CAPU'T VI

- D E |

ALMRUM AEQUATIONUM DIFFERENTIO - DIFFERENTIALIUM
‘ RESOLUTIONE PER SERIES INFINITAS.

Prohlema 1{22.

967.

" Formam generalem acquationum differentio-differentialium, quas com-
mode per series resolvere licet, exhibere, earumque integralia inve-

stigare.
| Solutia.

Primo alias acquationes commode per series resolvere nen li
'ieet, nisi in quibus altera variabilis ¥ cum suis differentialibus ¢ ¥
‘et D0y nusquam plus una dimensione obtinct; quoniam pro y e
IJem infinitam substituendo in calculos nimis molestos incideremus
sl usquam pluves dimensicmes ingrederentur. Hujusmodi ergo aequa~

tiones in hac forma

90y +Mozdy+NydaP=X0oz?
Tum vero ut seriei pro y assumtae quilibet terminug

-eontinentur,
qul est casus resolutionis ma-

per solum praecedentem determinetur,
‘xime notabilis, duplicis tantum generis terminos ratione alterius va-
siquidem ad dimensiones, quas ipsa z cum

‘yiabilis « inesse eportet,
Unde primo qmdema

suo differentiali g constituit, respiciamus.
Tejecto termino X ¥, acquationes hoc modo resolubiles in hac for-

ma conlinentur
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xw(a—{—ba")aay—[——m(c—f—em")amay—}-(f—%—gaﬂ“)yaa'*’: 0.

Li| Pro cujus resolutione fingamns
i ) y—Az Bt Cw7*+2”—+-Da:7‘+3"—[—ctc
l“ | Ji ‘ et facta substitutione, sequens sérierum summa ad nihilum redigi
| ) : debet 4
}‘ ly ! ?x(?v—i)Aaa:}*—l— (7\—1—11)(?\-!—1’1—1[ )Bax"“""—} (}\+27z)()\+2 n—‘i)Cam"" -an —{— eti
fj +A(A—1)Ab + (A-+-1)(A-+1—1)Bb ‘
; ; |
| “ f{ - —AAe —+(A—1)Be +(A-2m)Ce :
! : - —Ade - +(A4-m)Be
FAS 4B o
: +Ag 3Bg.
Hic ergo primo exponens A ita accipi debet, ut sit | ’
. AL —1)adreS=0, - \ |
| H i tum vero pro reliquis fieri oportet
. [+ 1) it n—1a—-(At-mo--/] B==— [?x(?x——1>b+7xe+glA
; ‘ [AA-2m) (A -21— 1) a—=~(A4-2m)e—=f1C = ‘
"( P [(A-) A n== - (A 4-n)e—-g1 B,
Ej [(7\+391)(h+3n— Da+(A—3n)etF1 D=
B -—[(?\—]—-Zn)(?\—l—zn— 1)b~-{A-}-2n)e -1—9) c ;15‘%?
y ' _ ete. . ;
jll . Cum igitur sit _
| 4 ._ A —1)a-Ae—F=0,
I s ponamus brevitatis causa
n o (A — 1)b4-Aetg—=1r,
'm ‘ .erit b ‘
i ’§ |
il :
| .
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jn( 72—*—‘27\-—1)(1—!— nel]B— —nA
pr(2n-+2A—Da+4-2nC=—{n( 72 A—1)b—J-ne--h1B
-rts_n(Srz—]—-Q?\-—-—i)a—f—Snc]D:“__"m[2n(272-—]—27\-—.1)[)—1—2713—571)C.
' ete,

- . - . ) -y
Quia ergo misi a=—0, pro A gemini inveniuntur valores, scilicet

a— e =1 [{a —cV*— 4 af)
24 ?

A
‘binae series pro y invenmiuntur, quae utcunque combinatae integrale
‘completum aequationis propositae prachent

Aliter

Proposita acquatione hac
zx(a4-ba™Jldy—tz(cdex®oxdy— (F+gamyda’=o0,
series quoque ordine retrogrado fingl potest

y— A a,)‘—%— Bzr—n 4 Czr—2"-L D m)‘“‘s“—i— ete.

unde oritur ad nibilum reducendum

A1 ADEM L Q) (A—r1- 1) BbZ* - (A—2 m(A—2n-1)Chx " q.etc

—~+2(A—1)Aa -+ (A—1)(A~n—1)Ba
LA —+(#-—n)Be -+(A—2m)Ce
+MAc -+ (h—1)Be
+Ag +Bg +Cg
- AL +Bf

Hic ergo exponentem A ita accipi oportet, ut fat
| A — Db +re fg—0.

Tum vero si ponamus |

| AA— 1D a4dredf=h,

determinatio coé&fficientium ita se habebit




186 CAPUT YIIL

n{{ n—2a4-1)b—elB—=—" A,
2nf(2n—2R4-1)b—e] C=—] n(n-——z?\—}—i)a_——nc—q—th

3n[(3n—2A 4-1)b—e]D—= —[2n (2 n—2A~}1)a—2ne- h]C;
| ete.

Corollarium {.

068. Ex priore solutione, si i denolel numerunr 1nteg1um§
nositivum, series assumia alienbi abrumpetur, si foerit g
: I 3

in(in—4+27—1,b4-ine-4-h=—20, vel
=i A H-in—Db4-A-twetg—o0,

By
i

hoe est

)\?\b-—i—-?\@in—-—1)5-—}—211@71«-——1)5;_0
—+Ae S-ine—d-g .2

Corollarium 2.

069, Aequatio ergo nostra inlegrationem admittit, si litter
f et g ita fuerint comparatae, ut sit
‘ f=—AQA—1)a—>Ac et
g - — ANF+inf+in— i)b—-—(7\+zn) é.
Vel ‘sumtis duobus numeris g et y, ut sit ¥ — g divisibile per
ponentem 7, si fuerit

f::.-—p.(‘u..-——- fa—pume et go=— V) yve—1)b—ype
Corollarium. 3.
970. Cum hine sit

L a—eH+VI(a—eY—4af] b—e+ vV Ii(b—e—4b
M"““ 24 et.y—" 26 l.g]

aequatio habebit integrale algebraicum, si fuerit v — p—1in,
notante i numerum integrum positivum: hoc est si sit ,
< +V[(b—e)’—4bg] -—'l/[\a——c ’-——4an

in— -

aq ap — 28
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Cor‘ollariu.m 4.

- 971. Pro serie autem invenienda si eveniat, ut exponens A
st Tmaginarins, notari convenit esse

B —1 — g Y113 % (cos. Bl 4= — 1. sin. 312,

ymde binae series ita combinari poterunt, ut integrale consequatur
formam realem.

¥

Scholion.

972, Utrague solutiv generatim spectata duplicem serviem pro
yariabill ¢ suppeditat, pro gemino -exponentis A valore, quarum
‘combinatio integrale completum exhibet.  Solutio scilicet {prior pro
‘*i:xponente A hos duos praebet valores

A e—edVia - lmdaf]
24

solutio vero posterior
B—eo+VI{h—  __4b
A= et bie) 48],

jta ut hoc modo integrale completum duplici modo exprimi possit;
quac binae formae etiamsi maxime diversae, atque adeo interdum

altera per exponentes imaginarios progrediatur, dum altera “habet
reales, tamen sibi acquipollentes esse debent.  Quin etiam evenirve
potest, ut altera solutio vel etiam utraque ad integrale completum
exhibendum sit inepta, dum unicam seriem suppeditet. Incommo-
‘dam hoe pro utraque solutione duplici mods accidere potest, pro
priori nempe solutione, ubl exponentem A ex hac aequalione

ANA—Da4-ref—0,

~definiri oportet, unicus inde pre A ernitur valor, si fuerit vel a=0,

i{el 4 af—(a-—c)?, priovi casu tantum fit A — -—--{—, ‘altero ip-

sius A valore quasi in infinitum abeunte. Posteriori casu vero am-

L . . - . . ) - a—23c
bo ipsius A valores fiunt inter se aequales, scilicet A == ——~ ldem

incommodum in altera solutione locum habet, si [uerit vel 6 2= 0,
) T
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vel 4bg == (b — €)®: unde patet fieri posse, ut altera solutio J
Jusmodi incommodo laboret, dum altera eo careat, quin etiam
utraque eodem inquinetur. Quocirca ostendi conveniet, quemadm
dum etiam his casibus integrale completum investigari debeat; quc
sum etiam casum refcramus, quo ambo ipsius A valores fiunt im
ginarii, quandoquidem ad imaginariam speciem tollendam singul;
artificio est opus. Denique vero etiam binae series pro y exhibe
dae difficultate premuntur, quoties bini valoves ipsius A differentia
habent per exponentem n divisibilemy, quorum casuum evolulio etia

explicari meretur. )
Problema 123,
073. Proposita aequatione differentio-differentiali

zx(a 40z Py —w (¢ +év”“)3way—f—(f+gm’@)yax9:o

.81 eveniat, ut binae series ascéndentes pro g assumtae vel inuna

coalescant, vel altera flat impossibilis, integrale completum per s
¥les exprimere. ' ‘
Solutio.
Assumta serie
y— Az B Hn L Cgr b D A ere.
si eveniat ut bini valores ipsius A ex aequatione |

AA—Darde4+Ff—o0o

- vel flant aequales, vel differentiam per n divisibilem obtineant, v:

lor ipsius y praeter potestates ipsius x etiam logarithmum ipsius
mvolvet. Quare pro aequationis resolutione statim ponamus y=—
~+vilkx, ut sit y=——u—-vix-ov, denotamie o quantitate
constantem quamcunque. Hinc erit

oy —ou _{—-vax—l—-avl-kx-,

=
2 gixgv vox?

20y ==0du oY 2R +ddvlkz,
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pus valoribus substitutis, aequatio mostra hanc induet formam

~

zx(@+bxVddut-2x(@+baxdxdv—(arba®vda®

| +zle+eax™drdu— (¢ +—ex™) voad

o S g 2 )
_‘_[xa:(a-l—br”)88v+x(c+em“)axav—i (S gx")vax Vikax

—o,

ubi parlem postremam logarithmo affectam seorsim nihilo aequari
opurtet.  Quare posito

v— Azt - Bar TP Qe D FEn et
éj{ponenti A ex aequatione

AA—Da+rerf—=0,
1s valor tribuatur, ‘qui nulll incommodo est obnoxius; eritque pro
- reliquis coéfficientibus,

ponendo A (A ——1)b +-Ae—g—mn &,
ut sequitur
- nd-2N—1atciB+IA— 0,

2i@n—+-2r—1Da+clC~+ [( n4+2A~1)b-}e]B-}-nB=0,

3{Bn+-2A—1a+¢eID+2[2nF21A—1)b3-€]C+ ACz0,

4{Un=-2n— 1 a~4-c]E43[(3n 27 — 1) b€} D D=0,

cte.

H1s coéffcientibus ita dLi]I]lt]S, quorum primus, A arbitrio nostro
1ehnqum11. , ponamus

U= A4 AaP Bt @ g D g3 et

cqui valor sl in priori aequatione cum serie pro v inventa substitua-
tur, sequentes series ad mihilum reduci oportet
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xz{a-+ba" aaA—;—?\(?\ 1) Naz* + (A4+-n){A-n—d Bzt (A-2n)(h-+ 2n-1)Eaxh
(s e:c“) = +A(A—1)3b —+—n)(A—-n—t1 VB
—-A e A+ .n)Be -(h—+2n)€e
A f4gamA A (A1) Be
+AS +BS —+&s
—+-2g —-By
—27Aa -2 (A-}-11)Ba - 2(-+2n)Ca
" ~-2)Ab 42 —-12)Bb
+A(e—a)  +B(c—a) ~+C(c—a)
T S )

Cum autem sit

7\(]\— a-t+reffF—=0 ethA~—1) b~} Aet-g=nh,
cxpressio haec transmutabitur in hane fmmam
xx(a-—l—bx“)aaaf -z (¢ - ex“) am 4+ {f gz A
[(2A—1)a+clAxP+[(2n-+r2A—1)a 0BT [ (dn-+2 A1) a—+c]Cat
+[(2h—1)b+EA ~+[(2n+27—1)b-+£]B ;
—nf(n-+2h—1)a+c]D +2nl(2n+2h—1)a+cl€ ‘
—+n[(n-+2A—1)b+e}B 7
—+n/i ' +nhiB
ubi A denotat quosdam terminos seriei /
A 2 B TP - ete.
praemittendos, ita ut ordine retrogrado sit
A—gaxh—" 4 par—2" L cgh—3r 4., ., -;imjm)""i“- l

Quod principium quomodo quovis casu sit constituendum, sequentia .
sunt observanda.
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I.  Principium: hoc locum habere nequit, nisi fuerit

cum igitur sit
| AA—Dat+red~f—0,
inde erit

R Gl ) e/ LB B

2a

) el BT e
hinc vero
) — ¢ A=Y [{a — )2 —} af]’

24

in—=11y1(a—c)? — £ayf], seu

iinnaa=—{(a — cj¥ — &af, hincque

~ —liinna,

A= = t1in

2

~ Quare si aequatio proposita ita fuerit comparata, ut sit

ina==y{(a—c)? —4dayl,

) tum sumto

- .
A— +1in,

aa .

ac pro v sumta serie

v:Aml—l—Bxl"‘“—f—etc. .

tc:jx)"""“‘—j- A aml_”—-}—g[xl_f_%wk-}—u‘
+ €art2n 4 ete,

A—inA—in—Na+A—ine-F=0,

quandoquidem hi duo valores convenire- nequeunt, nisi ibi signum
radicale negative, hic vero positive aecipiatur. Aequatis autem his
~-valoribus fit
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Hic est casus, quo bini valores Ipsivs A ex aequatione
Ar—1D)a4-reF=0,

differentiam habent per n divisibilem, ubl notandum, seriem v 3
majore valore ipsius A, seriem vero u# a minore inchoavi debere

II.  Principium A omitti nequit, nisi fuerit
: . ”
(2h—1)ad-c—=0,

2=%. atque hic est casus, quo aequationis

quo casu fit A

AMr—1)ad-ret+F=0

T . . g —¢c)®
binae radices fiunt inter se aequales, ideoque f::( 2)

‘ T Conti
netur ergo hic casus in praecedente, sumende .ibi i — 0. Quare:
hoc modo resolventur casus, quibus bini valores ipsius A vel sunt’.
inter se aequales, vel differentiam habent per exponentem 7 divi
sibilem. Sicque reperitur integrale completum per duas series ascen- :
dentes v et u expressum, quarum illa v per /x multiplicatur.

Corollariom 1.

974. Quando ergo in aequatione proposita coéfficientes a, ¢

‘et f ita sunt comparati, ut aequationis

AR —1)a+re+fF=—0
radices sint A == g et A == — in, denotente i numerum inte-

grum positivum, integrale completum hujusmodi habebit formam
Yoo u—av—+viz.

Corollarium 2,

075. Hic autem _binac quantitates ¥ et u ex his aequatio-

" mnibus
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1. zz{ad-ba" )aav+m(c+em")8m80-}~(f~—[—ga:")bax"— SN

FH xr(a—%—bx)aau—[—-x(c—t—-e.z )BxBu-I—-(f—r—qm“)ua;r )z
2z (a4 b x")dxdy — (a--dx™vdz*
4(c~ea™)vox*

2 .detefminari poterunt, ut ponatur
p= Yzb = B gt @bttt Qph i3 ete,

‘#as scilicet series substituendo omnes coé&fficienies ex uno definire

Scholion.

976, Logarithmo ergo ipsius 2 in subsidium vocato, his ca-
us, quos commemoravimus, integrale completum aequationis pro-
‘positae per series ascendenles exhiberl potest, dum sine hoc artifi-
sio integrale tantum particulare invenitur.  Quando enim aequatio
A —1)a—+4hc—=F =0 duas radices habet, quarum differen-
tia per exponentem 7 est divisibiles, puta A == et A= —in,
priore methodo sola series, guae incipit a potestate z¥, delermina-
i potest; si enim altera a potestate a*—*™ incipiens pro y assu-

quentes omnes forent quoque infiniti, quod incommodum introducen-
-do logarithmus Ipsius « feliciter tollitur. ~ Hunc igitur usum istivs
resolutionis aliquot exemplis illustrasse juvabit..

Exemplum {.

077, Aequationis differentio - differentialis
200y +o0zoy—-ga*~yoaxt =0

‘dntegrale completum per series ascendentes exhibere,

Hanc aequatioriem ad nostram formam reducendo habebimus
s 25

meretur, coéfficiens cujusdam termini reperiretur infinitus, unde se-
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‘I\ f‘ | rxddyt-20xdy+gatydx’ =0,
whi ergo est @==4, b0, c=={1, e==0 et S0, M
1‘ X (h—1) 4-A == 0, sen A 7\ — 0, ita ut bini- valores 1psms
i gint aequales. et — 0. Quare posuo Yy —u—t-adv -t lz,
' vi oportet has: aequationes:

I. xraav—f—-mawav—}—gx"vamz—“zo et
leacaau—{—xaxau—l—gx”uaw %'—"0'
+2maxav ,

‘ 7 Statuamus: ergo:

.J. . ‘ v—A + B g® - Ca®" + D x%® J-etc. et
: : | uw— Y F- B € 2" -} Da®™ et

I _ | ac prior aequatio. praebet. |

I”i n(n— 1) Bx®4-2n(2 n—1) Ca®" -+ 3n (3 n— 1) D3 -ete. B
J :  +nB +2nC +3nD:

¢ &g =+ 1_3 g +Cg

i ' ' unde: fitt
| N o —Ag —B g _—CF D g

B—=-; . ? C=+ Tgan ¥ D’_"_g*ﬁz" E= —ieanr S
!j | . Tumy vero: altera: aequatio. dat |
I | - nnPa®-4snn€x™ - nn DT Jetc:)
o | A=A =By +E&g '
‘Mi. . S-2nB-4-4nC —t= 61Dy
i l unde colligitur

!! ,__u-—-ﬂlg‘ T — g 20 e — g 2Ir
!| 7 B—= . “n. ’ —gnmn  2n’ ‘('D—'gnn an? ete.

Hic autem: tutor assumere: licet §Y——=0, quomam: termini ex A or
I , ' undi,, continentur im membro oev..  Cum lgltur sit:
———hg A —A T _ __]__qu. _ """i“-?‘
B—TAE oA g —_ .
" TnE C= 14048 Y D——l 4 gnd? T 14,9.1608% etee.
gitit ub Sequitu
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Ay @__—-aAgg__zAgg__wBAgg_’
ni ? == 4ns zagnd T a.n.4nd

3
)

‘ 6 Ap3 s A 2 A p3
Dl e e,
2.1.4.9n0 3.1.4.9m 2,3.1, 4. gn?
¢ — —arAgt 2 Agt . — 100 A g4
= 2.3, 1.4.9. 1BnY 4..1.4..9.1(5119_2.5.4_.1.4..9.16“9,
o 100 A g% s ApS - 54’BA3'5 e
& — 2.3.4-1. {. 96, YT 5.1.4.9.16. 25 0T T 2.3.4.5. 1.4.9.106. 2EnE

sicgue obtinentur sequentes wvalores

2Ag ——bAp —_ 922 A g3 _ — o0 A g¥#
D= a3 2~ T igas D= 1. 8.a707? @'_1.8.27.64_719’
) = i)
. 5j8AgS @« .  —35BAg eto
% T 1.8 27.64. 125 ntt? 6 " 1.8.27.84. 125.216012°

gbi numeratores 2, 6, 22, 400, 548, 3528, etc. singull ita pev
hinos praecedentes definiuntur

. 6—3. 2 —1.0, 22==5. 6—4.2, 100—7.22 — 9.6,
548 —=0.400~—16.22, 35628—114.548 —2bH.100«cte.

Consequenter integrale ita exprimetur

zAg n_ BAgZY on 22 A8 _ag 00 A g4 Aty et '
y_. x g an & +_1. 8. 97-—_‘ x - 1.8, 27.64719 & —‘1_.5‘“"

i g n——_& AU
A'(I nnx +1.(Pn4x ’ 1.

n7
3_3____1?571_1__
.9?16 149 16n

—— x4t —etc.)lx

_GEgm g S8 oan_ . 8} oam %8 4t ete. =
o — =z —4—1_4]1,,33 g s T "'"_1.4.9.15an £ |

ubi A et @ sunt binae constantes arbitrariae.

Exemplum 2.

|

|

078, _Aequalionis -differentio - differentialis : |
z({ —2zxyddy —(U-t+2z2) 020y~ xyox’ =0, o

J

integrale completum per .series ascendentes .assignare.

Ad formam mostram reducta st ‘

zx(4 —22)00y —x(1+22)0x 0y +xrydxr’=29,
fa ut sit n=—2, a—1, b= —1, c—=—1, ez —1, f=0 }
®t g =1, unde acquationis A (A — 1) — A==0 radices sint A=

et A 2= 2, quarum differentia per n == 2 divisa dat {.
8
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Posito ergo y-—u-+ oL v ~vlx, statui debet
v—Az® + B zt 4 Cab 4=Dab -ete. et
— % -—f—%wg—l—@m)‘ D 26 - E 28 - ete.
quae series ex scquentibus aequationibus determinari debent
I za(l—zx)0dv—7= (tpz2a)dZT 0V +ZXTVYX = @
II. xz(1—2x)0 0 #o— (22D T QU+ 2T UO T }___

2x(U—ax)dxdv—203%°

Hine pro prioris determinatione fit
2 Az° +12Bx —1—30Cm6+56D'r3+etc .
—2A —12B —30C 8
— 24 —4B — 6C — 8§D =)

—2A — 4B — 6 C ‘ 1§;
. = A + B 4 C - I

ideoque
9.4B—4{.34, 4.6€—3.5B, 6.8D—5.7C, ete.

c—1%K, c___’ jng D——————Z;Z:ﬁg_' 274, etc.

Ex altera vero aequatione reperitur

2 B 22 -}—12 @x&-—}—SOQxE——}—Bﬁ E 2? - ete.)
2B —12€ —300D

—_—2®H — 4 — 6D — 8€

— 2B — 4E — 6D

% = B+ € -+ D

_—[—4& 4+ 8B —412C 16D
| . —~ 4A — sB —12C
= 2]3 — 2C — 2D

{.‘-. _I'—ZA'

unde fiexi oporteit
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o +2A=—0, 2.4 — 1.3BL-6B—~4A=0,
6D —5.5€+10C—8B—0,
.56 — 5. 7D 14D — 12 C=—=0, ete.
'3ucum sit
B4, c=5B8, p="
Mlt oA — 2A, tum vero
2.'4@m‘1.323.—§j—;;’A:o,(s: 423_;_2,42,;
4 0D—38. 5~ A B=0, D= -g-@,-+ 22 B,

/“ 6’

6. 8€—5.79D -3 C=o0, €=} Q+”°c

g2 B!

s.w%—z'.gﬁf:-s__f;D.::-o, @—79L+8=7°

8. 10 . 10%
: Dum ergo capiatur ¥ - — 2 A, littera B pro Jubitn accipk po-
test; nibilque impedit, quo minus nihile aequalis statuatur, siquidem
gonstans « supra cst inducta,

Exemplum 3.

079. Aequationis differentio - differentialis
‘(1 -bxr)0dy -2 — b—rexx)0rdy~~(5 4~g22)Yyd2 ==

integrale completuin per series ascendentes exhibere.

: Quia hie est a——=1{, c==—5 et f—5b, aequatio A(A—1)-bA
-—[—.)__0 seu ?\?\-——b?\—!—E 0, radices habet AZ={1 et ATH, quarum
“differentia 4 per n—=2 clmdl potest.  Posito ergo you—t-sv—-viz
Statuatur h
v=Ax® 4 Ba’ +C29+ Dzt 1 Ex?® 4 etc.
u =Nz +Ba®-Ca® -+ Da’ 4~ ete. et
jéquat-iones resolvendae erunt : |
L ma(14-bxx)d W+ - 2(—b -+exx)0rdu-+(5+gxavdr =0 et
I, zz(1--bzx)dgu+ x(-m5+exx)0xdu—+(b—A+gex)udr’ |
e 22 d-bx2) D20V ~(1 b))’ — o ”
e (— BA-ez )X Y
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wbi prior ducit ad
FAAXSL N 6B 0.8 Ca®4-11. 10Dx“—+—ctc
- 5.5A —5.7B ~—5.9C — 5.11D
4~ BA -+ BB -+ 5C - 5D
4-5.4Ab 4 17.6Bb —+ 0. 8CD

- . BAe+{ TBe + 9Ce
~+ Ag—~  Bg - Cyg

‘posterior yero ad

2. 355&13~+—11 5(€a 46,707 4-8. HE 2 4-ete.
— 5N 2~—5.38 —5.6€ —5.7D —5.9€
=59 4 5B 4 5€ + 5D - 5E
—-2.3Bb =450 +-6.700
4 9e . 3Be 4~ 5Ce + 7D
A g 4+ By = €y Dy
—+4-2.5A 1-2.7B —4-2.9C
— 6A — 6B — 6C
}-2.5A0 —+2.7Bb
— Ab — Bb

'+  Ae - Be

Inde fit seu |
{2B+A20b+berg)—012. 6B-+A(45D0+5etg)=0
32 C B (42 = et-g)== 0|4, 8 C B (6.7 b+ Terg)=.

60D C (7200 e+g)— 05"6. {0D+C (8.9 b gg_{_,g):‘o#r

ote, ‘ Lic. \

Hinc autem _
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e b B (e+-g)—0, _
0€4-B(2.3b4-8e1-g)—+ 4A—0,

2604 (4.5b1bet-g) 4 8B-A( 9b-)—0,

 £.8C-0(6.704-Te-t-g) 41 2C4-B(1 3b—+-e)=0,,

etc..

:'TIEx prioribus formulis litterae B, C, D, ete. per A determinantur,

S ioT - . : —_— 4 A r .
] ex. poe;tc;‘lolum vero secunda fif 23_,151,_!_5@_’__‘5’, ex prima autem
9f == 7T tum vero € pro lubitw assumi potest, indeque reliqui

" eélficientes ©, €, F, ete. definiuntur.
Seholionm,
950. Excmplum hoc-occasionenr nobis suppeditai phaenome~

pletum in genere [z involvat, tamen id a logaritlimo- liberum pro-
- dit certis casibus, Primo nempe si sit go——e, fit B0, manente:
9 indefinito, tum -vero ob B——0 capik oportet A=—0, B_—0, C={
“gte. ideoque v=0. Porro: vero erit
| 2, 6D4-4€(554-6)=—0,
4. 8CH-6D(T7h}-e)=—0,
6. 10 F8&Qd+4-e)=0

ete..
wbii @ altera est constans arbitraria, eritque aequationis: -

axx(4 -brx)d0y—t-2( — b~J-exx)dx0Yy —+-(5 — exx)Ydr == 0,

‘integrale completunr ' . ' ' -

ymAr— %+ € 2% D’ €x? 4 F el oete
- quod adeo- finite exprimitur si eZ—(2i-+5)b, pro i sumendo me
‘meros 0, 4, 2, 3, 4, etc.

Secundo: sk sit

-ma quaedam singularia observandi. Bcilicet etiamsi integrale com-
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2.3b45e~}g=—0, scu g—-—65~~— 3¢,
fit B= — 1A Bb+e), tum vero A=0, Bz0o, C=0, ete,
#= 0. DPorro wero reperitur

@:_—..l@: (7b—§~8), @___:""‘.' ‘I E) (Qb+5) 9 CZS.:— ‘1}5@ (1 14 _{,3‘) £l
b 5

hincque

== Nw— 1A (3b-4:8) 232+ D+ E2? - ete.
ubi ¥ et € arbitrio nostro reliquuntur.
Tertio sl sit

4.5b4+5¢4+g=0, geu g=-— 2050 — b,

primo fit B=0, C=0, D=0, etc. ideoque v=Az’, tum vero

Bo-AHAGBDI+e),— %)(141)—1—26)—!—4'1% O{J sen 55__ b+e’
que AT 2[(5.6-4—6)(76-4—6), porro

2. 6%+ A(9b+e)—0,
4. 83E + 201 b 4+e)y=0,

£.10 F2CU3br+e)=z0,
weetC.

Per 9 ergo definiuntur coéficientes %, 4, D, &, §, et
guoque arbltuo nostro relinquitur, unde Jmeglale completum

£asu erit
y——Az® Zm—l—@:m —1—-9[3:—!—523:0 —r—*—i——ﬁ)m‘—{—@xg + ete
guae exgress_m fit finita quoties (2i-+8)b4-e—— 0.

Exemplum: 4.

084, & in _pr-z'aré exemplo sit €e—= — Tb et g—
@equationis
xx( 1+bxx)aay—a:( 5+ Tbax)0xrdy+-6(4 +3-bxx)y3x -

integrale completum algebz‘awe exhibere.
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. Erit ergo D =—4-2Ud, A—0, D—o0, & —= 0, ideogue
--"0 et u—=Yx-2%Ab2? &2, unde pro ¥ et@sumen—
do constantes quascungue, erit mtegxale completum
gy —Ax (1 -2bx) € 2.
ntegralia ergo particularia erunt

J__ow:(il +2bax), y=—az®, y—ox4 S-bx x).

R L A S e

Corollariom 1.

T T

§82. DPosito zy — /%%, ut sit z — .;)ax aequationis hujus
ifferentialis primi gradus
ﬁ'x Ud-dbzax)ydz+xzx (UI+brx)zzde—z (b-4-Tbax) 202
' + 5 (143bxx)dx—0,

v e A1 HGDxx) L 5F x4
mtegrale completum est z el Y Gy e g

Corollarium 2.
7/

983. Aequatio autem differentio - differentialis integrabilis 1ed—
ditur, si dividatar per x x (1 —-}-bx z)°, eritque integrale

X0y — Sy o fydx
=

mcax, seu‘ay ::Cax(i—%bxa:)g

guae per a® divisa, integrale -prae.bet

Yy .—¢C
x"—'4.x‘ 2x’+D Seu

y——1Cux(1 «—[——bex)—[-—DxS

ut ante.

-Scho]ion.

, 984. Dcﬁe1t autem adhuc mteglatm completa nosirae aequa-
,‘-uoms generalis per series ascendentes,. casu quo @ — ©, ideoque
‘_,,?\ ¢+ /=0, unde unicus pro exponente A valor definitur A == .—“-g—-j-c—,
qui . {antum integrale rparticulare suppechtat atque hoc etiam, tolli-
ur, si fuerit ¢ == 0.  Quia autem his casibus ¢ == 0, coéficiens &

| S . 26
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$4MD adsit hecessé est; ek quo integrale completum pet
dbtcendentes exhiberi poterit, cum acquatioA (A==1) b~Ae 4~
duas semper contineat radices, €¥ quibus duplex series obii
Simile autem hic incommodum ‘ustt wehife potest, quando
radices ipsius A vel prodeunt aequales, vel differentiam habex

‘exponentem n divisibilem. Verum, huic neommodo, seriem p

multiplicatam introducendo, simili methodo medela affertur, ¢
hoc problemate sumus ‘usi, ac superfluum foret istam evolut
hic repetere. Quodsi autem binae radices ipsius A tam pro
#is ascendentibus quam descendentibus fant imaginafiae, o8t
dum restat, guomodo mteglale completum per series -infinitas €
oporteat. - :
~Problema. 134,
985, Ploposifa aequatione differentio - differentiall
-z a{arba™) oY+ {c+eac Nox oY + (forg 2" yo &

s evemat ut aequatio
Ah— 1Yz 4re4-f=0

" radices habeat imaginarias, ejus integrale icompletum per

25 cendﬁnte«s exhibere.

| Solutio.

 Ex supra allatls {971) colligitur hoc casn sfa-tui deber.
y'—‘vsm,]u.lx-—I-ucos {z unde fit
y___.@v-—L-a—x) sin o [z + {55 a—~+-au) cos.p.l:

a%y'—‘caa‘u zpamxau'-l—p;ip "”'Wax)sm mlz

amax oV - rvdx® ;.L'u&x’
+{aau+ % e - )cos p.lw,

e

’.‘ki’f'ec'tos semsim e mhﬁ trtdwgamhs, o’btmcﬁmius tluas %c
&eqwatfnm ' e '
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. L (a-+ba™) 3ov+a (e+ea) dwdv-+(f-g2™) VD
—2pafa+ bw")amalg-—f}k lu_(a—!-bx")vam [ __
- A (@baty upa”

| = (o+ea™) upa” )

'II 2z (cz+&m") 2o u4z (c+ex™ dwou4 (f—;-gm“) ugda™
' 5-2 Mx(a—}—bx")awavw— Mp{ @b Yudz"f
—p- (4+ba") vz’

+p (o) v

pro v et u asspmamus has serics ascendentes

v= Az Bar - Cad 2t D22 28 et
u:?,[ zl+ @wh:l:-n;ﬂ_@:w?x-d—;a}_{_ @xx+3n+ cte.

que substitutis, prior aequatio abit in hanc

At )A@xlﬁ—(?\—l—n)(?\.—kn— 1)Bagh (A2 n)-@_{_gn_ g)gjgx?%an

NS +roe ) (A ) B
AAc -}—O\-'—n) Be_ - a(A+2m)Ce .
. aMAe ~+(A-+n)Be | -
=+Bf “+Cf
- «RAg By
g —2p.Fm)Ba —~2pAF2m€a
—2u2r b —2p A+ B
Mpha '-—u—"pgb.g'_Ba ! —upCa
—~uMmAD —umuBE
+pda  +pBa +p€a
| ST BB
pe = —pBe —p€e
Tk —p®e —
P ... : o o
\ i
s Na
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Hmc altera aequatlo facile formatur permutandxs litteris Iatlms .
gelmarucls atque insuper sxgnum mmmeri p. mutando. Co

“ Utringue ergo potestas primia x* exi’g‘n‘t .has ae'q-ﬁationes:l :
AAA—1) ag-hc—4-f—upal —pud (2ha—a—-e) = o
Q[D\O\——i)a—};r?\c—l—f--bxbxa] —f—p.A (2?\a—a—[—-c) =,

undc necesse est ut sit |
| tam 27\(&-‘—a—]'—c': _
guam A A——4i)a—-he - f—ppa= 0.
Inde fit A ==} — =, qui valor hic substitutus dat

—aG—3D S e PG —= T”“%""Ff;

(a—2¢c)*

M[VLcr,-—[*“f_a > ldeoquc _
: Y (faf—(Ca—c)*] o G—¢
) P-— ‘ 20 Ct A= = Tza "
Unde patet hanc solutionem locum habere si 4 a f> (@ — ¢
' quo ipso casu praecedens solutie ficbat imaginaria. Hic aute

guantitates A et Y arbitrio nostro relinquuntur;:

Terminus vero a:‘"""" umnqu"c postulat has aequationes’

B [ 0\+n) (7\+ n—i)a-&-(?\-k—n) c—s-f—-— ppal -f-A[?\ (?\—- 1)b-Ae+-g—pupb.
—Mﬁ[Z(?ﬁ+n)w-a+c]——M2[(2?\b— bte)—0
?B[Ow—rz)(?\-m_ La-+Q-+me—+f—pal +UAAA— 1)B+Ne+g— ppl
-:-_MB[Q (21_+71),a~——a+q]+MA.( 2ADb+e)=0

it br evitatis gratia. '

(X 4=-n)y (r +n—— 1) a3 (R+n) c—{-—f‘-———M.L a—nna—

A~ 1)b4Nedg=ppb=g

Z2Afnja—a-e=2na==vy

IR — b e ==,
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B-a—%—Aﬁ-—-HQS-VWMQISZ 0 et
23¢+Q[(3+MB'\/—-[——1U_A3:_—_0

; de colhgltur

B——AEBtppy S A pAaE—FY] o
' ao -y y

ﬁ_-—rﬂ(mﬁ—!-uuv&)——uuab“——ﬁw
— e oYy

vero ex valoribus assumtis est

 (ee—bc) (a— b  @e—E
.aT=nna, (3..::( — 2?;” D _ f—+—gt,ry:2na s— "a—fr

wle ex assumtis & et 9 definiuntur B et &, hineque porre
€; D, D ete. _

Exemplum {1.

-

986. Sit'c—a e f—a, w fiat p—1t, et fnvest‘igetm"
tegrale hujus aequationis t
->Z (a—J(—ba:'"') 00y -~z (a-—l—e,c“) 020y - (a+-ga™) Jaa’.’ == .

ch ergo erit A= 0 et p— L, unde posito
y—=v sin. lx-tu cos. Iz,

rd

L plcm v et u sumtis sericbus
v=A —1—Bx"—1—~C x'”‘—]—D 2P - etes.
‘ = A Ba" 4 € 2*" 4 Da®® - eten
coifficientes A et 9 pro lubitn ﬁcbipi possunt. Ex iis pri'm*o,t obi -
a’;_—..nna, B,.._g ~b,y—2na et d=e— b, erit

B A[nna(g—-b)+zna(er-b)]—l-QI[una(e—b‘)-—-ﬂna(g—b)lscu
ntoa—-4nnaa
_,B_——A[n(g—m—i— 2fe—B)) AUl (e—B—2(e—5)]
. na(nnt4) - '
B — —mrn(g—b)+a(e—b)1——A[n(e-——bJ——=(g—‘5>3
T me—— na(nn—4y

3

o
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Pro sequentibus coefﬁment:bus habeblmus :

C [2 n(2n—1)at-2na —{—-a—a] +B [n (n—1) b+ne—|—g—_51‘:

—€ (4na—a~tra), — ﬂp(ﬂnb—-b—}—e)___o seu‘

.anCa—]—B[(nn-—n——i)b—[——ne-—l—g]——xin@:a

. ' : e ml@en— Ob4d=mo, et

o _ 4nn(€a—}—%[(nn—-n-——i)b+ne+g]-—]—4nCa ‘

| | ’ _ ' 4+ Bl@Enrn—1)b~el=0,
‘quarum illa per n» multiplicata huic ‘addatpr, ut prodeat

4n(nn—1—i)0a—1—-B {n?—nn4-n-— ) b-j- (nn-1)e-4-n

; . - +B]— a1 b=g] =0, H

) S c— —B[(n—-t)(nn-—l—x)b—!—(nn—]—l)e—I—ng]-—-i—%{(nn—]—:)b-—g] T
C : _— 4no(nn——1)

€ — -—.Qj[(n-—-:){nn+1)b+(ﬂﬂ+1)e+ng]—-ﬁ[(n'n-—]—-l)lr——g]
_ 4na(nn-—j——1)

Porro- erit ,
9nnDa+C[(4nn-——2n-—-1)b+2ne——]—gﬂ-—]—6ﬂ@

J —Cldn — 1)d--d =0
anﬁba—]—v@,[(zinn—-2ne— i)b+27¢e+g]+5 nD
+C[(4n-——4)b+e]:0

quarum illa per 3 n, hacc vero per 2 multiplicata junctim dan

3 n(9nn-4) Dai<C { (1 2nd—6nn-+5n—2) b-+2 (Bnmad) e+ Sngli
’ -1—-@', {r(—- 4nﬂ~7-ﬂ~2)~b ene=+2g] — 0

‘unde seqmtm - _
—C [(19113 Brm+5n—-.fz) bta (3nn-t1) eh-5ngl -}-Q: [(4nn+n—l—a) b-—n e--ngﬂ

D=~ o su{gnnt4)a
@-- -—-(Sr(mn3-—-6nn+5u—-s)b+n(3nn+z) e-|-3ng]-cL(4nn+n+n}b—ne-—2ﬂ
- , - 3n(gnu--4)a ' .

. : " In genere autem ex .coéfficientibus qmbuscunque M et Eﬁl sequ
R _ _ : tes N et ER deﬁmuntur per has- formulas .
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: (unn-—!—d)Na
+M[[i(i~1)"n —z(z-—-i)nn (3 z--é)n-~2]b—1—z(z——i)1me+"e+mg]
- .—‘im[[2(L—i)7111-1«(1——-2)11—1-2]5——-(1-—2)713—-2g]:‘_O

n(mnn—l—-é) Na
- SMITiGE— 1)2113—1,(1,—-»1)nn+(3z——4)n——2]b+z(k—~1)mw—4—ze+m,gj

- M[[2 (e )1~ 2)n-+2]b—(i-2)ne—241==0

.Corollarium .

087. Si quantitates b, &, @ fta sint ccﬂn-pa"r?itme';, it binae
itterae sibi respondentes Net 9 evanescant, Sequentes ommnes eva-
iéscent, ‘et integrale completum forma finita exprimetur.  Ita ut

B et D evanescant, fieri debet
2 (g — b —n—>betnlg— by — — 2 (e-——-b),

et ipsa aequatio ploposua factorem habcbxx

Corolﬂari-’um ﬁ..

988, In genere autem integrale finite expumetur s1 deno-
ante i numerum integrum quemcunquc posﬁwum 311:
g =[G — i)nn—{-— (G — 2)n—]—i]b —-'«(z—-2)ne
um Vero .
_ e = —[2 .(i-_-"i)'i;-—’- 115,
nde fit

g=1[aG — 1) nn - 1]b

) Exemplum 2.° )

949, Sumio n=—1, si sit € == — b et g == 2 b, Bhuus
equatwms '

s (@ ==b ) aafy—}—xv(a —ba) aaay+ (a-2bx) yaxﬂ =9
a%tegmle Conipleluri -a&szgnar 2, _ -




208 ' ' CAPUT VIIL .

! . Ex formulis modo . inventis colligimus _
B.-—':-‘A(g-l--ﬂe—~3b)+w{e-+~5—nzg) ZAL—4%D ot i

da. - e : i

AL 4AD . : t

; '55 - - 5 ad 5 !
‘tum vero : ' ) N - ,
Qo Bl B D) g o @ = 0.
{uocirca ha‘bebtmus
—_ 5A Y 50 - 4A)D g

— A G0 ey — 91+£__.i) ws

hincque integrale completum ehcmul -

y —=Asin. lx+9[cos iz —]—5 Z((3A— 4%[)3111 l'v+(3QH—4A) cos. l:r:]i

Clqrollariu‘m_ 1.

w : 900, Sumto A— 6 habebitur integrale particulare

| y::A (sm Za: —%—ib—xsm. la:—}-‘“’
-.Sm autem sit A —= 07 ahud habebltur

Yy = 2[ (cogl:%l(_x — _5“2[_ sin. Zx + 5—a ¢os. I ).

Coroilarium 2. . S
\ o .
99 L Pomte y—el* a’“ aequatio nostra reducitur ad hane

| mx(a+bx)as—]—a:x(a—{-bx)ssam—l—rx(a—bx)sa:r:
- | ,, —{—-(cz—{—?.b.:r)a:r"—o

CUJU’S integrale ha’betur s == aay inde deﬁmendum, quae aequatlo

o
‘“.,,\

3 in plures alias formas transfundl potest.

Scholion. . = 7 .
ki

L0802 Smmh modo integratio per geries descendentes mstltm—

tur, 51 exponentes singulorum ferminorum prodeant 1mag1na1u ; q_uod
4 "

~
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1..eXPOSNIsSsE ne opus quidem -érit. Atque haec sufficiunt, ut

at, - quibusnam. cautells, in ;resolutione’ aequationum per, ‘series

JAnitas sit ulendum. Summus autem - usus: istarum evolutionum in
¢ consistit, ut aequationes differentio- differentiales exhiberi queant,
_arum saltem mtcglale ]mrtlculare a]geblalcum assignare Ilccat
w5 casus’ stipra §. 069 indicavimus. *Similis porro mteglat:o per
eries infinitas pari medo cxtcnch potest ad hujusmodi acquationes

g msr,(a J-b a:”-—}—(gg:ﬂoaay—}—x(c_l__fxn —}“Eaﬂnn)aan
R B SN RS VI RO R TR, I el |

m autem seriel quaesitae quilibet terminus per duos praecedentes
lerminatur, ita ut si bini contigni evanescant, sequentes omncs in
ilum sint abituri,  Quodsi autem terminus ab ¥ vacuus afluerit,
alutio in series fit facilior, cul propterea non immorandum cen-

Veluti si proponatur haec aequatio

xman—xasﬂay—I—aa“yax — b x™ 9 x",

cries 2 potestate z™ est mchoanda, ponendo

y—Ax™ - B xm+”+ C gm-tam 1D a:m""*’“-[-etc

i(m-— t)Az™ - (mn)(m—-n—1 YBa™ oy (m4-21) (-2 n—1 ) Ca™ e ete,

—(m-+n)B —(m=-n)C
' —+Bea

. —A ~—Ba

= m (m—z)’ B=—— (1) (m—tt—2)’ C — (m+tz2m) ('m.—-]—:an

) , etel

bi. quidem multa observanda occurrunt, quae per praecepta supra
4 expedire licet. Imprimis autem in hoc negotio juvat, aequa-
nem propositam ope substitutionis in alias transformasse, guarum

" Vol, II. 29
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L mesplutip. per .series -fiat simplicior, quoed :cum pluribus modis ﬁgg
i b : possit, hoc mrgumentum sequentl -capite diligentms. pertractare vls"
®est, idque pro forma .aequationum

i . | Laay+MBmDy+Ny3m””°' |

o : . mvemt,

J ! -
I
|
fi|||i
P |
i
I
i
i
i 1




