this, there remains the

Quw.\wml_l.ﬁ.mu na= o P . u. c e -3

m_.mou da® = 2pgz® + g*z*; and, as 1t 1s divisible by a5,
equatior = 2pg (
@. ' . . ] .nmlwu..dmm
we obtain from it @' == .

3 n when
] frequently happen, however, eve
e Em.%rm_n Mm these methods will

i alue
a=7"*, that neit nethe d ,.MWJ:N _..m.;“%‘w lW oy
of &5 s will appear, by considering the formula

i 3 " [4 o4l
in which the second and third terms are ﬁ.ﬁ_ms "+ the root
Tor if, according to the first method, we supp
?

to be £~ px, that is ‘
o be f-+-p u.\.m+ﬁm.ﬁm = £+ fpx -+ pia®, o
we shall have 2/ = 0, andp =0; M% Hrmm. ,.m.s =0;
herefore x = O, which is not a new value o £, o the
' HL,.E.. pncow.m._bm. "to the sccond method, we were to ma
3

1 PE a®, or ) . .
H.wac Nn,wﬁ._‘ﬁ‘%eﬂwm aTu 2fpx -+ pat -+ et uﬂw_.. 2pqa® I Ghzt
we should find %fp = 0, p* + & = 0, and g

do 5 Dy alo v =0 expedient, than toen-

: v ther
case, we have no o e ent, than to en-
e H%o MMM m:n_w a value of 2, as will make the formn

i waed, this value will then en
R N two methods:

deavour
a square; ‘
find new values, by means of om.ow ro
will apply even to the cases i whe

TIf, for example, .
as ?.mm takes place when ﬁ.,m... wnﬁ w..wf.n A
thus have 4 + 3y + dy* + % the =

=0 ; whence

able us to
and this

e first term 1s not a

souare. N . &% must become a square 3
q the formuola 8 4- = =1 -z, and we gliail
f which is a
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square. If) therefore, we suppose, according to the fipst
methed, the root to be 2 4 £y, we shall have

348y 3y g =4 apy g pry,
In order that the second térm may disappear, we must
make4p=3; and, consequently, p = 2.; whence 8- y=p

-3 g9
andy =p*— 8= 2 — 28 = me therefore o = %mu

which is a new value of 2.

If, again, according to the second me
the root by 2 - py - gy", we shall have A
4By By by =4 Hpy gy 2%+ Qg+ gy,
from which the second term will bo removed, by making
dp =8, or p = 4; and the fourth, by making 4g +igr =8,
or g = 8-p” ,

4

. 1—op0 . i
obtain y = wmhﬁ or ¥ = <¢7;; and, consequently,

thod, we represent

Fas 50 that 1 = Qpg -+ g%y ; whence we

¥ = 4314, E
120. In general, if we have the formala
a -+ by + ex* 4 do,
and know also that it becomes a square when ¥ = £ or that
@ + b+ of* + df* = g%, we may make x = S+, and
shall hence obtain ‘the following new formula :
@

8+ by
T2y o
+ &0+ 8dfy - 8yt - dyp

&+ 0+ %S +8dF yt-(e + Bdf Y™ - dy

In this formula, the first term is a square; so tliat :__m
two methods above given may he applied with suceess, as
they will furnish new values of Y, and consequently of
also, since & = J

121. But often, also, it is of no avail even te have found

avalue of 2. This is the case with the formula 1 4 at,

which becomes 2 square when » = 2. For 1f; in consequence
of this, we make & — 9

-+ %, we shall get the formula 9 +4-
1%y + Gy* + 2° which ought also to become a square.
Now, by the first rule, let the root be 3-py, and we shall
have w+§@+m@m+@mﬂw+@w+ Py*, in which we musg
have Gp = 12, and P =2; therefore 6 4 y = #* =4, and
Y = — 2, which, siee we made 2 = 2 %, this gives
2 =0; that is to say, a value from which we can derive
nathing wore.

T Yyl
L

L)

.
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.m&

. H,...E“ us also try the second method, and represent the root
% 4+ py + qy°; this gives o a
m.]_LM\&T@fr.%n@+§\+m@t+ﬁl+m@@wi,v%mw
iwhich we must first have 6p =12, and p = 2; then
uo.mn_.. pt = 6g -+ 4 = 6, and ¢ = ;; farther,
i HHwﬁm+m@H%+&\% d142°=0;
,V = d, consequently, 2= — 1, an =0
Wﬂﬁm%ﬁ&u «mm mmwm draw n_ao w:w.mwﬂn conclusion, because, if

" we wished to make # ——1+ 2, we should find the formula,

By — 822128, the first term of which vanishes; so that we
- , .
ca ither d.
ot make use of either metho
. nqu@m have therefore sufficient grounds to suppose, &_ﬁow.
what has been attempted, that the formula 1 -}- 2" can Ew<9
become 2 square, except 1n these three cases; namely, when
' "1 2=0, 2 2= —1, mbmwm. EJ@
. is i rselves fvom other reasons,
it of this we may satisfy ourse : 150
Wwpm “Fiet us consider, for the sake of praciice, the formula

. e in ing cases;
"33, wilich becomes a square in the following cases;

L3

.H.ﬂﬂauw..aﬂlfm..auw» -
" and .let us see whether we~shall arrive at other similax

dm.m:wwmmm 2 = 1 4s one of the satisfactory values, let us sup-

pose z = 1 4y, and we shall thus have .

i 14 8a® = 4 9y -+ 99° -+ 8y
Now, let the root of this new formula he 2 -4 py, so that

y* 4 8y' = 4 -+ dpy + p%yr. We must have
m I_H: M.wuu_mﬂu‘.wﬂ%ﬁ mﬂ\“ and ﬁw_m. OMKE terms will give 9 MT By HHH
pt= 3L, and y = — %i; consequently, # = — g %5_
H«_'m..m%_umncﬁmm a square, namely, — 3554, the root of J e H
i — &1, or 4~ 54£: and, if we chose to proceed, by making

.HIPmémmroﬁEscﬁ?.ﬁ:omsmboédﬂﬂcmm.
Let us MHM.W muw_uq the second method to the same formula,

and suppose the root tobe 2 - py -+ q7" 3 QE,&H supposition

pives | o s e
e L ¢ 4+ 4py +4qy + 2pqy’ + 4yt
4+ 9+ + 8= E+ Yy’

thevefore, we must have 4p = @, or p = 2, and 4q + p* =

> ter ill give
= 4 5i or g = 83: and the other terms w1 give
M = mwum.,.-_w m“@_ = 387 ﬂm@u or 567 4 128¢% = 8564, ot
128¢°y = — 183; that is o say,
G382
198 x ($2)y = — 183, or goy = — 183,
So that y = — 2232 and » = —-522; and these values
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will furnish new ones, by following the methods which have

been pointed out. ,
123, It must be remarked, however, that if we gave our-
*selves the trouble of deducing new values from the two;
which the known case of 22 = 1 has furnished, we should
arrive at fractions extremely prolix; and we have reason {o
be surprised that the case, o — 1, has not rather led us to
the other, # = 2, which is no less evident. Tlus, indeed,
is an imperfection of the present wethod, which is the only
mode of proceeding hitherto known.
We may, in the same manner, set out from the case
2z = 2, in order to find other values. T.et us, for this pur-
pose, make & = 2 -+ y, and it will be required to make a
square of the formula, 25 - 86y 4 18y° + 3% Here, if
we suppose its root, according to the first method, to be
& 4 py, we shall have
25 + 36y + 18y* + 8y® = 25 + 10py + piy;
and, consequently, 10p = 86, or p = 1P ¢ then expunging
the terms which destroy each other, and dividing the others
by #*, there results 18 + Sy mmpt = e consequently,
Y= —F5hand & = B ; whence it follows, that 1 - 82° 1s
& square, whose oot 1s 5 - py = —- 14, or - 231
In the second method, it would be Decessary to suppose
the root = 5 + py - ¢4% and we should then have
95 + 56, 2 4 gys == 25+ 10py + 1002 +2pgy
5 + 8y + 187 + 8y = { et

the second end third terms would disappear by making
10p = 386, or p = 3, and 107 + p* = 18, or
10g =18 — 324 =120 o 5 — E3; and then the other

terms, divided by 37, wo
gy =38 — g = —
& 520

I E 1

124, This caleulation does not become less tedious and
difficalt, even in the cases where, setiing out differently, we
ean give a general solution; as, for example, when the
formula proposed is 1 — 2 — 4 4 2% m which we may
make, generally, 2 = n® —. 1, by giving any value whatever
ton: for, let n = 2; we have then 7 — 3, and the formula
becomes 1 — 8 — 9 4 97 = 16. Letn = 3, we have then
@ = 8, and the formula becomes 1 — 8 — G4 -F 512 = 441
and so on.

But it should be observed, that it is to
circumstance we owe- a solution so e
stance is readily
fi

uld give 2pg + g% = 8, or

3% thatis, y = — 2275 and

BIE?

H

a very peculiar
) asy, and this eircum- .
perceived by analysing our formula into
wetors 5 for we “immediately see, that it is divisible by

Y
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: ot i 1 — 2% that Em.@mommﬁ
%, that the quotient will M.mn& o e ey

s n_quom_mm of the factors (1
that our formula, )
wl.ﬁ —a?+at=(1—x) x (1+2) x (1—2)=(1—2)*x .ﬁ.._..ﬁ.
“Now, as it must be & O _”ao_ﬂ_as.m”__“.mﬁ&%mm ad, ﬁ&mﬁ %SMUWM
: r%m o, gives a O for the guotient™, we must also .ﬁm. ¢
1 4 2'== 0 ; and, oobdmw.mm& ) n 1+axbean,it wmvoﬂ.ma‘_
that (1 — z)* X (1 + ) will be a square; émv..mdmw ther mno.ﬂm
only to make 1.} & ==’ and we immediately obtain
=»t-1 S .
a. If ﬂmwm circumstance had escaped us, 1t would HEM_m rmﬂw.
- difficult even to have mwmﬁmm.ﬁﬁm& only five or six values o
Y- receding methods.
g Jw.m%ﬁw%w“m %mﬂnoﬁ&mmmu that it mm. proper to resolve mMm&..
formula proposed into factors, when it can be done nrmh. we
have already shewn how this is to be done, by making _\n e given
formula equal to 0, and then seeking the root of this mmﬁm
‘tion ; - for sach root, as & = S5 will give a factor f'— a3 nEﬁ
thisrAnquiry:is so- much the easier, as here we seck only

3

.“,.__ A onal yoots, which are always @.E.Hmoﬁ of the known term,
" ‘prrthe term which does not contain .

26, This circumstance takes place also in our general

formitla, a + bz + cz® + dad, when the first two nmmnwm dis-
: . . . 2
appedr, and it is consequently the guantity ex® 4 da® that

. must be a square ; for it is evident, 1n this case, that by di-
" viding by the square 2% we must also have ¢ + mw asquare;;
and we have therefore only to make ¢+ de = »% in order

n*--c
to have & = 5

ber of answers, and even all the possible answers. )

127. In the application of the first of the two preceding
methods, if we do not choose to determine the letter P for
the sake of removing the second term, we shall arrive ﬁmn
another irrational formula, which it will be required to make
rational, .

For example, let f° - be 4-ca® 4 da® be the moﬂz:r—
proposed, and let its root = f-F pa. mﬁw.m we shall E_ﬂw
7t 4 b 4 ea® + di =+ Ype + pix®, from E_:Ew the
first terms vanish; dividing, therefore by «, we obtan

, a value which contains an infinite num-

* The mathematical student, who may wish to mnam:.m an
extensive knowledge of the many curious properties %H:WEJ
bers, is referred, once for all, to the second edition o . mm%my.a
dre's celebrated Tssai sur la Theovie des Zo:&:.mm.w or to Mr.
Barlow’s Elemenr:iry Investigation of the same subject.
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b+ ex + dy® — L)
gree, which gives

= E e (Pt —Qepnt 8474 " —4dd)
Z
So that the question i1s now veduced to mm%zm stch values

of p, as will make the formula P pt 3-8 4 Al

become a e it 1

oriome & HMM_UMWM e, wﬂwﬁ as it mw the fourth power of the re.
Juired * p whieh ecenrs here, thi ngs to the
tollowing chapter. , » (1 case belongs to the

CHAP. IX.

Of the Method enders I
of rendering T :
sthod H\. ering Rational #he MCOMmensurably
O (@ + br + ea® 4 dad - ext)
o).
128. We are
1es. are NoW come to for i i e indt
Tminate number, &, rises to the mouwm..ﬂmmmwwuﬁ .iﬂnr %JEQQ@T
be the limit of our { fitis afberad st
. our rescarches o antitics affy ,
s1gn of the square rost : s " m_._m::ﬁ_ma affected Iy the
me.rmﬁ S juare root 3 sinee Enmzénciumm nut yet bees pro
wmn ar Ewc:m.‘r. to enable us to wansform mto s z,ﬂ "
mEmV EEE.&W m which higher powers of 2 are found e
ur new formula furnishe sl
5 three cases: the fipst
he fhsp o formul ases: the fivst, when
s & 18 a square; the second. w W
; Lt : wh
term, ex, is 2 square; and the thir Dot the ot
; te third, when both the fyst

term and the last aye s
re gquares. We i dap :
these cases separately. 1 shall consider eacli of

129, 1gt, Resolution of the formula,

A\A.\n.u + by + cx® + das + Q.EJ.

MWM hrm%.w.wﬁ HE.J: of thisis a square, we might, by the frst me.
pod, st ] M_unwmnm Jum root to be '+ pa;, and determine P inanch a
manner, E&% mwmmmmw ms_or terms A_E:E disappear, and the
th e 8y 275 hut we should not fail still o £
5 M : H
“.n wn Mw,m m.mmm;_ﬂ_uzm and the determination of 2 would &m M_Mm
Eﬂmnmmncmmws%womhmz. mﬁwm shall therefore have H.mnoﬁ.mmﬂﬁo
5 and represent the root b ,
an 'mi ; e .
em_.w.“rmw %mmm_E%m P and ¢, 50 as to H.mEngvﬂ.mMm .M—.mﬁ.ﬂmﬂwm
macmmoz omﬁ _%z d Jﬂ%ww by 23, we shall arrive at a simple
; e Tirst degrec i ill of ithout ar
S el gree, which wil] gtve & without any

2 -+ p'%%, an equation of the sccohd de.
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180. If, therefore, the root be /- po - 2% and for that
ason -, :

A b et dz? 4+ mm\.,_. g .

s Ypa + muuaa + Ggat + gzt + gt

" _the first terms disappesr of themselves; with regard to the
“second, we shall remove them by wmaking & =2fp, or

5. Eu.mv for the third, we must make ¢ = 2§ + p%

k % H.@“L. 5

WM@. .Hrw.m.vmwbm done, the other terms will be di-

OHQ“.\. )

yisible by ¥, and will give the equation d-+-ez = 2pg+ 42,

frém which. we find

. e—q*
to see that this method leads to no-

| uw . Now, it,

U thing,. when the sécond and. third terms are wanting in eur

“formulg s that 1s to say; when b = 0, and ¢ = 0; for then
, e
m.EEoE% draw no conclusion, because this case

o Q,mmm.. :q = 0; consequently, & = — —, from which

Syl
- evidently gives da® -+ ex* = 0; and, therefore, our formula

Becomes equal to ‘the square % But it is chiefly s&r re-
spect to such formuls as £ + ea*, that this method is of no
advantage, since in this case we have d = 0, which gives
# = 0, and this leads no farther, It is the same, when
b—0, and d = 0; that is to say, the second and fourth

terms are wanting, in which case the formula is

S et J-ext; for, thenp = 0, and ¢ = MHE whence

=0, as we may immediately perceive, from which no

further advantage can result.
132. 2d:; Resolution of the formula

o+ br + ea® + dot - gtxt).

We might reduce this formula to the preceding case, by

1
.m:_%ommum. r = m:\lw for, as the formula
b e d g°
T

must then be a square, and remain a square if multiplied

by the square y*, we have only to perform nr.,mEﬁEmﬁan

tion, in order to obtain the formula
i)
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G+ by - oy + dy + g%
which ig quite similar fo the former, only inverted. :
But it is not necessary to go through this process; we

have only to suppose the root to be gz? 4- px + g, or, in-
versely, ¢ + pr + ga?, and we shall thus have

a + bx +nau+&am+%§mﬂ

4° + Rpgr + 2gqr® + Pzt 4 Qoprd + ghat,
Now, the fifth and sixth terms destroying each other, we
shall first determine p so,' that the fourth terms m 1y alsa
destroy each other; which happens when d = 2o, or

d

L@H T Ve shall then likewise determine g, in order to re.
move the third terms, making for this purpose

¢ — 2
¢ = 2eq -+ p', or g = wmws ;
which done, the first two terms will furnis

6+ br = ¢* 4- 2pgx; whence we obtain

. p= T Lo o
leﬁgi Al or ® = @'.nl a@.ﬁm.

183. Here, again, we find the same tmperfection that was

before remarked, in the case where the second and fourth

h the cquation

- terms are wanting; that is to say, b =0, and d = 0; be-

cause we then find p = 0, and q= %m therefore
. %
a — g . C .

¥ =g now, this value being infinite, leads no farther
than the value, 2 = 0, in the first case; whenee it follows,
that this method cannot be at all employed with respect to
expressions of the form a - ca® 4~ g2,

134. 3d. Resolution of the formula

V{f*+ bx + et + de® + gt

It is evident that we may employ for this formula both
the Em_&omm that have Leen made Use of 5 for, in the first
place, since the first term is a square, we may assume
J '+ pz -+ ga* for the root, and make the first three ‘terrs:
vanish; then, as the last term is likewise a square, we may
also make the root ¢ 4 par - &% and remove the last three
terms; by which means we shail find even two values of .

But this formnla may be resolved also by two other
methods, which are peculiarly adapted to it. S

In the first, we suppose the root to Le S+ pr - gat, and

T obtain z =
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. pis determined such, that the second terms destroy each

ather ; that is to say,

it b et de g%t =

.\m.a,. 4 g..ﬁ 4 m.w.\.w..ﬁm +\ﬁ‘.ﬁw + .nw_n.mc.u\.w +%.9.R_+.

- .w_wmcu ‘making b= 2p, or p = @mw and since by these

Leans. - y d last, are
_both the second terms, and the mpﬂmw an A

Mﬂmmwwwwm%u “qm may divide the ’ others by #*, and mw_mﬁ__mﬁm
the equation ¢ 4 dt = - p* -+ &gp, from which we

e=8—-p* _ pA¥E—c
ap—a " °T d-%p
e A . o + o the

he: particularly “observed, that as g is found i t

: M.M .vmw%wpﬁmmhwmm second wm.smp.u the root of this square, or
%;Em%,.&?ﬁ#mu negatively as well as positively ; and, for

Hisereason; we-miy obtain also another value of 3 namely,

et Y- p _ P %YE—e
.ﬁ =5 iam.wﬂnalln y O & ..th%...pﬁxTnN

There s, as we observed, another method of resolving

. Here, it ought

E&

ithis'formula; which consists in first supposing the root, as

before, to bef+ pa.—- g?, and then determining p in such
a manner, that the fourth terms may destroy each other;
which s done by supposing in the fundamental equation,

a .
d = %gp, or p = p—; for, since the first and the last terms

)
~£

disappear likewise, we may divide the other by =, mnm ﬁrﬁm
will result the equation b 4- ex = 2fp + Yz + p*x, which
_ b—%fp
i DO
the square ## is found alone in the formula, we may sup-

pose m..m Hoo.m\.ﬁo be — # from which we shall have
b+%p
8¢
new values of x ; and, consequently, the methods we have

qmﬁmzmwn:miaﬁ_smm.
ngu_ummu.sm_ﬂp ﬁwﬁm mmmu.E the inconvenient eircumstance @naﬁ.mu.
that, when the second and the fourth terms ave ém_zﬁsm._m 0m
when b =0, and d = 0, we cannot find any <m~:mnc @
which answers our purpose; so that we E.m.cmw Lmo o.:m.
solve the formula % + ecx? + gat. Ton, M.w . an

gwes & = ‘We may farther remark, that as

= 8o that this method also furnishes two
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@ =0, we have, by both methods, p = 0; the former

giving = ﬁv@“%,u and the other giving » = 0; neither of

which are proper for furnishing any further conclusions,

137. These then are the three formule, to which| the
methods hitherto explained may be applied ; and, if in the
formula proposed neither term be a suare, N0 suCEEss can
be expected, until we have found one such value of 2 as will
make the formula a square.

Let us suppose, therefore, that our formula becomes a
square in the case of & = }, or that

a + bh + eh® + dh® + eht =12,

if we make & =4 -+ g, we shall have a new formula, the
first term of which will be 42; that is to say, a sguare, which
will, consequently, fall under the frst case: and we may also
use this transformation, after having determined by the pre-
ceding methods one valpe of x, for instance, x = h; for
we have then only to make & == % + %, 1o order to obtain a
new equation, with which we may proceed in the same

manner. And the values of a, that may be found injthis

manner, will furnish new ones; which™ will also lead to
others, and so on.

138. Butit is to be particularly remarked, that we canin
no way hope to resolve those formule in which the second and
fourth terms are wanting, until we have found one solution ;
and, with regard to the process that must be followed after
that, we shall explain it by applying it to the formula a4 ca®,
which is one of those that most frequently oceur.

Suppose, therefore, we have found such a value of =k,
that ¢ + eh* = /*; then if we would find, from this, other
values of z, we must make 2 = % Z; and the following
formula, o + eh* - deh®y + GehYyr 4 dehy® + ey®, must
be a square. Now, this formula being reducible to
E 4 dely - Gels/* + dehaf + ey, it therefore belongs to
the first of our three cases; so that we shall represent its
square root by. & + py 4+ gy*; and, consequently, ‘the
formula itself will be equal to the square

Ko+ 2py + Py + gyt + gy + gt
from which we must first remove the second term by de-

lermining p, and consequently ¢; that is to say, by making

2ch®
Lol = Qep, or p = lmw.%w and Geh® = 2%qg 4 22, or

FuaPp, I¥

.n\u

" 'thrown into the form
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L i Behekt—Qet 5% eh*(Bh° — ety

R T 2 - 2

I . el + 2a) ¢ | — a; after
or, lastly, ¢ = ( e , becaunse ek ;

3 i s being divided by
i ining terms, 4ehy® + ey*, bemg «
.MWEWMHWM%MBMMMH ..Tm ey — 2pg + g%y, whence we find
k] R .
, deh ARpY and the numerator of this fraction may be
gi—e :

g&%;l%&%@ﬁ:w&
‘ It

. — k® — a, into this, .

or, because ght = k* — @, 10 D%y daeh(Du—E)

B R

+
+?

. .dﬂ_&.ﬁmmm& to Em..mmncu&umﬁon g* — e, since

' g= ehA k"t 2a) sand m.wa,__ =k —a, it becomes
...‘.W.HM.._” . . . B ﬁ.ﬂelﬁ_ 5 Qhaﬁmﬂn& _ %Q&U
e wm.lmhg X % 4+ 20)?— ek® _ e(3a & @’ _. . ,
' mo..iwwn the value sought will be )
‘ dael(Ra—%") i on,
L y= b % ae(8k* — 1a™)
’ Wi 20— %) iy,
Y=g and, consequently
A MBalt—k—da?)
_ r=y+h=""gn g ’
“ TulJe* — Bak®+4a®)
=TT gt 8k

e ! ituting for %*p” its
# By multiplying 6ek*—p* by k*,and substituting for #%p

oaw_pw_omw.&“wrnm k* = a + eht, therefore 3k* — 2eh* =3a + ekt

=k + 2a. m
n dehl® 150 0 = el (k2 +imu.lnw. and p = wmh... m
1 Here 4eh = % also g = —7, it
4 ho(k® +2a})

; and, consequently,

therefore 2pg = — % ‘
dchl' —te*ho(k* +20) @

- ——— o

kt

deh — Zpg =
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| T 1L

If, therefore, we suhstit

. ute thi; .
@ - ext, it becomes 1, is value of @ in the formuly,

uare: i i
q ; and its root, which we have

5 m ) F)
, :MU@DMEQ to —um w l_ @ |w| m.r\u A{H_.“_. .T.m.__c.m kumm AOH m

_. i 4. BHE—a) x (2a—I)

4 LOkE—a) x (1 +24) x (2a—p)e

,_ 8kt —da?
because, as Dty E?I?u,v ... o
! > 48 We r.mﬂm Seen, p = I_m.wlau g= el (k* + 2a)
ye W (20— 77 L B
SIF_dpe > and el = k- a ¥

189, Tet 1 i

X 15 coutintie the i ioati

ey C 1€ mvestioatio

a nonmmw%mm_m since the case g + et Pme..moM.m HWm m_owEEm

peder i .Mmlm.E,wﬁ_Ewm two different ommmmH.Em_w%“ -

g1k mouEEmummnof for which reason we Ew.‘ m..w:mm

M.rm ot poula in zwwcwwmm. of the third class, wm.m EHWM

ity ast are squares, his tr
ade by an arttfice, which is cww_s_ﬂm MM.MMW

utility, and which consists in makine 7 — M1+ :
g & = == .
means the formula bee omes 1y ° by which
a(l — g +eht(1 + gy
ﬁ_.l.m\vy ~=, or rather
4k —~2 i
A au.@mewn.Q +$Qn~1| wav.u\.qu wnm.m‘*
{(1—z)* .

Now, let us suppose the root

third case, to be b+ py— Iy
(I—gp * % that the numerator of our
qual to the squar
K 4 Qhpy + o [uare
. Y+ Y — W — ey 2
emoving the second terms, by EEMV.NQ..T Kot
a

of this formula, according to the

formula must he e

and, r

45 — 8 = 9 2 —da
— orp — -
Dy Or P = 7 iand dividing the
- * Thug, .
Dekd  4hk2(Qq—pe
py = 28 20—k  8ehh(2a—i 4
\m m g = m_@.»mljﬂ”_q% “mmnmm. M.xmu X mma Jl\nuv )
o Rl +2a 8 2 o .
also, gy = FE Iv X Mﬁlmw\w.w 2ot ) _ 166k k{1 +-2a) x (2a—iny2
, tda7)e aaTyT
”Hmmﬁm.]nu % (k7 +8a) x (2a—k*)? ke
TBR Zda?)? uw%m:&maﬁcngm eht=fr—g,
. Hw1
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terms by 37, we shall have
6+ dy(Ft — 2a) =— a5 L > — Rhpy, ot
{44 — Ba + 2kp) = p* — 8i%; or
e
p= ﬁ, and pk = 24* — 4a; 50 that
'y ——4kr — 16ak* 4160
o .ﬁwms — 16a) = e + , and
L ..\ C _be—dakt}4a?
- YETR@E—4a) |
{F we now wish io find @, we have, first,
- SR _ 18— Bkt Fda®
S MY T T ey
“and;in the mmmaum..vﬂmomu: ‘
L et
RN 1 l.hm\l i)’ so that
SRR O 4 1 o
Co El e ;. and, consequently,

oy 15y 8k—da?
_ h{lt —8ak'4-4a™)
L FT T e A
but this is Just the same valne that we found before, with
regard to the even powers ofx.
140, In order to apply this result to an example, let it be
vequired to make the Formula 2z* — 1 & square. Here,
we have s =— 1, and ¢ = 2; and the known case when
the formula becomes a square, is that in which v = 15 so
that i = 1, and £7 = 1;thatis, & =1; therefore, we shall
_ 1+8+4 .
* have the new value, ¥ = .MI,M — —18; and since the
of -z is found alone, we may also write
2 =+ 13, whence 2z* —1 = 57121 = (239)*.
If we now consider this as the known case, we have
13 and k — 280 ; and shall obtain a new value of

4

fourth- power

h=
namely, .
13 x (259* 8% 239*+4) 42422452069
3 % 230 —4 = TQ788425919
a formula

141. We shall consider, in the same manner,
rather more mobm_.m,.__ a + cx* + ext, and ghall take for the
known case, in which it becomes a square, x = h; so that

& + o 4 el = R .
volues from this, let us

And, in order io find other
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Suppose 2= &+ y, and owr formula will assume the mcm-._._.

lowing form :
a
ch*+-2ely + ey .
el dehy -Behty® + dehi + eyt -

K +(2ch +delt)y + (e+6el)y* {-delys® + ey,
The first term being a square, we shall suppose the root

of this formula to be % - 7Y ~+ qy%; and the formula itselt
will necessarily e equal to the square

R+ gy + poy* + gy -+ gy + g2t
then determining p and g, in order

to expunge the seeond
and third terms, we shall have for this purpose

- 3
Ach 4 deld = 2p ; or P = nm.ﬂ.@g ; and
: 2 — n?
¢ - Geh® = 2kq - p*; org = m+mMM”| 2 .

Now, the last two terms of the gener,
divisible by 43, they are reduced to

deh + ey = Bpg . 9% ;
deh—2pg
7°—e
of  =%h+4y If we now consider this new case as the
given one, we shall find another new case, and may proceed,
1n the same manner, as far as we please. :
142. Let us illustrate the preceding article, Ly applying
it to the formula 1 — 22 “+ 2% n which 4 = lLe=w—1,
and ¢=1. The known case is evidently 2 =1 and, tliere-
fore, h=1, and ¥ =1. If we make & = 1 4y, ‘and
the square root of our formula 1 + 2y + g4, we must first

N 3 LG Z 32
z Tﬂ.wmw__. =1, and then ¢ = Erhmwe P

2l equation being

which gives y = » and, consequently, the value also

have p=

These values give 3 = 0, and z = 1, Now, this is the
known ecase, and we have not arrived at a new one; hut it
1s because we may prove, from other constderations, that the
proposed formula can never become 2 square, except in ‘the
cases of x = 0,and & = + 1

143, Let there be given, also, for an example, the
formula 2 — 82* 4. 247 iy which ¢ — 2, ¢= -8, and "
€=2 The known case is readily found; that is, &= 1 ;
sothatly =1, and k = 1: if, therefore, we make a=1-y,
and the root = 1 + py |- 9y% we shall have p = 1, and

PART I3,

0F ALGERRA. i

; whence ¥ = 0, and 2=1; which, as rmmﬁ.ﬂ leads to

.nrmmm. new. . | 4 8a° + 2% in which
E%. bmmmuuhmw wpm:mmpa_ﬂﬁmmwwm M.wmrn consideration 1s
—_— 3 o == y == -

‘ isf: 'y C w == &y
“sufficient int out the satistactory case, namely, )
_M.um”mc_wuwﬁmwc WWMWW h=29 we find £=17; so that Ew_bﬂm
. aoph. w.ﬁ. .n\ﬁmnm representing the root by 7 + py -+ ¢y
shall have m}H 3%, and ¢ = 3153 ; whence

58 .
880 e
oo .@_”[.MUHHumﬂ.&H Zo 1L

- . e e
C.and we mawomit the sign minus in these values. But w

‘ i i le, that, since the last
ey 've, farther, in this example, . : :
Mwwn WW wﬂm.mwuﬂ a m@cmw.mu and must therefore remain a square

also in the mew formula, we may here apply the method

, een 1 : f the third class,
which has been already taught for cases o
%ﬂ%wwoww“ as ._u.nw@..qm..umn z = 2 + y, and we shall have

L8R R 8%y - Byt
SR Ecim& + 2y + 8 +

v

49 + Blogit+ 32" + 8yF - o

"4t expréssion whi nsform into a squaye in
. 'anf @gpression which we may now tra q

o oy it andy Sonsequently, the Tormul
equal to HMM Mm.m“w@. b 1yt Ot |
o A Hing (o tcins Uy 3 1t O
Sty ip + 14y + 7y = 56 1 503,

the value of y =— 4% and of x =— 2, or 2 =+ 2, we come
onwm%”ﬁmm MW m%mnwww_“ mﬁw._ umwmwhm_wﬁwwnw a ﬁ%mm m..ma %M MMM
o e horsoinny when, divided by g, form

e equati ¢ py =92 + 8y, or
o m@ﬁwﬂms wm m._nwmu..m..._m; wﬂ_um:nm we fnd y =— Li; and,
e = o = L5 . and this value trans-
consequently, 2 = — 33, or @ =+ 333

1 . - 1§ L44r,
forms our formula Into a square, whose root 1s %A%

i : f the last term than
[hen s Yt Hmmmﬁrm,_mu..w%% nom mﬁWm formula to be
4% we may suppose

3

7 + py — v°, or the formula itself equal to

49 + 1dpy + poy* — 1y — 9py® + y*  Andherewe shall

neking — 2p = 8§, or
oy the last terms buot one, hy ma : ,
Mmmﬂlo%&. then, dividing the other terms by y, we shall have
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64-+82y =14p — dp+py=—5612,

which gives y =— 4; that is, the known case again, If
we chose to destroy the second terms, we should have
64 = i4p, and p="332; and, consequently, dividing the

other terms by y°, we should obtain

32+ 8y = — 144 p° — 2py, or
82 + 8y = 138 — 54y whence
y=—-1 mum..a.“lm.%m

that is to say, the same values that we found before,
145. We may proceed, in the same manper

y with respeet
to the general formula

&+ b+ et 4 dad + ext, _

when we know one case, a5 @ = A, in which it becomes o
square, £*. The constant method is to suppose & = Ji - y:
from this, we obtain a formula of as many terms as the
other, the first of them being +*. If, after that, we express
the root by & - py 4 qy”; and determine p and g so, that
the second and third terms may disappear ; the last two,
being divisible by 22, will be reduced to a simple equation
of the first degree, from which we may easily obtain the
value of g, and, consequently, that of x also. :

Still, however, we shall be obliged, as before, to exelude
a great number of cases in the : pplication of this method ;
those, for instance, in which the value found for @ is no.
other than 2 = A, which was given, and in which, econ-
sequently, we could not advance one step.  Buch cases
shew either that the formula i impossible in itself, or that
we have yet to find some other case in which it becomes
a m@,ﬁm.w.@.

146. And this is the utmost length to which mathe-
maticians have yet advanced, in the resolution of formulze,
that are affected by the sign of the square root. No dis.
covery has hitherto been made for those, in which the quan-
tities under the sign exceed the fourth degree; and
when formulee occur which contain the fifth, or a higher
power of z, the artifices which we have explained are not
sufficient to vesolve them, even although a case be given.

That the truth of what is now said may be more evident,
we shall consider the formula

, B 4 b + ex® + dad + eat + 5, ,
the first term of which is already a square. If, as he
fore, we suppose the root of this formula to be £ + pr -+ g2,
and determine p and ¢, so as to make the second and third
terms disappear, there will still remain three terms, which,

e

FaRT )y,

£
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e divided ; tion of the second degree ;
‘tin divided by &2, form an equa : ree;
: _r%ﬁ ﬁmwmmms_w_u%nmmgn be expressed, except _ww m.ﬁm_ns_r.wwwm
e l quantity. But if we were to suppose the root to be
ﬁoﬁm.@mﬂ m.a.M.+ r2°, its square would rise to the mcw !
it l
+ 7 .- and, consequently, though we mrcnwg mwm% de.
D e 7, 7. and 7, so'as to remove the second, third, ¥
_ﬁmE.EMm e ,ﬁrmumuéc:E itill remain the fourth, the fi th,
rth terms, i re :
mﬂ%"ﬁrm .mmhn._m ROWETS ; and, dividing ._u% .w__w ”MM ﬂ“wcﬂwwmmw%
ave an*equation of the wmmoﬂ&. mmm.“.mmmm,maﬁm b we cold not
L Cw - . . . m
: vithoyt a radical sign. Thy 0 i1 |
.. Hmmﬂww«mewmm:um exhansted the subject of transforming for HWFMWM
. .WHMO, s(uares: we may Now, therefore, proceed to quant
- affected-by the sign of the cube xoot. . ‘

———— -

C WSHAP. X.

N Math reitbloring rati irrational Formula
B : d of rentlering vational the irrationa
S Q.s\n.&a gm mrc @\.«w@ + m.m. + ex® + dd)

, quirec ; f &, that the
‘iz here required to find such values of x,
mopﬂmﬂ.mﬂ H._. w.ﬁ + omnn + d&® may become a c:ﬁu%u and that
tract 1ts cube roOf. e sce im-
we may:be able to ex ot e see im-
j tion could be expected, i
mediately that no sach solu pected, if the
, degree; and we shall add,
formula exceeded the third degree; @ sh , that
if i second degree, that is to say, 1f t
if it were only of the secon ree, Ju o say, If the
3 disappeared, the mofﬁoﬁ would no : ensie
Mmﬂ.,mw ‘m‘wmm«nw %uﬁzwm nomma in which the anmﬁéo Hm_Em ﬂﬂ
. 1 ich 1 required to reduce
v d in which it ﬁdcﬂ vm.pm@::m >
M%HHHW ,Ma._. bz to a cube, it is evidently mﬁnmumm&m s&Wsm
difficulty; for we have only to make a + bz = p? to fin

t—a
at once x H% b

148. Before we proceed farther on m_r.rwm m:Emmnu _éw HMMH
in 1 ither st nor the las
ark, that when neither the first :
mam”m mmﬂna_._mﬂ ﬂwm wust not think of :wmo;:um the uooH.EcmP
unless am“m_nmp&ﬂ know a case in which it cmna_Bm“m a %_.”_ mom
whether that case readily occurs, or whether we arve obhg
nd it out by trial. ) o

¥ Mc that Em.ﬂ:uzm three w:.&m of m.E.E&mM ﬂm. MWMMH%MPW
One is, when the first term 15 a omvm 3 msmaum.aém n the
formula is expressed by f% + bu ="ca® + d2




