CAPUT VI

i DE

NTEGRATIONE ALTARUM ALQUATIONUM DIFFERENTIO-
DIFFERENTIALIUM PER IDONEOS MULTIPLICATO-

' RES INSTITUENDA.

Problema 1{12.

906..

osito elemento 9x consianie, si proposita sit Hujusmodi aequatio
; Ayox*® —-
oo aay—l—(ﬁ_yy—{—C-—i—an-}-—Exx)"_“o’

inveriive multiplicatorem, guo ea integrabilis reddatur.

Sclutio.

: Tenteiur talis muliiplicatorie forma 2PJy 4-2 Quy o 2, ubi
B et Q sint functiones ipsivs @, et producti '

| 2Ayodx? PAy+Quyoda) __
Byy+C—2Dz+Exa)® 0

200y @y Quoa)
integrale statuatur :

E Poy’—+-2Qyoxoy—+ Voz® == Const.2x*,

‘ubi V sit functio binas vayviabiles x et y complectens.  Erit erge
- facta aequalitate

+oPoy’ A-240x0Qdy 2Ayd2*(Poy~+ Quox)
A-20Q0woy’ o020V (Byy —+ C+2Dzx—+ Lxx)® ™

G..

quae per integrationem valorem ipsius V suppedilave nequit,. misi sit
f 0P 2Q0x—0, eritque wm
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3V — . Ay(2Pdy—yoP) -
B — (Byy+ Oz e Rax)?

3
293y 5a0

Il : cujus formulae, siquidem integrationem admitlat, jintegrale ex vari

il bilitate ipsius 7 erit
. — > .

'ii“. Ei| ‘i ‘ B(Byy+c'i1épx+Exm) yy. Q :V.
‘i: !'_Jw ||.M ‘ Sumtio ergo y coustante, neccsse est sit
81 ik il ADP (Bygep-CrDr—-Totz) S APAx (D—I—T‘n.) —yy 300 —AwyyaP
‘i' !h ‘[ !'i'i" ' i - L {(Byy—=tods Drf-lai ) = —(Bypffc+31;x-+-xsxx)
‘ 1! | cui satisfit, si aaa? =0 et

|

| l ‘ -—DP(C—f—"Da,-{-Tmm)—f——QPam(D—[—T&)_O

quae duae conditiones an simul consistere possint, videndum és
Posterior autem dat o

| 3_13__.__2_13_3£+’2—E3~‘a§, ideoque P:C»{——SDZ‘—[—-E.’U-&:,

P — CH42Dx~~Exx
unde fit

Qu
D

O-—___._.ai ——D—-Ex, hine

- u ax
Multiplicator ergo quaesitus est

20y(C+2Da-+Exx) —2ydz(O-Ez),
hineque obtinetur integrale
2 - 2 .
Y C42Dx+Eara) — L2 D4 Ex) —
ti ._MD xi?‘i"f)_.__ + E Yy — {onsat.
I
|

—_— T 03Q __ 4
———E et I5s — 0.

]

=¥
]

B(Byy-=-C—~2Bx~-Exx)

A
seu utunqu& addendo 5

i
o | hli
| MI 1|; .
‘! ‘;'!, ax' (C—{—2D.2:—I—E:rm) —_— —-3——3-”(13 - Ex)
el ] . Awg .
1 ‘:\ 'J" l ' : +Bj'3w+~u—1—2nx_%,g§"5'+E?j’H“COHSt-

: :  Corvollarium {.
| .

i
‘ B ' 907, Haec ergo aequatlo doy—+ ARLEN 220, ubi A~ aa

(Yy+=xx*7
B—1{,C=0, D=0, et E= 1, integrubilis redditur mulgpli
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ttoré 2 xxoy=—2yxdx, ejusque integrale exit

( xxayj__nxya_g cayy .
ox? '_{_‘y'j—]—yy—l—acx b b.

Corollariam 2.

008. S hic ponatur y—ux, ob 0y —uox--x 0,

:uac?&u x4 9 us aounn ___
X UU - — ax?—a}‘:_:,,ﬁ_,q.bb

9u.')..3au
‘»—2xa:uu-————a——-—
=

- rxxun, sive

x4ou? ___ bb—4—{bb—aa)uu g Fuy (1 ~rw) )
dx2 T S TR » ETE0 —“—V(éb—{—(bb—-—-aa)uu) -

gnde tam x quam y per n determinatur.

_C orollariam 4.

_ 909. Simili etiam modo integratio in genere perﬁc} potest.
Bit enim brevitatis gratia
. Bzd
| C—+—2D.:c—-]——Ea,x._B z, erit D-Ex—= Exz
= ct aequafio nostra fiet '

Bzzdy® aByzdydxm Anwy -— K,
- EPY EED +Eyy+ﬂ(yy+z53
" quae posito y —— u z,- abit in
Bzédut Buuzzdr® Auu _&
gx3 d x4 +Euuzz+,l3{1—|—-uu)
zwdg? . (D-—Ex)?:" . -
At = =G5 unde oritur
8 24ou? CE—DD K (R—A)uu .
~owi g WU gy o SeR
BBz43u* _ K- (E—A+4-DD—CE)uu— (DD — CE) uf
Sxf — 1 uu ’
““ita ut sit, restituto valore ipsius z,
gx duv (4 uwu)

v TP AiTEsr — VR T (E—A+DD—CE) 2z (DD—CE) ¥ '
17



LAy sy e~

- multiplicata induit hane forman:
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s1cque 2 definitur per w, indeque etiam

_ CA-2DxtExx
uy B

Y —uz-—=
Scholiom

. g10. Hine patet substitutio, qua tam ipsa -aequatio differer
tio~differentialis proposita, quant multiplicator ad formam commodic
vem reduch debet. Posito enim ad abbreviandum C ~f- 2 Dra
Eax— Bzz, aequatic nostra

. ) Ayox® —
FOY— iy adr

epe substitutionis y — w = transformatur
Audax?

' za‘au—l— 2dzdu +lLa Bz—]—BBm.—— U,
eujus: multiplieator est

2B(zzdy —y= ab), sew 2 Bz duw,
vel si'mphmiel 23w, Cunr autem sit 02 M——@, erit .
30 = — EdzT 9z du{D-Rx) __ Edx” S (D—-i—]il::c)‘I — (CE—DD)ox

— "Bz = Bz=z — "Bz BBz} T BBa¥

CD—BD
BB

ita ut sit =¥ddz= J 2%, unde aequ'tt:o nostra per =39

-

24Quddu—-2 23z uf DD”a“a‘”g +B‘;u(?—iiz;’ — 0

mamifesto: integrabilenr, integrali existente

i o CE—DDs Agx?
r o LtE—o2 ___Aox
Lz*¥ou’ + 5B wu ) xt— —iEB 0 uu)—chHSf 0 %,

Quj'usz adeo NoOva fntegr&tlo: ob =z functionemn ]pSlU.S 2 mox in ocu-
Ios: incurrit, cum sit
: . , e DD—CE
zzduw—=0 xzy (Const. A-—F5—un —I—B e +uu))

ubk varjabiles w et 2z sponte separantur. Caeternm hic notetur,

‘functionem: pro. z assumtam satisfacere aequationi =¥ 30 z=a d 27,

cunMn tamer: ejus 1atfo nom sit manifésta. Multiplicando: antemx hane
. 2wixdy

am;u&tmnen‘n per pl m:ht 2Jzdos—=— = cujus: integras
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RN T-E- UL ST L
R e (T

”z:u—'l—-q/q/—ff—zﬁf}/.x—}—ﬁ@x.w,,

qugc est ipsa mnostra forma.

unde porro it

Problema 118.

911, Sumto clemento Q = constante, invenire formam gene-
" raliorem aequationwm differentio-diffeventialium quae ope hujusmodi
multiplicatoris My 0 2 4 N 0y integrabiles reddantar.

Solutio,

Quia multiplicator ope substitutionis ¥ —= R u in formam sim-
phmssnnam 8 0 u transmutari potest, hac substitutiene ipsa aequatic
“differentio-differentialis induat hanc formam

00U 3+Poxou —|—Ua;’c =0,

cu_}us postremum membrum per SJu multiplicatum sponte est inte-
‘grabﬂe, si guidem U denotet functionem quameunque ipsins i, du
R, 8 et P sint functiones ipsius z. Cum ergo aequatio

" Spuoddu+PSoxou'--~Ugax*du—~0,

debcat esse integrabilis, posito integrali

S 180W 402 yUdu—3C0at,

fecesse €5t it

D50ut —P8Dxdud seu POa—>2%.

o §
*;.,uocn‘ca haec furma generalis

asau Uox? _
00 u-+ - = =0,

'P‘._Ol' Sou multiplicata dabit integrale
w .. 801w =0a"C —2/Udw,.

:

' quod denuo mt:ﬂgratmn praebet




a — .
,[ fV(C———nJCBu) .
Cum igitur haec sint manifesta, ponendo u:% ad formas mag
Cintricatas regrediamur, ite ut jam sit U—= fuilci_:. I% Nune veroe
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au___ay ¥R et aau_aay 20R3Yy yYOoR 2 yoR?

——. — »

- R RR R RR &R R3

unde aequatio nostra ft
0dy 20R3y __ YyOOR

2y3R% , UIx3
4 =2 4+ =225 —o,

R T RR RR R3 S
ARS8 — RIS °

ok
quae per (R 0y — 7 0 R) multiplicata integr abilis redditur, Ut

igitur ad fnrmam supra propositam accedamus, statuamus 5= —aR* ;
et aequalio

ddy __ y3dR Ugea? |
R RR T amE —

per o RR(RDy — y 0 R) multiplicata integrabilis redditur. Seu
haec aequatio o

: 2 %2
ROy —yooR+52 /il =
per ROy —yoR multiplicata fit integrabilis.

-0

Ut via ad int‘eglationem perveniendi magis occultetur, ponatur

f R — “3’ ~-V, ut V sit functio homogenea nullius dlmensmms'fﬁ

ipsarum g et R, ac ponafur yBBR__”gx , ut fiat

ROJy 422 =0, scu aay+va’°’ — 0, _
quae multplicatore R(Roy — yodR) redditur integrabilis. At cum

. ¢ . ) 2 . ! . e
sit aaR:%, erit ut supra vidimus

R=y@2Bx+yzx),

unde dum V 'sit functio homogenea nullius, dimensionis ipsarum ¥y i
et R =)/ (@ + 2 B2 Yz, acquatio N
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Y 9 x?
00y ~+ ;=0
(e+2Br-+ryx m)
Q,P'e mult:phcatons

(a—L—z pf{:c—]~")/ac.'2s)BJ-----([3—}—"}/9:)yaz~r.s

Corollarium 1.

- 912, Posito autem R‘—]/(fx—f-°ﬁm ~4-yx x), aequatio no-
“sira per RRoy—RyoR multiplicata fit '

RRayaaymRyaRan_'_vax_ (ngg—yan)__ 0,

: cu_]us integrale est

IRR py° uRyaRay+fyaJ(RaaR+aRf>
-9 2%V 0 & == Const. 0 27,

ROJR}JR*—0.ROR=—0.(BFyad dx—Voz?,.
s1cque integrale est '

RROy —~2RyaRay+'}/yyax2fVa 2 — Const. 9 x%
Corollarium 2.

913. Quia V est functio ipsius & formulae SV0.Z integra-

" Te habetur.  Pro ulteriore vero i-nteglatlone posito y—— Ru et
= fV ¢ u — U, habebitur
R4Du*—RRuudR*RRuudz’ +20U0s" ::Ga:z: .
*ﬂSLu Rz‘au — 02 [G—2 U @B—ay)uul,

hmcq-ue .
o oa ot
T AT RE — V1.6 -0 (Bp—amuu)

ac porro y—=uy (@2 fz -y rz)-
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‘ .
I | ‘ , . -S8choliomn,

Ll

914. Haec ergo aequatlo aay+vai_ 0, existente R —

‘\ ']/ e+2Bx —Jr—'yxm), multo -latius patet ea quam in plaece

j ” : dente problemate tracta¥imus, propterea quod, -hic pro V accipere
l H‘J! ! licet functionem guamcungue homogcn,eam nullius  dimensionis ipsa~
il iy |

A Rivwy

rum y et R. Si enim sumatur V= Sas ipsa aequatio pri-

‘ {myy+RR
Il ‘ mum fractata oritur. -Caeterum ex methodo, qua illam aequatio-
| nem elicuimus apparet, €am per restrictionem ad hanc formam oc-

; ‘ cultam esse perductam, cum- ea aequatlo, unde est nata
.‘h;ll, : RaaywyaaR+ f l:Q

' Pelspmue integrationem admittat, si ‘per R 9 ¥y — 7 B multiplice-
. Est enim :

1 RO y~—yddR=3. (RBmeBR) ot BY—2OR

Y
BR "y
nnde facta multlphcatlone habeblmus :
‘3 | Rpy—yoR . ROy — JBR)-—}—B&:f 29.-2—0,

' L cunjus Aaequationis utrumgne membrum per se est integrabile. In ae-
il ‘ . quatione autem inde eruia jntegrabilitas minus perspicitur, milto ma-
, gis integratio -est absconchta in aequationibus ,sequennbus
l

Problema iiré.,

= - 915, --Sunito Nclemﬁntp ox ﬁnnstante,_, integl-atione111 hujus ae-
! quationis

h ' yJaBJ+Jay 4 Awdat =0

|

ope mult:phcatous eam integrabilem reddentls perficere.

‘[q] : .‘ ' T Soluntios - i

. Hic frustra tentatur “multiplicator hujus formae L 0y —+ M 0 23
| © {entetur ergo haec forma .

i | | 3Loy +2Mamay+Nam
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~ gc ponatur producti integrale

Lyydy®+—Myydzdy’ +-Nyydz*dy—--V 2= C Ja®

- pdjus differentiatio perducit ad hane aequationem
axsaV_:.“sLJay +2My37:8y - Nydx"dy” +2AMerSBy+ANxax"

—2Lydyt —yyddy (5) +3 ALadz "y —yyda dy(on)
—yydy G2 Mydady® —yydady (55
waBxays aM) 2Nyamgay
—710x°0y" (a J,)

o quae formula ut integrationent admittat, membra, quae ay}‘, BJ et

. _py” continent, cvanescere debent: unde primo colligitur L—zf(a )20,

. wbi -—) nascitur ex differentiatione ipsins Lr posrco x constante.

&y

- Consideretur elgo’ z ut quamtitas cowstans, eritque —__. 5 ° ideo-

nwe L= /' 2. Negligamus autem hanc functlonem ipsius =, sew
q 3

-~ -¢jus Joco unitatem sumamus, ut sit L=—y et (a )= 0 ¢ secundo

. ergo esse debet (aM) — 0, Sumamus igitmr M — 0, etiamsi M

_demotare possit functionem quamcunque ipsius &, quandequident vi~
© debimus hoc modo negotium: confici posse Tertio itaque habebimus:

—Ny4-8Azy—yy(G)=0;

. gmmto ergo w comstante, evit 3 A xdy==NJy—-yoN, ideoque
Ny—3Axy sew N—3 A x, ubi iterumr functionem ipsius z,
quae loco- comstantis ingrederetur, negligimus. Cum igitur’ hactenus:
nvenimus Loy, M= 0 et N=—=3 Az, erit 0 VZ—3Ayyoy—+
‘3AAxxdx, quae formula cum sponte sit integrabilis scilicet
V= — Ay’ 4 A A2®, multiplicator nostram: aequationem: integra-
* bilem reddens erit — 8 y 0 y* 4~ 3 Az 9 2°, et producti integrale:

Rabebitmr
¥y +-8h2yydady — Ay’ 0o +AAa 02" = Cox”

- guod ob» constantent C est integrale: completunt.
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Corollarinm 4.

916, “Hujus ' integralis membrum primim commode in tres
factores resolvi potest. Si  ponantur formulae 2z* — A factores !

(& —at) (”--B) (7 1), ut Sl't
___1/A ﬁ_;"‘*V—ﬁ]/A et :y_:l;:"_a}/A

erit integrale inventum

(3@2‘1'—"069’—-1 aocm)(- -[3J—+g3ﬁr)(yay——"yy+'yq/ai>::c
existente

@+ﬁ+'}/:0, aﬁ—{—ar}/-—l—ﬁf}/ﬁo et aﬁ";/____i,

2
Posito” enim Dé—y:z, habetur haec forma

28 1 3Axyz — Ayd 4 AA xS,
cujus factor si pomatur z — p — g, fit

22— 8pgz —pl—qg® =0,
ideoque

3 ' 5
p=yyAet g= —azy A
Corollariuvm 2.

917. Sumto ergo constante G——=0, 4ria obtinentur integra
lia particularia
yay——ayam-—i—aawam— 0,
et loeo o scribendo (3 et v,
yody—Bydx-+BRrox—0 et
yoy — yvyodx+y¥Yroz—20,

guae posito y=ux dant 0 __ _T"BO%__ et porro integrande

2 T uu—-a:u—]—-ucc’ p
le—=1 = —= Ang. tang. ju - Const.

r’(mx—xxu-:{-—uu) Vv

Scholion 1.

918. Aequationem autem differentialem primi ordinis inven
tam difficile est denuo integrare. A potestatibus quidem dlﬂ'erenua.» ;




I
‘
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 fium, ponendo gy—podx et y——uz, unde fit a;%:?afu, liberari i
- potest, prodit enim

2 W p -3 Auup —Au 4~ AN =C,

“'quae_ sumils logarithmis, differentiata dat !

@E+'uuF);b(u»pp—l—A)—|—u8u§t_r_133—]—-nAp--Au)_ [
P UIpsI4-JAnup—AnI4-A A T

‘ . 0% s
-‘ ?gua'ﬁ loco o scripto s

> aw(upp_[—A)B_;_1:,u(p——u.)ap(upp+A):oj i
ac per upp - A dividendo, oritur |

\

|

\
3 _ I
-:Tfi, abit in :

Adutuppout-puundp —udp—o, !
quae ponendo p — ui aliquanto fit simplicior, scilicet

Adu-tgog-tqgudu—unupg—o,

. i autem posito A=m®, etsl particulariter satisfacit ¢=mu —mm,
" amen inde integratio completa erui vix posse videtur. Caeterum
endem haec aequatio inter p et u immediate elicitur ex aequatione il
" differentio - differentiali proposita, quoniam in ea binae variabiles x
et y ubique eundem dimensionum nuwmerum constituunt. Posito enim
dy——pdz et y=uw, abit ea in

unxgp-uppdr--Adxr—0, seu 9;:::::3;; :Pijua

P quae est ipsa praecedens aequatio.’
"Scholion 2.

919. Interim tamen aequatio proposita complete integrari
potest, indeque etiamm eae, quas ex ea clicuimus. Hoc autem prot-
#us singulavi ratione praestatur, aequationem jllam adeo ad diffe- )
rentialia tertii ordinis evehends. Cum enim sit |

,ya.y—az-—'{—-ﬁxax: G,

dag -
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statuatur %—’5 —ov, ut fiat :
y2.224+Amdx—0, seu 9. 9 - Azdv=0, *‘:‘13.;
quae sumto eJemento dv consiante, denuo differentiata praebet
_ —
ay—]—Aaxav 0, seu Oy Ay dv® = 0:
quae forma ita est comparata, ut si el particulariter satisfaciant':
y—=P, y==Q, y==R, etiam satisfaciat y —DP +EQ _]——FR ;
Jam vero illi satlsf‘amt y—— e %Y, si fuerit a® == A, cum igitur m,
Coroll. 1. ternae litterae o, ﬁ, v eadem conditione sint praeditae,
habebitur integrale completum

y____D e~ 2?4 E e“ﬁ"’—[—I‘e"“V'”

unde ob Agx— — %az, erit
— Daaec a"’mEﬁﬁe—‘ﬁ'”——-Fv']/e-')""
X — — :

A

seu mu*ans constantibus, ob A — a® — (3% =%,

m-——|—%le“‘°‘”—[-%e—f3”+@je v
y—— Ao e — DR PP — Ey e
Hine ergo aequationis
Adu—4-qog4—gqudu—uudg=—~0
integrale eompletum his. formulis continetur
— QI\G&‘ L % ﬁ'e’“'ﬁ"-" — & v et
| Qf g—av _{__258—[3'0_'__@&——-7@
 Haae L BPR A Gy
1= ecev +Be Fv  _LEe o
ob q::pu——iai——x?,v,' quod insigne est specimen integrationis:
methodo directa. vix perficiendae..

|7 Mp—

et

Problema 115,

020. Sumto elemento da constante, si proponatur haec: ae-
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atio 2200y~ yydy® +Xox® =0, existente X —a Bz
f? zx, invenire multiplicatorem, qui eam integrabilem reddat.

Solutio.

Hic frustra tentantur multiplicatores formae
Loy+Mox et Loyz +-Moxdy -+ Noas;
" eymamus ergo 111111f]p]i¢aturcm hujus formae
. 2Ly +Mox?oy -+ NgaxB,
" integrale statuatur
Ly oyt +-My¥022)y +2 Ny 02 dy~8pat=o,
unde per differentiationem colligitur
_aa‘;'a.s—_oL‘jJ’()J A4-Myyda’dy® +Nyyoz®dy” ﬁuhiXam*By—l—NXar
— 3Lyydy*+-2LXdzy’ -y 02°0y" () —2°0= Dy (5)
— 520y (5 )n—shiyjaafaJ —6Nyy32°0y°
—y?ox’oy® (85)--25/'38%' oy (3-3,)

ibi sumimus L esse functionem ipsius y tantum. Ut ergo termini
Dy® conlinentes destruantur, evit

L —28L — g et L — L.
[

8y
", Deinde pro destructione terminorum per gy® affectorum erit
: aX 5 My
—2Myy -+ —y {,3—3,)——0:

" et sumto x constante

' aMay ___ aXady
OM =55 ===

“quae per yy multiplicata et integrata praebet

X ‘ r z X
Myy—P — 2% et M — 2
i vy y yy >3
- denotante P functionem quamcunque ipsius x. Jam ad terminus

¥

T L - L

jand . ) P A e T
A 0. i s 3 T,




_integrabilis. redditur multiplicata. per

-
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0z” tollendos, erit | !
28X INYy
-—5NJJ—_JBJ:+3;\. 293(5}):0r
et sumto =z constante: '

242 0N -5 Nyyayzg—a—)—iay-—-g—i«yay,"

dwe

quae per /y divisa et integrata dat

5
7___ 49X EED !
e Ny =57V — 559V
neglecta functione ipsius & addenda, quoniam irrationalitas 'y in .

2d X oF ;
yyaxz  syoe’ 2C PROP-.

calculum non ingreditur. Erit erge N =T

{erea

_ __2XX  4y89X x5 y3aP: ,axaﬂi Hop
aS._ay( 2 3 et Tt gy )—-{— 55 "

unde fit mteglando--
g — XK _PX _ 2yy33X , 2y330F
-—_— _ e ox® gaxz. .
f(PaX tiBP ayvyalX 23/383?}
—-: _— ’-

o . :?5&’

| quae finite exprimetur si P:D,. cum b X—=a Bz vz fit

23X —0. Quocirca habemus

_ 1 7, S aX T —— 2 aX.
L...._ ,?’ 5 rmarm— . yg_;ﬂ‘ ct. .1\1 —_ yyaq';’r)

stque

) . ' ax
g — }_LE _ ﬂ%i’_ ~- Const..

unde aequatio integralis est
"0yt —2 X920y +4yaxax°ay+“‘§x gJyaa, %X = Casc
Aequatio. ergo proposite

2430y - yyoy -+ dat (a—4=fz—t-yrr) = 0‘,_-

gays..m;L(a.-{—ﬁx—';—"r;'xx)axﬂay+=Bx3(ﬁ+:-*yx)‘; i

¥ 3 Ny
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m vero est integrale
oyt —202°0y (a+Lrtyrr) 4 bydxidy (B-2y 2

— Ay Yy Oz - (d—’_ﬁx—:}’xmzaﬂ: C 9zt

o |
lyy 0y — @~ Ba-tyrx) 0zl + 4y 0x® 0y (3 + 2y ) %
—-—4'}Ja.lj‘“""“c_jd’aa} I

Secholion 1.

- 921, Integrale hoc ita est iniricatum, ut alia methiodo Vi
fnveniri potuisse videatur, verum etlam ita esi comparatum, ut nul
la pateat mcthodus id porro integrandi, unde prima integratio pa- 1o
rum luer: attulisse est judicanda. (Quemadmodum autem in. pracce-
dente problemate integrale completum ex alio fonte hausimus, ita
“hic simili modo integrale eruere icet, quod, eo magis est notatu
fignum, cum aequatio proposita in se spectata solutn sit difficiili-
“ma. Ponamus scilicet itidem Bx“_"Jav, et cum sit

20y —=0=x0. ?2’__Java
" erit. sumendo jam elementum v constans

00 J:yay@gi yyau)—aay““ﬁ:y“

Jav

Hine nostra aequatio induit hane formam

247300y — yydy' -+ yyov (@ B~y ra) =0, seu

' 2y0dy — 0y’ 00" (@+Bx—tyra)—0,

‘quae denuo differentiata praebet

| 2y P y--yovd B2 ya)= 0, sew

. 20y -t+ov*@B+2ya)y=0,

‘diffcren ietur iterum, pr odihitque _

3 I . 0-‘/1 %G}J?faz"d—“or seu a&y“'}—vya'i‘il:a,.

-~ quam aequatonem si aliunde resolvere, valoremgue ipsins Yy per v

‘cixprimcrc liceat, erit @ = [y g.¥, Seu sine Integratione __t,:_?vj.?‘s
O
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— 2_% At manifestum est, isti aequationi dlﬂ'eljentiali quarti ordi i
nis satisfacere y— e ¥, s sit At —4-n — 0. Ponamus erg;j\
v — — n', et quatuor ipsius A habebuntur valores A == - etit
A—-ny — i, unde ejus integrale completum est ' ;:"

b
i
1
A

y:::Ac“"’—I—-Be—“'”——]—Csiu.(nv-—}—-é’), E

hincque

b
" k|
3

o — A nw B —ny__C i
e A TLcos.(J'zv--]—‘é')—]—m‘,r,
satisfacient aequationi inter = et ¥ 131'0130-5&5

qui ergo valores quoque

. [T 5
“gitac, dummodo consiantes A, B, C, et ¢ ita a se pendentes ca-3
piantur, ut quantitati quoque o conveniant. His mnempe valoribus
. . . . ! '“.;
substitutis fieri debet i
. b

S

a-+ﬁx_~711§:m_+”.?la_a-g,’g-ﬁﬂf;— 0,
ubi tantum termincs constantes considerasse sufficit, quibus” accen
seri debent ii, qui* guadratum sinus cosinusve anguli nv 4+ con j
tinent, quippe-ex guorum combinatione guantitas constans exsurgit,
Cum ergo sit

' 2y:2Ae“’—1—2Be—”"’—z—ZCsin.(nv-}—g), ¥

%%:n nAe"? +nnBe *? — nnCsin My -+ )y ;

0 — At —nBe " +4-nCcos.(nv 4 ),

v
— A onw B —71'0__..9_. . (1t B
x—= etV — ¢ - n51n.(nu+g)_;_m,

erit sumtis terminis memoratis

o BB
B &= : L
et x—2nnAB—nnCCecos (nv—}—é’)z ”4@%3 b
L} ni K

2%372—? —4innAB —2nnCCsn. (nv + o,

dy? . ’ o
— a%_,:z::::A_B.-——nnCCIL:OS. (nv -7,

ergo .
a-—-i-«-SnnAB——znnCC-—.Q—g-n—E:: 0., ideoque

_— BB, ,
C=V (g5 -+ gus T 4@ B), vel
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p—2nn@CC—4AB —EL et
' B

2
— —nnx)-

a+@x+yxm:2;m(CC—AB)—-(z,m

alanent ergo ires constantes A, B, ct £ indeterminatae, ita ut nul-
gm sit dubiuw, quin [formulac pro x et y datae Integrale com-

letum exhibeant.

Scholion 2.

g22. Aequationes Jifferentio - differentiales, quas in his duo-
ad gimilem formam reduci possunt,

pus problematibus tractavimus,
Prior enim
y 0 oytoyD +Xdx" =0,

sistente X —Axz vel X —a—+B=x, sl ponatur yoy —-1dz seu

induit heanc formaunt
100z) =sF+Xox" =0, : _
atoris %—27%-; 4+ 3X2 a:z integrabilis redditur,  Al-

JE—
P
—

“quae ope multiplic

“tera vero aequalio

yy (2yddy—-0yH X o' =0,

gn
-existente X —a - Bx—-vy 22, posito y=—=%, fit
' ' —1 — L — 4
—_— 3N —f P 2
dy—tz >0z et Jdy=fz ‘003 —§3 Poe,

hine 2y00y—0y =i=z*00z, sicque acquatio hanc induoit forman

) .
L9 0z+X 3 2% — 0, quae integrabilis redditur ope bujus mul-

* tiplicatoris
' 16323 4X0270z  29X3a”
_ R .

I 4
33 =

~
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ﬂxax

— 0 fore multiplica.]

'Hmc colhglmus, pro aequatione 002 —Sr_—
torem 0z’—Xo0z") =z, pro aequatione a.utcm,

aaz+3"j’°': 0
Y

multiplicatorem fore

S
=3 __gXdx*d
02" — 8225 SR 4 43X Jaty 2,

4V =z

seu sub uno conspectu

pro aequatione multiplicator erit

3
I a +3xax d= gaxaxal/:.
Vz*

Caeterum hae integrationes maxime sunt notatu dignae, cum ex &e«
quationibus differentialibus altioribus perfici queant, Ita cum ex hae
aequatione, ubl dv constans

Dy 4-Advddy+Bov? oy Cydvi=—=0 sit
gy = At - D ePr E VY,

si fuerint &, (3, v, radices hujus aequationis
rPArA4-Br-4-C—o,
: P _

ponamus Juvz="F, et cum sit
00y=0v92 =250 22 ot

Diyzovio. 385’,._87) B.(ﬁa )._—
s jam Qa2 consians sumamus, erit

00y =90y —l—ii—z £t
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vasy_;_a y(Jaay+aJ)___aa +43yaay+ay3
sque per Y'Yy multiplicando

yy Py 4yoyody -+ oy +AJa(yddy 0y
L +—Boz'0y+Codx®* =0,

qae integrata dat
aay+yayg+Ayaway"+Bya$2+(C:c4—D)am2:

ae e1g0 per supcllola 1nleg1a11 polest.

Problema £16.

. g23. " Definice conditiones fanctionum P, Q, R et L, M, N,
+ haec aequalio differentio-difierentialis

20y =Py +Qldxdy—+ Rox* =0

tegrabilis reddater multiplicatore

3Loy*+2Moxzdy—+ NJ=z

Solutlo.

- TFacra multiplicatione integratio terminorum per 00y affecte-
im dat ' ‘
o Ly 3+Moz0y +Noz' 0y,

:J?'équare ponatur integrale

Loy +Mozoy 4+-NO2?dy—+Vox?=Co2a?,

GUJUS differentiale aequari debet formulae propositae in muitxphca-
tmem ductae, unde -oritur

axsav 3L P. aJ +3LQ.0=xzdy*+3LR. axzay .

19

+2MP —+2MQ A2 MRz 0y
. -G + NP +NQ ~+NRdz*
onl KL aN
—(53) +G3) —G&)
, )
—(52)-
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Hic ergo fieri oportet
SLP — a!‘)———o o

5L () _[__ TMP — (2= (SM) ‘

Tum vero crit ' 1
—_—n AN .
OV=[MR+NQ— (3109 +NRox,

quae formula integrabilis esse debet. Ex illis autem acqua—tionibé%
colligitur i

PG 0= (@) - QLLU :

1 M ¥ /BN M 2 M BNy ¥
R"_“SL ax>+ ay) g'ii(a’) ;LL ) ;LL(By/ j:ii( )"&

Corollarium 1.

924. 8 L, M, et N fuerint functiones ipsius . tantum

oL — OM 2MIL i

erit P=0, Q=zrg; et R=ggyn — gLLax’ hine
SMAM  4MMIL  NAL NaM e MNPL

oV = 3Lo% gLLax+3Lax )ay — SLL ’ i

ac coéfficiens ipsius 0 ¥ debet esse constans. Quare per 'L-ﬁ chvl
dendo habebitur '
Cdm__amM3M , WAL _ BN . :

s —— 5 T3 3! ‘

YL 3LYL 3LYL YL : iy

et integrando ' ' E
M 1\‘.[ N MM ; ' 3

Cf 3 ’SeuN—aL CL® [ =

YL aLv’ L° VL _ YL i

. M  aMJ Iy MM |
V——Q-?/'*‘f(s‘y“""gn—r")(ax;—-CLafa”).
: - , TL
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Corollarium 2.

3
025. Sit M:SVL2 erit
3L

BM__,BSl/L“ =, et
31/1.

V::Cy-%—-éfg—s(gssl/fb-——CL?f%—m), seu

V' L YL
V:Cy—}-gﬁrsi‘-—g_Cfasf@;—f
_— YL
vero

SS;/L——CIﬁfa"——(TSS—Cfa‘)y’L

¥ L 1’L
3L, .y .. 95 )
-0, Q:.aLax et R — —7~. Quare haec aequatie
3 FoxVL
L Sax
Bay—k%l -I—ig—: 0
VL

__alji'tcgrabilis redditur multiplicatore
3LJy 25020y y L2 +0x2 (358 — cjas_x) v L,
¥ L

set integrale est

Loy +50x0y° 1/LL+ 83:28‘/(15Snmeax)]/’L—{—Cyax
‘r’L
e b 5% 3 8 —-—Cax /‘B"if — 0.
YL ‘
Corellarium 3.

926. Hic quidquid pro constante C assumatur, idem mtes
glale pxodue debet. Hine si C=—0, aequationis

3Y L
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d}hl:‘ ‘i - multiplicator erit T

! | 3Loy —!—-255.1:35/;'7]} —_}-—gSSBJc‘-*';;L,

r ﬂ | et integrale
m |'{Jj | / L y® * Soxoy® ;/LL+ S‘SB:L—BJT/L ,,7558“;,?“"]38 3,%
i o Quy Lo 500 = D0
Mw“ h ‘wl Scholion . ’!

i "'Ji
]

g2%. Ex iisdem quoque condltmmbus, si dentur functmncs

if “ ‘[ ) P, QO et R,. definivi poterunt fu nctiones L., M, N, quatenus quli
"1 | ‘ dem postrema conditio integrabilitatis patitur, Veluti si sit P —-;_‘;F
tid 'I‘:‘ ’ Q — 0 et R functio ipsing @ tantum, puta R —— X, ut habeatuy
i . } . )
i :H ‘ haec aequatio’ o by
I I ' . *
|| | L . © 00y —+ ﬁy—z' + X0 22 = 0, :
i
I_ ‘ | cujus multiplicator si sumatur .
‘ w ] SLayz—]—-z’\/Iaxay——l—Naxﬁ }
ut integrale sit- - )
i L3y +M0adyr+Nyardy +Vda'=Cdz®, |
Il 1l
H* ‘| erit primo N;L —( ) — 0, et sumta x constante BTL =3 nyay hmr;
IH i L. =5 y5" denotante S functlonem ipsius . Demde est
b
. : et sumfa x constante_
i Md 35 i
H 'aM—%—z—l—a—x-y“By:O, ;
Al quae per y *" multiplicata et integrata dat 3
. ‘ ) — an a S——-.-.- n+ —_— + - ‘:’.
‘i“i‘! JEL : Y M+ CE Y I — T funct. 1psius x.
1 - . Ergo '
1 M= 3
‘“ , M.___Tyan (n—-}-x)axy H+I
bk | :
il
‘i 7
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Tertio fierl debet
) : 3 r 3 ‘-‘i:N T aas n_+_ aN —
J“S}Lyn_'__y%m +(n+)8x"ya ' By_'na

upde sumfta z constante

1

IN -+ n’NB-v_4 a . z:zaJ_(niSix2y5n+layw—|3Sﬁfnay 0,

" quae per J—“ multiplicata et integrata dat

0T 238 _ _ )
y_—nN . CE LT yn—}—z__ g—(_n—-_}-;,j'fa}'s ynn+2 n+1Jan+1 Uf:z,
Cgew
» . aT 2958 Sn-t 58 X n-—-]--l
CNEUY — e Y e U e
Ex his autem fit .
P - n 2aX0J8 Afdr 33T ameir)
. "f‘r___a - ET}Lyzz-ﬂ-’(ﬁ_‘—l)éﬁéya 1 J _’-}_ ()I__I_l)a):zy g
a —° MBSS Snr .__fa;sx_,lan—f—x
T et )’BxBJ (201 )ax-J

I - aaS 3 38X 5]1.._}_]
X2Vt Sy T ey T A R )
quae formula ut integrationem admittat, esse oportet

= a.X a8 30U § oIt
2379, TX - 2% "0 2o — ™ S5 1 iy

3 48 03.5X -
-—'yan_l—n'a(n—}—:)gaxg Syan*}ﬂl(zn—i—)ax' T’IUXyn Iax

+(ZH+I)X8T o (5n+9)xaas ﬁn_]_x —_— 3(5n—|—l)SXX3x 571__,0
2% —~1) ¥ Y L (2~ 1) =

"'hlc ergo singulae potestates ipsius 7, quatenus sunt indequales, se-
orsim destrui debent.  Quare potestas y*—* dat U—=0; unde
etiam potestas y™ ad nihilum redigitur. Potestas y*" dat

(271—]—.2)TBX—{—-(271—]—~2)X8T—{—-(2n+i)XaT::O,
sen X2m-2 TAn-=35_—A; at potestas z*"~t7 praebet 0® T0, sen
T=a4-Bax—-yaxz. Potestas vero y3" postulat S===0, nisi sit
‘= —1; quo casu etiam poiestates y2"7* et " * sponte eva-
nescunt, Cum ergo sit UZ0, 520 et T oc—%—ﬁa:-a—'yxw, hing=
' -v—4‘n.»—o

_ ?..LlFe Xz=B(x + & 4y xa) 2" T haec aequatio




i . :
M 150 CAPUT VL

il k
i" ‘.i or* . .—4_}1—5 . R
i L e by T
_ 20y + = 4B 4B -tyza)tt? ozt =00 g
i ' ‘ : o . e : B
gil integrabilis redditur ope multiplicatoris
P - - . o ) da(B—2y%) k.
: . 2n _ gX\E-m2 VR e T '
:‘,{ 1 o 2@+ Bz ya)yroyY Y g
1 : : ‘ i
it 1 . A
H} ! Secholion 2. N
‘ If I
5‘\ | ‘ 928. . Quanquam plurimum abest, quominus haec methodusii
A satis adhuc sit culta, tamen specimina in hoc capite tradita abun. -}
de declarant, (quanta incrementa inde expectare queamus, unde ejus;i
‘ cultura maxime Geometris commendanda videtur,  Quoniam igitur_f;
H'; i|‘, ’ ' methodi, quibus in resolutione acquationum differentio-differentialinm’
1 ‘ : uti convenit, satis luculenter sunt expositae, ad sequens caput proa:?;
' grediamuy, ubi integrationem hujusmodi aequatiopum, quatenus qui~
'p ' dem id commode fieri potest, per geries infinitas ostendemus. -
+ . ;
il i ;
W m ;
il ,
, |1 1 !
i M i o *
;}1 !

| |
I, bl L
|

|| G 5

. I II‘ ‘F ;

.. i

it
LA ;
i 'U n!Jﬁ ‘:




