- Sumto elemenic ¢ o constnte, si proponatur haec aequatio

CAPUT V.
DE

INTEGRATIONE ARQUATIONUM DIFFERENTIALIUM § ECUNDBL

. GRADUS, IN QUIRBUS ALTERA VARIABILIS UNAM DIMEN-

SIONEM NON SUPERAT, PER FACTORES.
Problema 1407,

8§65,

=~ B - [}
ddy+Adady+Bydaxt —=X0a"
ubi X denotat functionem quamcunque ipsius a, invenire functionem
ipsius a:, per quam haec aequatio multiplicata fiat integrabilis.

Sclutio.

Ponalur dy —p o, ut habeatur forma differentialis primi

" gradus

op +~Apdzx +Bycx—Xoux,

quae multiplicata per V, functionem quandam ipsius 2, fiat integra-

- Bilis; scilicet

Vap—]——AVpB;r—{—BVyax:VXB:c',

ubi cum posterius membrum V X 9« sit integrabile, idem in priori
eveniat, necesse est. At primo perspicuum est ejus integralis par-
“tem fore Vp, unde id ponatur Vp 8 ut sit Yp—+8=/VXdxz,

© fistque

i3
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dytgydrx—e oz el *X o,

gcque per integrationem ad aequaiionem differentialem primi gra-
dus reducitur, guae demuo integrabilis - redditur si per e&* multi
-llgll'iéetura

Scholion.

N 868, Multiplicatorem V ita determinari oportebat, wut for-
o 5 .
ﬂn}lﬁ oy (AV——- %

tem cum V sit functio ipsius z, integrale erit y (AV——-S—::), unde

)4BVydax fieret per se integrabilis. Tum au-

fiat necesse est
4V —LY-BV)x, scu 00V —AQzdV-+BY a0,

dx ™
‘4 eujus aequationis integratione pendet inventio factoris quaesiti V.
“Sufficit autem ejus integrale particulare sumsisse, dummodo enim
‘aequatio proposita integrabilis reddatur, constans arbitraria pro in-
tegrali completo reddendo ipsa integratione introducitur.

*

Problema 408.

. 869. BSumto elemento oz constante, si proponatur haec aes
- quatio
00y—~+Poyda—-Quox®—Xox?,

wbi P, Q et X sint functiones quaecunque ipsius x, invenire mul-

- ftiplicatorem V, qui sit functio ipsius x, quo illa aequatio integra-
- bills reddatur.

Solutio.

Quia aequsitio per V multiplicata

Vody +VPoydx--VQyodz?—=VXoax?
_.integl'abjlis existit, pr'ioris partis integrale ponatur Voy--Sydx,
* allam enim formam habere nequit, ac fieri oportet

VPoyda +VQyox? —=0ydV-4-B8dydz-+yo saxj,,

*F




100 CAPUT V.

ubi cum S sit necessario functio ipsius x, erit
VPox—0V—4S0x et VQoz—085. -
Inde autem est S:VP-—g—:, quare multiplicator V definlii deber

ex hac aequatione
VQAaz=VIP—4PYV—2Y, sen
aav._—lﬁe)vaa,_;_var(oax--aP>——o

-quae ergo si resolvi potuerit, vel si saltem ejus integrale quodpiaw

particnlare innotescat, wut habeatur multiplicator V, aequationis pl(}
positae integrale erit

VBy+J+J(VPBa,~—BV) aa./Vle,
quae porro integrabilis 1edd11u1 si ducatur in W eJPOZ ohtinebi

tur enim integrale
%— efPa”:f'—Q—x— efP0% ryY X 9z, sew
o e '—fPa”erfPa“ fVXa;r*,
quo ‘duplici signo integrali gemina constans arbitravia introducitur
integrale completum constituens.
Corollarvium f{.

870.. Inventio ergo 1_1aulti~plica.toris V pendet etiam a resolw
tione aequationis differentio-differentialis, quae autem proposita sim-
plicior est aestimanda, quod functionem X mnon imvolvat, et quanti
tas V cum suis differentialibus oV et dd V ubigue vnam dimen
sionem constituat. |

Corollariom 2¢

871. Quodsi ergo ponatur ¥——e/¥ @ quantitas v deter
minabitur per hanc eequationem differentialem primi gradus

g +vvdx —Puvdzx Qdxz— P =0,
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" eujus si saltem integrale particulare constet, integratio aequationis
propositae absolvl poterit.

Corollariuvm. 2.

§72. Dato autem multplicatore V¥ vicissim ratio aeguationis i

':pmpositae definitur, ut hoc modo integrabilis evadat. Erit cnim vel
ar Pov oV

“"c)x—}_‘%c)x# Vox2? vel :

POV _. v -‘

\ 0P -=—=—=0Q0dx — 3,3 , vel integrando ‘1

__av . av ovo
PV=yo +/QV oz, scu I’dvax-]—f—'*v-f-

Exemplum 1.

873. Decfinire formam aequationis differentio-differentialis

ut multiplicata per e:"? inlegrabilis evadat.

. Posito multiplicatore V== /U85 —— ¢h% it » — 2, et satis-
+ ¢ fiexi oportet huic aeguationi

Argxr —APdz+Qodx —90P—o,

: ende fit Q — AP .— A A —l—g—z. Primum ergo .hoc- evemt sl fue-
vint P et Q constantes, puta P A et Q =B, ac tum A definiri

. oportet ex hac aequatione AA — AA B =0, qui est casus su- |

pra tractatus. Praeterea vero qualiscunque functio P fuerit ipsins 7 li

'z, modo sit Q= AP = A A~ STPN aequatio in e** ducta erit in-

< tegrabilis, integrali existente

' APy yor P——r)] =0z *X Jx, sen

oy ~—}‘—(P-——7\)yau_’c:e‘“’""”&-xfe"‘“}iax,

 gquae ulterius per e/P?®—X® multiplicata et integrata, dab

y — /P 8.x~+—?\;afcf,1’aa:~+-.n}\x P xfe}‘” p .1.
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‘ Corollarium,
; , 874, Sit Pr—A S4-ax et Q—B -+ B, erit
B—.l—-ﬁm:A?x-—I.——a?\xr_-—}_\?\_er-a., ergo

. Bo—AA —AA—Sa et B=ah,
unde ob A = —{-i—, coéfficientes A, B, a, 3, ia comparatos esse
oportet, ut sit '

Baa——AafB— BB-a®, seu Baa—BBR—=a(AB~aa).

Exemplum 2.
Li ' 876, Definire jformam aequationis differentio - differentialis
il
bl | - 99y +Pdydx-+Qyoa®=X0oa’,
bilis, | *

Cum esse debeat

| : Bv—!——vvax—Pvax%‘an—an—O erit
';‘!\l - "]_Mn"xn_r_l—P'-—"}"Px

+22+“w"‘“‘+ww”+0—~ﬁ

Q=20=N__oarin ME T R )£+I~LP$ +gi

L £rgo
|‘ - .

‘ Ponamus P ———--J[- B x", erit !
“] | . Q"‘";;(?\-—?x?x—l-ct?\—na)ﬂ x*— ‘(ﬁ?\+a1¢+ﬁn~«2}\;¢—m72p)

* : | Bit. Q — &—T.—_g - 2" F fe g 22", fierique oportet

il - AN— @ DA a2+ V=0,
6(7\—!—?1)"4"1-! (@ — 21 — 1) =0, et {J (B> =g,
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.ynde mon solum pro muliiplicatore litterae X ct w, sed etiam cer-
ta rvelatio inter litteras o, 3, v, 3, &, definitur.

g ande AZe; tum (3 —w) (Ot‘-i—”) 0, ergo a=A=—n et upM—
| ‘-,SM__F_E: 0. Bcilicet aequatio

00y —-]-—a:x:ay‘ (ﬁwn—%) L ya"mz —Xox®

multiplicatorem recipit e/ 0x  existente v —— -— % ~- 2™, " sumto

iy M ita ut sit L —— M—I" ¢=— 0. Erit ergo multiplicator

i b+ 1 P ?T-+‘?
V—*H—en-i—l et cfPax:::——eu—i—x
b : ™
="Qua1‘c si pongmus # T, erit

ftX 5z
Yy —x e— Bt . ey,f/‘ ﬁf_n?l'fmna ’.r,‘/_*,_‘": seu
2 s

y:e(““ﬁ)'ffe(ﬁ—zu)rxnrat/ e“Xaxf

mn

Corollarium (4.
- §76. S sumatur v —20 et e== 0, erit
' " —=pf Bla—Az=0d et (A —a) (A=—1) =0, hine
" ATz 4, et 5: (¢ — 1) B, ideoque-
| P B2 Q= @— ) Ba
et aequationis :
2y (5 4B xdy-i-a—1) BTy dar=X Jat,

- “multiplicator V=e/v2%, existente v =+ Ba® i ut sit

g -1 p xﬂ-+t=

V=gt et eJPO® — g1ty

a

Veluti si sit ¥ == 0 et 0 == 0, erit (A =) (A — 1) ==0,



g

o0 | LAPUT V.
Corollarium 2.
877. Hoe ergo casu, posito = %
y:x’““".‘fx“”""e"‘ﬁfa_m/‘eﬁf}{xax,

quae forma simplicius exhiberi nequit,
formula ¢— BT x%~—2 g 2 integrationem non admittit.

Scholion.

g7g8. Cum igitur inventio multiplicatorum, qui hujusmodi ae-

quationem
 23y~-Pozdy-Quoxr=Xoz%
integrabilem reddunt, resolutionens hujus aequationis postulet
BBV-—.-P,BVBx—J}.—VBa:(.an——— oP)—¢0,
quae in hac forma continetur |

aay—ﬁ*Pamay—l——anmz: 0,

n-1—f erit integrale “g

itk
5

=
T

1
il

propterea quod in genere

videndum est, quomodo hanc formam etiam per multiplicatores trac- .

tari oporteat. Cujus multiplicator si fingatur
sius x, itérum ad praecedentem formam
D3V —P3Voz—+4+Vox Qdr — P — ¢,
devenitur, atque sl hujus multipiicator
sius x, hic definigtur per hanc aequationem
00 U—+P3Udz+-QUoga—=0,
ita ut sufficiat alteram harum duarum aequatibnum Teso

supra quidemy, ubi ¥ ——uw v posuimus,
at mirum non est harum duaram aequatiopum,

tionem perveRimus:
alteram ab allera pendere, cum prier ex posteriori mascatur ponen-
do U=— e/BIFY, posterior, vero ex priori ponen
uti tentanti. facile patebit. Quoniam igitur hoc O

sl quae ocgurrit, tollere nom liget , ipvestigandum est,

do V=efFo7 U,
do diffcultatem,

¥ funetio quaedam Ip- 7

statuatur —— U functioni ip- "

an fortc ejus-

K

Ivisse. Ac .
ad hanc posteriorem aequa-

i

§




oy

. wero Tfacile perspicitur exclusis differentialibus hoc fieri non posse;
nam si multiplicator esset 'V functio ipsarum z et g, ex primo ter-
'mino 0dy mascetur integralis pars VQy, quae autem differentiata
iy ;45.0118nd0 OVZM3x+Noy involveret in differentiale partem Noz?,
in aequatienc non occurrentem, quac eliam per veliquas integralis
paltes tolli non posset. Quare rem tentemus ejusmodi multiplica~

1;011bus, qui etiam rationem differentialium r+ R— g complectantur; et

cum ipsius ¥ cum suis differentialibus ubique sit idem dimensionum
. pumerus, eadem proprictas etiam In multiplicatore insit necesse ests
.. gl enim diversae Inessent, singulae seorsim megotium essent con-
. fecturae.

Problema 109.
879. Sumto elemento Jdx constante, definire condifiones, mt

mmltlphcqtol hujus formae Mp-3~Nyg, existente p-“ay et M et N

j fanctionibus ipsius x, integrabilem reddat hanc aequatienem

ubi P et Q sunt functiones ipsius z.

Solutio.

Ob dy—=pdz, nostra ‘aeqﬁatio €st
op+-Ppdzx +Qyodxz—o0,
guae ‘per Mp 4Ny multiplicata fit
B Mpdp+Nydp-+MPpdy-NPydy4-N Q OyJaw} —y
+MQydy 7

| quam integrabilem esse oportet. Ob terminos differentiali dp affec~
‘108 Pars integrabilis erit {Mpp 4~Nyp, unde integrale ipsum sta-
. 14

“modi multiplicator, «qui ntramque wariabllem 2 et g cum suis dif-’

ferentialibus 92 et gy seu p =y involvat, megotium conficiat. At
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.:‘f~s

o
tnatur = (Mpp-~Nyp-+5. Cujus dificrentiale eum ipsany Jllamsﬁ

aequationem praebere debeat, habebimus ?:
0S—=MPpoy—+NPyoy-+-NQyydz ”
—IppoM —ypoN. ' |

— Npoy ‘
quam ergo formulam integrabilem esset oportet, quae cum tam‘um'{)
differentialia primi ordinis Jz et 0y complectaiur, necesse est ut‘“
quantitas p ex ealculo egrediatur, Posito ergo dM—=Mox et’,

ON—NQz, ob pdax—dy, primus terminus continens p adf
mhllum redigi debet, ut sit

MPpoy —iM poy—Npoy— O, sew
L OMP— M/ —N=0, vel No=MP— 2.

28w
Tum: vero erit
98— yoy (NP—+—M€)__N’)_!_.NoyJax ;
evjus formulae intégrale est {
S—iyy WP H-MQ-—K), vel 5=y JfNoax |
i

quas duas formas- congruere oporiet, unde fit
NP—-}—"\IO——H__ZfNOBx, sew
N‘DP-}-PDN—!—"\IDO+081me—2N(33m

-quae aequatio cum. illa- L‘*“"MP—;— juncta, ' conditiones. quae‘-si;lf

tas determinat, proditque tum aequatio integralis ;
iMpp +-Nyp—l—2yy(1\‘f1°+\*l Q—=c.

Corollarium 1.

880. 5i functiones P ei Q dentur, indeque M et N definirit

— oM .
eporteat, ob N-—— 1\'1P——~a—x,_ exit
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AN-—MOIP--POM— ‘”‘f,

et functio M definietur per hanc aequationem
ST M 3P Qa M

88

x4 dQ)= 0

PP

quae oD dlﬂcl enhaha tel til ordinis palum _Juvat..
Corollarium 2.

o g31. Sin autem mult‘ip]icator Mp—4-Ny detur, ipsa aequa-
L
o ita definitur, ut sit primo P:M —- ﬂilg , unde ex altera, quae

ﬁst
: QBM aNQdx __ 99N o.PN

Q-+ Sy — T T hes T W
— g /Nax
mecque per Me “ M multiplicata, integrale dat
— 2 N o x — 9 N a o _
Mo 2 = e 2w (R 0PN

Corellarium 3.

882. Sit hoc integrale —= Z eritgue
‘ '., : — 0 N g
R Al 2% 1\1 —-PN) 4 fe 2./ M
- quod posterius membrum, pro P valore substituto, abit in

(Q_Ii_?_l\f___ QPP;IHS':() ;

-—~2fo1”(21~181~1 aN33x  NNIM

Je ' M MM MM /7
. — 2 /Ndzyy | _
i eujus integrale est manifesto e S M, ia ut sit
 "- “’- , -——2fNa’° N N & M
S L= (5% — msn) + C» ideoque
.ﬂl....
b n rNd»

¢ 2/7%E N NoM
Q—ge " B T yoz— imwes

Foe




108 . CAPUT VY.
LC 0r1"0'l-l'—a.‘ rivm 4.
- B83. P’loposxta: ewo hae aequqtmne '

Pyt NO= sn ANy,

9 ay 3M cdw, : . -
(M 2W16’m> 0% ¥y+y ( M A - a0 M =0y
eam’.'P?l May ~+ Ny mulhphc&ndo , integr ale fit
N@x
May f M . '

. Nyd e _
23.‘.\‘.‘2 ‘I—" y"’"}"’g_yy(ce T),_.COIISf.<

S'c'h- 0'11'0' 1.

8§84. Cume ergo: pro: M et N quascunque funetiones: ipsiug
% accipere liceat, innumerabiles hinc: nacti sumus aequatxonum dif

ferentio-differentialiniey formas, quag ope mu]hphcatorls —f—VJ“ |
integrare possumuss. Forma scilicet gemeralis, quae hoc m‘ult:phca*
tore: integrabilis’ redditur’, est ut vidimus. -

aay ‘
_;ﬁf“_*‘-zman(aM 2 N oz

_|_ AT (zNIaN '—~\TBM+ z CMe

ipso: integrali existenter *

Ma} \' Ny8y+ 'Uﬂ( +Ce _1‘—1—)".’_

FEEE ot
ubi’ perspicuum- est partem exponentialem: constanti C affectanr utrimr-
que omitti, posse, cum: ea sola ista propnetate sit praedlta Quod-
NQk

sl p’utem exponentlalem ad algebraicanr 1educamus ponendo e’ MLy,

erit 2NOE Q_]E et No— 22 MBL MJ3X. , .OLIM:

_Naae
2S5 a )

, hineque: d N ==

B ~ Lo% — 2Lo = —f—'gi_a.; -
MALE i :
T 5 unde ista forma: _ '
aay ,' (awr aL) y (@R% dramM 8L zCLBx
28:: Lox | 2L M a LLax M )9‘
M3 Myd L. oy .
‘ quae Per xy - --—I—f'—a— multiplicata,,. mtegr-ale-s praebet.
Moy M:yBLay M3 L2
2.0 %3 aLoa? LLB::’+CL)
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e FM ., 3L 23K KK e
el sii ponamus: 5= 4= 3~ ——, ut st M ==, crit nostra ae-

quatior differentio-differentialis

Ba'y y an T g . AL KL, sCLLIx 1
+ ) y(aLax gLLam-‘"""‘KLaT:- ~xx /=0

ay ) yaL
quae per L R T multlphcata, dabit integrale.

KK 9% ~ydLdy CLL
%L, [ax”—{-_" Lox¥ Yy 4.LL83<:"‘ K.

] — Const
Exe e plom {1,

8§85, SBit K ra™ (cz—i—x)” et L =at (a-l—ac)", erit
oK. . m . mia - (ni—-n)xe -

‘Kaa = = a-f=e T a(a—4=) et
—ﬁ%ri = L +~ = - unde’ coefﬁmens 1pslus Iy erit
N _;1'_ v Y L A vy i . my—t -

T T awm :x:(a-+-x) T rla o w e w(atw)
s 2 Cat e (@ ) TR, sew

W(o e o2} | myfenw— vy v(2 1= ye—a) .

2% .+ x {a +x). = a(e-f-x)2
el 2 e 2 (@ J—x)2 V2",

ubk sequerites casug notasse juvabit.

I. Sit m Mt et Ry, erit ?psius‘ %ya x coé_fﬁ'cieng
w—9+ \;O,L-—]—-l)__‘_- vy ..._2)\2 - - . '-_ .
a %% % (a1 &) :z(a—l—xf)
Hine: ista aequatio -
oy ()

3 Yoo TRE=RACT  EvpAm1) e (v —
—]—%yaxL xx +W(a+3CT (f1~+‘9t=)"h‘l"'“CJ

multiplicata per . o
¥ (L3 v ¥
i (a—}—;r,) + ( + o 1,
integrale dat -
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n vay
‘xp'—*d (a,a—l—a,)” 8x= e (_ a-—]—x .+'

'-4 /C ) .

M. Sit mo— w1 et n==y £, erit ipsivs Jy dx col
ficiens

B (p—1) a2y o4-vA4-4C v (y—1)
2xx = 2x(a—x) +,2(a—}—x_)-=

Hinc ista aequatio

00y ¢ 2].!.-4—1 2V——1 s
=55z 0y ( ~+ rm

Mvr——a) ap vy +4C vy 1
—+1 yam( _}— x(a—l—x) . '"‘_.(15,_]_:.))
multiplicata per |
T (atay 'rg_i iy G+l
integrale dabit
ad
Ixf-L“l"I (a_[_x)v—i—-:[axz 3’ 3’( _]_a-]—x)

2 -—]—/C
K.y y (x.'x: + xpi:;_i_;) + (a __l_x) )] p— CODS‘TZ

I, Sit m=y e n—y- 1, erit ipsius gy 0 x cotfficie

g — 2} B(v=1) vy 44 C,
220k -+ x (a—+w) == 2 (a4 x)?
Hinc ista aequatio

aay+aJ(p. v+x)'
W (e 3) 24t (yf=1) vv+4c _
+1yoe (Cn T e e T e = 00

muldplicata per
] 1
ot (a2 52 43y (B - 2,
dabit integrale

‘ 2 _'yay
xh (a—l—a)v—l— a.::z 'I“ ( e u+x) -
- A YVAH4 0N

Coroilariu'm 1.

886,  Bit casu primo v—2, C= —— @ p., habebitur hae
aequatio ' .
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50 (p=1) a4 (L +4-3)x (n+r)ydx
2y Coberlin gy - bRl — o,

4 poa—(o-a) 2 )
2x(fl»—|—x) Y
,muluphmta, pmebet 1ntemale

' pa-= (J-l-—}-ﬂ)x' y&y ] TR - _

-

Corellarivm 2.

. §87. Sit casu tertio =2 et 4€==—yy, habebitur ista
acquatio

o Caa-G--8)e | (-n)yaw 0,

) x (o) ~ x(a»-l—x) B
girae mu]t‘lphcata pel & % (—-x)¥ T2 [a 5y (- a_]_x)],

.d'lblt mtegl ale

. ) d : O
iz e o)yt [a 2 22 (2 a_:_x)-{--yy(ﬁﬁ— m)] — Const..

Exemplum 2.

Sit K — a™(aag—+zxx)" et L — at (ea--xx), erit
N S
gia—xx Lo’ 2 | ase—taxx
et aequat]o differentio-differentialis hanc induet formam
) L A ' .
Yaa—+ax/ | .
f{em——pr—n) Lz w2 v (m— M 1) e av(en—v—2)% X
ga—x% {(aa—+xx)?
2Cgprh—T2m — 0,

(ac —}--.:r' x) 2t — 2v

.eujus m MR (czcz-—!»aa:x)”“““[ -+ ‘y(-&ﬁ—ﬁ%_ )i

ductae integrale erit
' (02 y a ¥ 2V ’
d .r’ <—_ Eﬁxw l

. _Ixnm—}.l. (CLﬁ-!— xx)zn——v oy

. GO g2 b=z m ‘?:Constﬁ-
}.L R ] ALX
E_I_chj[( ‘ an_!_}m‘;&)

(aa+xx)* "2y }

'Evolvamus hic casus, quibus aequatio differentio - differentialis hanc
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112 : CAPUT V.

obtinet formam

ooy _, m an X B ¥ Gax ,-‘
_a—ac—+ ay(; +% a—f—}.c_xA) +éyam(D +aat aaﬁ—.xx_'— (aad-xx®/ — =0, i

I Sumatuwr p—==m et.y—n, :
Lel'itqué D—=—2C, E=—= Imim—2), F—2n(m -4 1), et \ﬁ

e=2nG—2. :
IT. Sumater pr—=m — 1 et y —=n, (
critque D=0, E=2C—H3m— 0% F=2n(m 4+ 1), er |

G—=2n{mn—2),.

IIL.  Sumatwr m=m — 1 et 27— 2y =~ 1, seu y=n-gy :
erit ultimus terminus *C{2%+ (T::_m) —2C —I—QC“ '

D=2, E__.2€aa—]——i(m»—-—i)2 E=— 2(mn+n+1),i‘
G'—'I(2n—]—1)(2n-—-5) o

Ergo

-~

IV. Sumatur P‘ met 2n——2y=1, seu y-n—%, ,eritﬁ%
pltimus terminus —+xx ,. ideoque .
D=—o, E—Imm-—2), T “‘2C+2mnr—|—2n«—!§;

' -.G: 2n—4)(2n— 3). o

Y. Sumatur p=m ~-1 et y=n — 3, erit ulmmus telmmusi;j

sCxw 2Can
fgat-xxe T 2C— ag—f-x ? 1deoque

D=z2C, Eci(n+1)(n—2), F=—2Caa+2n(@n+ 1),
| ' G=i1(2n—1)(2n—3). ‘

VI. Sit mzZm—1 et v=n-—}, erit ultimus terminus-

2'C . 2L a G
zx(e a—-l—xx) aa ac *  aa(aatxx)’ unde fit

= -—}— (m— 1)%, I“—'_
G_I(271-~1 (271—3)

VIL Sit p=m—1 et 2n—2y=2, seu y=n—14, erit




CAPUT W,
jinus nilfimus Ea_n __ﬁ: e ideoque
D =0, Lan -+ 4) (n -3) F—2n{m- 1),
.GZ 2 C - 2.(n — 1)%

Sit p=m -2 et y—=n-—1, erit terminus ultimus

4 ~ ___eCaa 2Caaxx i
X x) qnA-xx (o o~ x x)2? '
D=2C, Eci(m—+2) gn—4), Fo—12 Caa-+2mn+2n-+2,

et G —=—52-C gt + 2 (n—4)°

hincque

IX., Sit p—m et yz=n —— 4, erit terminuns ultlmus
2 C 2 C 2Cxx

aa-xx)? aa(fna——]—acx) a“(aa-—l—xxﬁ’
{

E—=im (m—2), F= 2—}— 2mn-2n — 2,
—aC [
G__._'—a"a— “2(?'1-“—.1).
Bit w—m — 1L et yi—n — 1, erit terminus ultimus

2-C . =C 4C 2Cax
oz (an-fxx)? T etxx a4 (e a7-xx) ~- at e PR L

incque
' :Ef 1m—1)% F= 4C+2mn-a—2n-~4,

G__—+2(n—- 1)%,

Problema 110,

Sumto e’lemento'ax constante, 'si K et L ~denotent,

3y oK BL? | 3KDL |, 2 CLLI%y__
R y(a L = Koes T 7 *x J— O

ax ' K ax T a2LLOx RIA

Solutio.

»  Quoniam haec aequatio mtegrabilis redditur, sl multiplicetur
‘P{r KTh @ iaa ejus integrale COl{lpletum, ut supra vidimus, ¢st
15
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1{ X yoL CLL e
[( T R Y y) = Constt
quanm aequat;onem differentialem: primi’ gradus adhue mtcgl arl opo
tet; quod. cum: ob. constantem: indefinitam maxime sit difli ile,
neglecta, primo- saltem. integrale: particulare: investigemus, Ent e

. ]

go. ex. aequatione: _ a
gy 3L Ny . CLL _ %ﬂ

(32t 7Lzt e YY —'0‘ ;

radicem: ‘ext; aliendo- :
ya L. i_ :
+ 2Lox. " ]/ C - sen b,

unde: ﬁt
[L ax
4" ]/ L—ae )
Cum- igitur’ aequationiz differentios- differentiali: pr opoane satisfaciant!
hi. duo. valores: ’
, L 9'x: SR Ld / .
3/.—*'1/“14 f et y'——VLB f <,

bml con_]uncth etiam: satisficiént,. quibus. quoniam- duae- constantes;
arbitrariae: introdireuntur;,. ejus- integrale: completum: erit

Er@_a-cl/'_.c ) __fLaac
y=ype e

quae: expressio- valet,. si Y — C fuerit q}:lantii'as:: realis,. sin: autem:

git: imaginaria,. erit

y =y s (fLax Y. C A4

sicque- habetur integrale: completum aequationis. diffelenho»rdiﬂ“ewnua-

liss propos;tae - « &
Corollarium: 1. . r

85‘-9'0'.. Hine' igitur- aequat‘lonis: differentialis: primi. gradus:
+2L8x- ' :&11—'—1&1& . i

. . LT - . . f-é.‘.'i\
guae: per: se: satis. est' difficilis;,, integrale. assighare valemus;. quod: est’’

it
o
i
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Lo x Lam
- —C —C
Zf f +1/L f "3

Corollarium 2.

‘* gg1. Eriit autem per /L :mu’ltiplicéndo et «differentiando

Lo % .
—C
By1/L+f’§L ”I{a”v" Ce[ v

BLOx Y .lg_',fL_?ix Y — C

JiN

1.0 % ot - Lax C
[‘“%{E_(mef’n_]/"cv | /= ), ,

LD > : FLD p
- mrm Y —C -— — T
1'—11";: r\?{L Chd 4 — Be . <V )y
pL . gqLa® ’
if 22—y — — ~C
ef Y ]/ —l—‘ﬁe ,/ R ]/ )2,
A.

ndeoque A—4C aﬁ sew 3= ;oo

Scholion 1.

§02. Quamvis ergo aequatlonem ‘proposzltam ope 1donel mul-
altera tamen integratio maximis diffi-

Interim tamen cpe substitutionis aequa-
gradus tractatu facilis redditur; posito

_{i]ilicatoris integrare licuerit,

_cultatibus premi videbatur.

“tio illa differentiails primi
aL

ut sit 2y L+ va__.a z, oritur (am/L)E ~t=

lenim y:TfﬁL,
-CLx AL . ox___ L o= __ LD
R P, hine ooV (A—Czz), StV yr—¢zm— K °

“quae integrata dat
HEF




BP g B aalk R 2 e
aaz""l—‘-a P R{"""'—PP—38.’L‘ ._,_.-_.-.0'-‘,-
uae er. Pp’a“g n 1[ l., y . f se oy . ,1 o s e
q p rRaz: multplicata,, sponte. fit. mtegrabilis, Q‘y;ln,, etiam
posito "B_:' — 3, ut habeatw-
. .. d80% .g'azdun®
00 +‘-§—— se—— 0

: Sa&"
multiplicator . a f, statim dat . integrale:

I

316, CAPUT V.

Iz 1/-— ¢ —+-1/ (A Czz)]=— -._ﬁ_.“l;,/'l—gc [B
unde praecedens integrale ermitur. Caeterum forma. nesirac aLc]uas..
tionis diffeventio - differentialis aliquantd” cominodius extiiberl potest:
hoc modo: Si P ‘et R sint funetiones. quaecungue: Ipsiuss x,. Sumye
turque: elementum d constans, hujus aequationist ‘

R 3B gPIR . nna
0.0y ~—ady (F‘*‘ T y,@__;-_‘ J;_R?‘ o SERR I ) 04,

bis: integratac integrale completum. est °
' o fRBw oy [ROE
y—aPe ’ * 4 [3Pe L
siguidém: . sit - qpantii‘as* realis, At st-a=0,. orif:

g =P (R

Sin. autem sit- g w— - ¢ ¢,..ctit*
. a %o

,j‘—'oaPsm (ﬁ—{—cf
Tum vero illa aeqUatio ‘integrabilis 16dd1‘{111 - si' mukiplicetir :-}:)'Et’i'—

Rﬁ.axg @y-— — ), erigue mtecrlale plnnum

' gm{axﬁ [(By — T

Hine patet in illa aequatione differentio=différentiall commodé hane=
substitutionem. adhiberi y — P z, qua ea tmnsfmmatm in.

yaP)g — EG_EEJ 0 a;'z] — Const:

S §53wm3”

PErrEiaa S z v i .
FYrL 3.0 42220 Consts. , .




CAFUT V. SRR ¢ 4 ¢

_ 'S?c- holilon 2
tae B . :
JIA. Lo 893 Vicissim® eigo ex hac- forma* simplicissima?

) ‘ ssaaz+sasan_mzaa~—o

e

quae’ per Jz midiiplicata’ integrabilis redditur, fb‘rlﬁas magis cotiter

phmta& derivare potlissemus, ponendo z‘—‘% et S-'———";%, , Quac‘ :
quamquam in formis genéralibus satis pe)splcua tamen in e}:emphs.!
delmmn“ahs pTelumque haee dLllvatIO nirmis " est’ occulta, quam’ ut
menti occurrere possit. Vel inc casibus §. 888 evolutls, si NO..
IX: sumamus. m.= 2,. et C ,_(n_._.. 1)2 aa, fiet D.— 0, Em 0,

fm=2n (n—1), et G== 0, unde h'lbetur haee aequatlo . :

aa:w onln=)ydw L
—I—2ay( +aa+xx)+ caFan = 0; seu

20xdylag = (n-t1)xx]. .71_(.11:—}41)ya_x-f —
aay +' x(aa—-xx). -+ Qw2 ‘_"*'0”"'

B quae integrabilis redditur ope -multiplicatoris

bt | . : y(’aa—l—-nscsc)
_ asx(aa—%xz)““*“ T x(“a+xx))

integrali existente -

‘ . T B_y : {"a,cr—i—nw‘x) n-—x)f‘*aczyy
iz (CL(ZMI»-.%'Q’J) —r-tﬁ(a‘x x(aa—{—xw) ) (eaxm) ]

e Pro integrali e-rgo particulari erit-

gy . ( - 1)z O {qfi)aaﬁzl{—ur'_
—]‘— x* -I— agtxx — i aa—ra 2

Consti—

_ unde col]x.gi-tur e
1.1;1_% . ) '.’I;— l.’ N + [n__i.l)-,:' . .
S | ol ot eiay gy o O - 3 ~
| cyleason ¥ ma(Eymy £ EY |

Ergo- bina integralia partit:ular:i«. conjuncta dant
y==<(a-= 1/-~« i-‘Df’H*“ e E (a2 = ij'—”““'*‘"’ -

integrale coinp letum. Hbe autem casi” aequatm nostralad formam.:
simplicissimam - leducetur ope’ substjtutmms
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1—1
— . =
y—Z=(aa-t= z) °
cujus ratio et inventio difficilius perspieltur.

Problema 41t

i

investigare .conditiones

et WO I

i

804. Sumto elemento 0% .constante , :
quibus aequatio differentio-differentialis | 4
b

4;}}%

90y +Poxdy+Qydx=70,
integrabilis redditur, ope .mult']yli,catoris hujus formae
- yéx’
Lay24+-Mydyd x—Nyyo
denotantibus litteris I, M, N, P, Q) funct

LI .
jones ipsius .Z.

s S R

Solutio.
“Tyibuatur denominatori hujus fractionis talis forma

(59+Ry.8w)(ay+8ya x),

ac levi attentione adhibita patet, integrale hujusmodi formam essed

habiturum

dy+-Rydx ¢
V ~- Zay_|_syébc — Const.

cujus ergo differentiale ._‘aequatio,nern propositam producere ‘debet.
Dat autem differentiatio -
av_{_(S—-R)yaxaay—]—(ﬁ—'s)axa'y"'—E-"ﬂaxBy(aR—'
Vo T @y Ry dx) By Eyos)
quae ad communem denominatorem reducta, abit In
(S-R)yozadoy -+ (R—8)Dxdy"~ y9roy(OR-08) ¥ yy0z2(SOR-Ro8) !
40V Iy2-+ (R + S)yowoyoV + R8yyoz2dVy —

39)+yya=2(SBR—RAS) _ o -

Statvatur o V — (8 — R) 0=, ut aequatio per ¥ divisibilis evad

" sicque olietur haec .aequatio

© (5—R)ddy—+0y (9R—08) 2z (S3R—RAS) _
: (55— RR)2dy +-RE(E—R)ydaz §

quae ut cum forma proposita conveniat, fleri oportet . i

/
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3R . S) R—R2S ,
P_.“"""_(R—I—-EJ)—{—(—R)B e — RS-+ 65— R)ax’

gqnos valores si functiones P et Q habuerint, aequatio
- 0y+Pardy+Qyox" =0

(5—TRyvax

_pcr (8 y-1-RKydx) (dy—+Syod= }a CRydw
i by
f(‘n — R)C).CL"-']' :’BWWCOHSL

fSi"? ponanus §—M~--N et 1’“_1\/.[-—1\7, erit

— BN - g aM _ Man',

multiplicata, integrale dabit

Coro JITarinm 1.

. 895.. Quaecunque’ ergo’ functiones ipsins 2 loco' M ‘et N as-
gamantuy, indeque definian{ur’

AN . oM MON
P—=2 ‘V[-—-—--éﬂ;, et Q___\IM-—-NNh]—--— — %3z "

Hugus aequalionis

8BJ+PBmBy—i~Oyaa - 0?
. ’
itegrale erit -

C 2 N w2 g

0y 4+ (M—N)yd=-
Corollarium 2.

896.. Si ponmatur gy == el 2% fiet nostra’ aequatio- differentias
lig primi gradus :
dz4-zz0x FPzdx 4+ Qodx—0,
eujus propterea integrale erit -
‘ 24— (M—N)__

2/Nox +Zz_!:-(—M+N)_.Const".- .

Corollarium: 3

807.. Si velimus, ut sit P — 0" et' aequatio Habeatur'hujusr




)
if
!!1 {20 _ CTAPUT V.

1 A modi aay.-}—- Quox =0, capl debet 2sM e eritque () ==

9M__MM —NN, ejusque aequatio integralis

1‘ i . ,a

vl | Bk (M—N)ydz ___ .
L | | | 2/ N9 @ =Ly, — Consh &
|

‘Corollarium 4. !

s“ 898. In genere autem prout constans caplamr vel oo xdl

i M i - . ~— 00, Obtinebitur integrale partjculale vel

! ' g (MN)ydwz=0 vel

! : l ' By+(M N)yam_—_:o

Ei; : unde erit vel = -

Elf BT b R S E T

}7 <X -qmbus nostlae aequauoms colhgxtul integrale completum s

y o e INIT g (eIROE - B &INOF),

Exemplum 4.

i .
Sit Mc—a et N=f3, etit P==2a et Q= a — 38, uu-
] - de hujus aequationis : S s
Il‘“ill.ﬁ . aay—i—zaaxay—{—(aa-——-ﬁﬁ)yax.—o *
il I antegrale est ' -
i bl 9 y—-(x—B) v — l '
!i i 2 B~ 1520 i 2t = Const.
| i .
il i o In guantltatlbus autem ﬁnltls integrale completum

y = e (A e“ﬁ"‘-—]— B eﬁx)
Casu autem quo (38 =— Y 7, aequatio
Bay«{—:zaawayﬂ—-‘(o_gm—g—qz v)yoa'z ¢

bis integrata dat

_ | y = A ¢—9% sin. vy &+ C)
o ' - At si Y= 0, aequationis

H _ s 00y 2 adx oy +aaydzs =0




CAPUT V. 121

integrale est
y—e 4 (A - Bx).

Exemplum 2,

S —1I

900. i Iv_t:-j} et N=@a% erit P= 2520, et
— n2 1 ._E.. _E{.E‘"——a(“-”'—l) 9 e h
(»-w—“'“”' Fnl :::c_—9?—35..—“_“f“lﬁﬁL :

Ergo hujus aequationis
adJ+(la—rl)rfx33: - afg—n—1)vdx> (3;31”1/3 22— 0

xrx

" integrale primum est

2 N o — T -+ 1) a x .
L ; S Al B 2 id — Const.
no de+(a+Br“' Yydzx
- Integrale autem secundum

. __an—kl an—l—t

y-:—--d(é n—41 +B3Tl+i>:

sl f—o0, erit id
y —ax *(A+Ba" ),
sin autem BR=—=-—1yy, et

y — Az *sin, (u—_;y__z P __i_c)
Ceorollarium 1.

90{. Sumto n==2a, ut habeatur haec aequatic

00y — a(e—41)yoax? ﬁﬁa“‘yaa“g:

xx

- erit ejus integrale completum
*‘*B’ ,I.noc~+-1 ___P_Z.za—j—:
y:x__a(Aeﬂa-—}—x | .+B€:a~}-1 )’
8iosit 30, erit id
| y=ax~ “(A+Bz?eH),

16




122 | CAPUT V.
at si Bf3==—+ 7y, erit hoc integrale

JM | ' y—= A2~ % sin, (:~£+m et )

.‘I||,|i- ' - ;o ' Corollarium 2.
| '.“
902. Podamus a——— 1, ut habcamus banc acquationew

2 " ; . .
H d0y — 5{3_3:;53:_: 0, cujus ergo integrale erit

‘.‘1 ra

B
y—ax (Ae*-Be *),

ubi notandum, si sit 33==—%Y1y, fore y=——4 x'sin.(zf ~+-CJ.
Exemplum 3.
g03. Ponpatur N — A S:m— ut si‘t‘:

iéﬁl ‘ a+pat
@ﬂ - N _ m fBnat?

| Noa 2 a-+ga”
Fili ) et sumatur _ |
;Ei\ K o x 2 (o - "’ l
gt'j!i; i - ' ut fiat - P—o0 et - '
I_”I | 1‘!:_”1 | _ : | ' o : —m [Br{n~—1) 21 o _ﬁ“ﬁ nnert—7
Bl ‘; i T 2xx 2 (@) 2 (e 32"
ﬁEI!j ‘HI | v— mm — B mn gt —_— ﬁ ﬁ'i’l nghtT
513

“‘ N 12z L@+ Bah 4 (2D
| | AAgem
(ow—ﬁ.fa;w

—

“ ' sive: :
—mn+2)  wm-n+10%2"Y fEnna T Al !

o=""

‘ - S =+ a R
‘ 4z 2 (@+Ex". 4 (43" &
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‘ 5 fM gx —LIN, erit integrale

Uy =g (CeTINOE D oS NAY

11jus acquationis 00y +Qydx®=—0. Ut cxpressio ipsius € fat
mplicior, hoe fieri polest plaribus modis, dum numeralor parlis
sstremac per - (32" divisibilis vedditur.

fun-—1)

i =) — i — 103 " g S
I. Sit m—n-—4 et AA=IRBun, eritque Q= CER

im Yero

N—=

%ﬁ:” m'll-—l

o —-pa’

et ‘/‘Nax_"%,?(a_ "I—ﬁx“);

(nn—1)yodx2

Ty —0 integrale est

_ﬁ,dﬁ aequationis 00y —

1

7
Y fo
I, Sit 2m——2 seun m— — 1 et 4AA—aann, erit
{ nnQ@at—* ﬁnnmn‘—n—-annm“g
- ~:_——'_ — " + . 3 senu
4xx 2(a+3a" 4 a3z
:r-;;::n, ut ante.

III. Sit 2m— —n-—2 seu

—_—T——2

et 4A.A.:__-- aggns

m

—{nn—4) 3nnBam—?*  nn(BRa" -y taaxT Y '
fre " awapey T APt

= —-
16 mx 4_@(0(.—'{-'*1333“)

quae expressio abit in

4d—rn ﬂTl(dmwmn_“-aﬁm—”—zﬁﬁm"'”"ﬂj
— H

L

Hok
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d-nn nn b0 | nno
e (axT T 2 BT ) T e —_
! mxx*zi(s( B 0= o an T I Te
i
.'..:‘“p; ! Quare cum sit.
i’;\ili‘ t , e
il i . e -_— .76_— z
‘!ii.. | N= +—] , erit
i " 2V “+ﬁmn
: _ noy —a 0 x
I fE:|‘I|i r ' SNOz= 2 Vﬁ n—-sa*
I pae
il i
i ) o ‘
i . sumatar 71 = g, ut fiat m——1¢, Q- ——, et
| 9 8>
b .
11 y . :3_1‘
ay —a @
N=—= 1 78 . -, hinc
o3 2
! ! o —}—[3.%3
i |
§ [N = o 1/ de
g ]/ ﬁ 2z A
t (@ 43 2%).a%
\ sicque; aeqguationis’
L
i | o,
| . : 00y +——ydz =0
| | : 0 Baf
integrale. erit.
i PRI 1 —_ . .7 .
; ‘1|"| | _ Yy — o5 (Ce fNax—{—-Deﬂ‘a")n
‘ | ‘
ilih ‘ : il autem. capiatur n""'-~—§, ut fiat
llew- _ ,
il . .
! o
Hr i ' mI— — & et Q= ——, erit;
i W ' 2
| it 0 3 ak




~quationis m — — 2+ %
ferentialis primi gradus

) 125

' pnde aequatio

*

0ady-

" gimili modo integratur.

* .

Scholion 1.

"“'-fa;‘{
004 Aequationem ergo JOy--Az™yda®==0 his casibus
: ntegrare licuit, M= 0, m——4, m——3z, m=— —-—;—3 et m=—2,
gen m—-—2-+2, et mI——2-+%. Cuodsi ullerius ponamus
N=—= — , simill modo integrationem casuum istius ae-

@ty 3
impetrabimus, quibus quoque aequatio dif-

¢z -} ~~Bm+Axmap~—0

"integrationem admittits Haec autem casuum integrabilium investiga-
‘{io mimjs est operosa, quam ut eam fusius prosequamur, praeser-
 gms cum infra methodus occurrat haec ommia commodius evolvendi.

- Scholion 2.

I

¢op. Ix his colligere licet, quantus  fruclus ex mventione

.muluphcatomm, quibus etiam aequationes differentio-diflerentiales in-
tegrabiles redduntur, expectari queat, eliamsi. exempla hic tractata
tantum leve hujus methodi specimen referant..  Aliquas autem sal-




fem multiplicatorum formas hic sum contemplatus, neque ullum g
dubium, quin plures sliae formaec pari successu in usum vocarig R
ant. In hoc porro capile fantum ejusmodi acqguationes dif!‘erenﬁd
differentiales tractavimus, in quibus altera vaviabilis y cum suis dlf..
ferentialibus 27 et 90y ubique unicam obtinct dimensionem, Vcrux{%
eadem methodus quoque ad alia hujusmodi acquaticnum genera eﬁ%
tenditur, quae etsl parum adhuc est exculta, {amen usu non care;.g
bit sequens applicatio, ubi integratio aliarum acquationum diﬁbreﬂfﬁ
tiallum  secundi gradus, quae aliis methodis tractatin difficillimae Hf
dentur, ope multiplicatorum docebitur, bﬁ




