CAPUT XL
DE
CONSTRUCTIONE AEQUATIGNUM DIFFERENTIO - DIFFERL’
TIALIUM EX EARUM RESOLUTIONE PER SERIES < -
* INFINITAS PETITA.

Problema. £33.
10509,

Proposna serie infinita :
At Bs 4 Cs®derre. =M™ N+ eto.

. om—+h 1m-—+bh
in qua mtB.__.m__}HkA C_._m_i_kB D— —=

o (i—)m—+i-b .
genere N == — 25— M, ejus

ex_primere.
Solutio.

~ Ponatur summa quaesita — .3, ita ut sit
..—A+Bs—\—Cs2—[—Ds3 e
. eritque differentiando
‘aaf--oA—;- 1Bs 4-2Cs"+ 3Ds* s - (1) Mfm® e iNsi et
ex cujus combinatione cum pr aceedente oritur \ ‘
msaz—{—h — hA - (Gn+R)Bs -+ (2m=n)Cs? -+
Al E— 1)y m+ Rl ] M sf—* 4- (im-—+ h) Ng* 4 etc
PDeinde vero etiam simili modo est
“a”-{—kz——‘kA B Bs4-(2n+kCs .

+[(;._.1)11+k]M5‘“'+(;n+k)Ns —+ ete.
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(n +~ ) B=hA, {2n+ k) C={m-+ h) B, etc. erit
Akz—kA+hAsa-(m+n)Bs + (2 m—+h) C % + ete.

8.
POy ke kA TE0% L sz, sen

s0z(n —ms) 42085k —hs)—kAds

N - z9s(kh—Dhbsy = kASs
D""_{_s_,fn_-—ms) ) :(n.—ms)
“um nunc sit
os(h—bs) kasml_(mk-—-nb):é_s_
s(p—ms) win—ms)
aequatio ista integrabilis fit multiplicata per
[ nh—mht
st (—ms) ™" proditque
nh—mk Lk I' nb-—mk
- n ;‘.._ — 1
(n—ms) me "_Aitfé as(n-ms) m
guod integrale ita capi oportet, ut posito s == 0 fiat 2= A4, quo
bservato habebimus -
L mk—nh ok q nh—mk
—Aks " (n—ms) ™" [s" ds(rt—n1s) ™
. _

Corellarium 1.

1060, Peculiari solutione eget casus m == 0, quo fit
J = . zds(h—Ds) __AlRds : '

—— ?

ns- ns

k —bs -
uac per s e xa multiplicata praebet
' —bs &

A S

st 0s
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hs ——-k —bs B {
Ak —— —— 1
g ¢ et s fe ™ " 0s,

integrali ita sumto, ut fiat =z == 4 posito. s == 0.

Corollariovm 2.

1064. Casus etiam 7n == 0 seorsin: resolvi debet,

tio. enim
. LS D5
az-f—zas( )—_-«-A os

mss mS§ s,

bk

multiplicari debet per s™ ¢™°,, et inveniinr integrale:
E B ' Bob

Al m e
) cmssmz______zfms‘sm ' s,
ideoque:
—hk —b kB

—_— __ Ak ms om MS T 7 ]
Zom — e s ™ S 0 s

C.oi'ol.la.rium 3.

1062. Si fuerit et m—0 et n—0, ob- N:g M,, seri

nostra erit geometnca, aequatio. vero: mostra erit
Ak

z0s(h —hs)y—=AkDs seu z —= g —37>
uti, natura. rei. mamfesto postulat

Scholion.

1063. Imprimis hic' casus notarl meretur, quo est k== 0.
ot summa. z sine signo integrali exprimi potest; erit namque.
B .
(n—m )™ 7= Const.. '

ct quza, si s=—0, fleri debet z— A, ‘erit Const. == A n™ ideoque
b =5 b
= An™ (2 === 5) ™ gen 5= A (n_ms)m
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—h

—_— —B\m

z=T A ¢ =)™,

t vero integratio -etiam succedit tasy quo k= n, erit enim
b ]

(n —ms)m m 2
»

b

g —_ — 1 R
nod integrale est — Const. — “;Jt__m””)"“ -, €t guia posito
_ | b .

— 0, it z = A, erit 0 = Const, — b——_“:—m.nﬁ, hincque
L _»
An r__)m — = M d ],

"_'(b—-m)s[(‘nwms (b 'm.)s[(1
orro perspicuum est, integrationem -expediri posse casu k=2 mn

z

uo cum S8it

b :
: LN W

3
(n—ms™ $8Z==2AnSsds(n—mH" y

it hoc integrale

- R b, b

- __2Ams . m < sAn e

— Const, am ms) u+-b__2mfas(n .;713) vel
" A

——2 Z2An(n—ms™

—_71 &)™
" ) (h—m) (h—21m)

= Const. — ;f:;(
b

S - 2 An™ .

ubi Const. —= e~ m) , ideoque

. __ — 2 ) .
sAnn : n : {(h—am)¥q .
(n-—ms—m. —1— ]’

= (b—m){h—am)ss n

similique ‘modo etiam integratio . «casibus Tc-.:‘., 3n, k= 4n ete.

-absoetur. . |
- Problema 134,

1064, - Proposita hujusmodi serie infinita
AN+ BBu+~CCui-DOU ..., + MMzt o NN T cted

-8
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cotéffcientinm lege existente

—omt? » —— amoh __ cm4b
B=nmh C=amat P=amn

g ...uih‘- T e 1AM s g
+ag)1 """gv—1—ﬂ‘523 Q”""v«f—-ﬁ("

ejus summam per fermulam integralem exprimere.

Solutlio
Posita summa
Yy =AY +BBu+CEWP L DD P - EEut - cte.
considerctur series hoc modo formata
—A+Bux4+ Cu’2" +Dudz?® 4 E w2t e ste.
cujus summa posito ua=§ est, ut modo imvenimus

-

ok mh—nt Iz nb—mk
z:Aks_’?(n———ms) cmn ﬁ;ﬂﬁ_ﬂ ds(n—ms)y m»
integrali ita determinato, ut posito $ == 0 fiat z'7= A,
Formetur hujusmodi formula integralis
V=/Pzpax—=[Poa(d 4 Bux—+ Cu’a? —{—Dua, 4+ ety
in qua w _spectetur ut constans, pro I aulem ejusmedi functio ipsius &
accipiatur, ut flat

_/‘Pafax_ﬁff’aa:‘ mezax_%foao: fP-Z‘S.a:E LfP “87: etc.

postquam seilicet in his- integralibus data lege sumtis variabili =
datus quidem valor fuerit tributus. Cum igitar hinc sit

mea.x';fj?fPax, _/'szévw’:“gf?ax, -_/‘Pafsax:-g—vfl?‘am, ete:

erit
Do

e rp , B ce
Ve A -5 u - o ¥ +
unde patet fore
. AV ___ UfP=zdx
o — s TFPeas -
Quare cum. valor ipsius z sit cegnitus, tantum superest, ut functio P
ipsins =z conditionibus n¥emoratis. praedita investigetwr. Inm genere”
autem esse oportet,

= u® +etc)fPax
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fPas‘B:f:_.GJ‘mei*’ax:g——_;'-J—)_}—’_Lﬁi—ﬂfP:ri_“ax,

quac aequalilas cum sufficiat, ut tantum certo quodam casu, qto .
psi x datus. tribuitar valor, subsistat, ponamus in genere esse i}

il
Gr P de=[(—DOp~+ul /P~ dz +27Q, .
ta ut pro terminis integralibus sit ¢ — 0. Differentiando Erge” : i
" habebimus ' f b
iy +PPe¥dr=(p—pm MNP~ Jo 427 0Q +iri~'Qdx, _ i'
eu per x¥ ' dividendo _ ;‘t
‘]r
R Bl
v+ HPaxde=>GUw—pu-+PPoz422Q +iQJ “
" quac aequalitas cum pro omnibus valoribus ipsius ¢ aeque subsisters: | ) %
ebeat, hine duas adipiscimur aequationes. : ‘[ !;‘
. il 4
yPzdr=pPoz-+-Q0x, et pPxda==( — WPla-t20Q; "
“unde duplici modo colligimus ~ C
N Qox zd Q
Poa e € Pam_e,m___(ﬂ___p), | |
gicque alterum valorem per alterum dividendo . 3
$0Q 0% bu—m 3Q __ dx(dx—p—y) . [.
Qdx " yx-—pu °? Se’ __Q, — T{yx—pn). ¥, i
-:_"ag']uae evolvitur In
a0 __ %— plpy—ny .
Q@ T n=x Iz + Ry e—u) dw :
hine integrando elicitur
n__.y S i L : \ i
Q — x* vz — ) * per Const. mulf. |
h | tp—yy ' "'4
& At Sl LG r is
Q= — a* (}tw}fﬂ?) a -\

1]
=t
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o ) =y
Praz—azx™ 0z (p=—yzx) *'
Cyum igitur it '
aw+wafaw—{a~1nv+ﬂfPﬂ—®5‘
+ g Bun—v
—— :o (M —yx) BV
si haec integralia ita -capiantur, -ut evanescant posite === 0, 1111‘1'1
vero statuatur z :.:ﬁ fiet utl hypothesis nostra postulat :

SR e =L fR ol ) @

:at vero.in hunc finem mecesse -est, ut sit
0
il — 150 et S 1 0.
Quae conditio 'si locum habeat, :seriei propositae summa ita expn;
metur, ut sit

N g ﬂu—-m | M 'm*

Y fat @x(p.——yx) BV S zax(}k—-ym)

@xistente
=T ‘mk—nh Tk ‘ nh—ml .

—Aks® (n—ins) T+ [ 05 (n—ms) ™

integrali hoc ita sumto, ut fiat == A posito s == 0. Hoc autem
integrali invento, pro s scribatur ux, et hoc valore ipsius z i
illa formula substituto, .quantitatem u tanquam constantem {racta
oportet, .quoad illae integrationes lege praescripta fuerint absolutae
tum enim pro ¥ P].‘Odlblt functio ipsius u, summam seriel prop031ta
€xprimens,

LCorollarium 1.

“

1065. Quia in geminatis -coéfficientibus nostrae seriei similis
Tex progressionis assumitur; singulas series A, B, .C, D etc. ¢
g, B, € 9D, efe. inter se permutare licet, unde hac methode
duplex formula summam scriei exprimens obtinetur :
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Corollarinm 2. S
i

' 1066. FEtsi functioc Q non in calevlum ingreditur, eam tamen
bsse oportet, quoniam ex ejus indole termini integrationis comstitul i
bent, ita ut pro utroque fiat Q== 0. Hi scilicet termini ~sunt B

. L .
w0 et ¥ lv—, dum. fuerit
' I

it — 1 >0 et A=Y 0, .

Ly

i i est numerns integer positivus. 7

é‘orollarium. 3. T ?

- 106%7. Pro functione Q casus quo vel m—0 vel yz==0 o
szorsim sunt evolvendi. Psiore quo pu——10, est

‘ EQ__Efx(Esc—n)__qax'__'naxJ.unde at | )

—_ —

- Q v X ;. v Y. X2
w8 Co . : o .
Q'™ z”. :

Posteriori quo y == 0, est

20 __Ax(Be—p—n).__ - #3x _, n—k 3 - . ‘
=" e TR :

Scholion. . | !

- ¢

_ 1068. Constructiones hoc modo -odornandae prorsus similes . iﬁigl.l “
sunt iis, cuas. capite praccedente tradidimus, cum es etiam ad » i
formulam integralem hujusmodi /' V 0 & reducatur, in qua V est ﬁ | i
functio binerum varisbilinm z et x, quarum illa autem # id ipsa , : il
iﬁtegratione constans reputatur, post integrationem vero ipsi x datus , ) o |
gquidam valor assignatur. Verum tamen haec consiructio ad casus , . i
in superiori methodo non contentos extenditur, cuandoquidem fieri ‘

ut quantitas = functiones. maxime. transcendentes involvats f I

potest ,
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tiones applicarl posse, quae per series, quales hic tractamns, evolsg
unde in Analysin ex boc fonte haud contemuenda iney,

nequeant,
menta hauriri posse videntur.

Problema 4385,

4069. Proposita aequatione differentio-differentiali
zx(a+bx"™)d 0y +(c+ex dx dy - (f+ga™ y 9 wp'__.-o“.
walorem ipsius y per formulam integralem construere.

Solutio 1.

Hinc aequationem supra (967.) ita in seriem evolvimus,
posito '
y—a*(A +Ba" + Cax*" 4+ D 23* - E 2474 etc.),
primo exponenti A tribui debeat radix hujus aequationis
A —~— i)cr,-;-?\c-{-f::lo,
tum vero posito brevitatis gratia
AA— )bt ret-g—h fit
_ —b
B n[na—p—(z}x—:)a—l—c]A'
C— —~nnb—(ah—i)nb—ne—>
= 2nflzne—({2A—1)atc}

——4unbe—a(aA—1)nb—ane—%
D= GnlEnae - (aAh—1)a—f-cj €

positis binis terminis contiguis indefinite

3

3

ideoque, illius seriei
{7 e H T
M zl—~—1nr 4 N x**, generaliter N

—_— =)t nnb—(2h =) (i — )b~ (i—1)ne~p
N fnlina—~-(aA—1)a—~c] M:

ubl cum denominator Jam habeat factores, quales ante a8sumemus
numeratorem quogue iu factores 1eso[v1mus quo nihilo aequali posito
" invenitux |

.(zw-agn:;-‘gczh-~1)’—;’—54:V'[;{-(2A-
seu

2 (A—1)e
i) -{-x--——_._.uﬂ.‘b_ —_——
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 Ponatur brevitatis gratia

) VI@ e —4dbgl—=gq, .
ut it :
| G — 1y p = —Uh=boedd

; et nastla relatlo fiet . g

P

—_ [(L— { )nb—a—_;_( 2h—4 )I’J—l—‘e—-ﬁq][(zt-—- { )nb+"(27\—1 )b—!-gc—!—};q]
«:né[tna+(2}x-—i)a—}——c] '

N—

-Ponamus jam z® — u, et seriem inventam ita repraesentemus
Y AY 4+ BBu-C €0 s MB - N Rt

"'hﬁrumque duplicinm coéfficientium lex ita se habebit

N_(z—i)izb+1(2?\—- i)b-—i—fe—-qM et
 —inb
» — (z—l,)nb—1—‘(2?\—-i)b+‘6—l—-zqm

ina+~QA—1t)a+4c

Cum igimr haec series similis-sit el, quam ante cohstruximus, com-
. parationem instituamus, et habebimus '

.

m—nb, k:;(2 A— Hb-fe—igq,

nom—nb, et k—0:

w=nb, n=i@A—1)b-}1e-17,

y—=na, e f—(2 1 — i) a+c
Primum ergo quaeramus guantitatem z, et me littera x ambiguita-
tem creet, loco litterae x in praecedente problemate usurpatae uta-
- mur littera £, sitque w == s, et quia est k— 0, erit per §{. 1063.
‘ —(2h—~1)b—e+gq —{ah—1)b—e+gq

z==A( 49 and o At -bup mE
Vol IL | 34

== @ A— 1) — S TV — o) --tbg).'
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Hoe wvalore "iﬁvent@' tractetur in sequentibus integrationibus guanti.
tas » ut constans, et cum qﬁod supra erat ¥ hic ‘sit % s ec;‘
quod supra erat z, erit . |

p—nv .M b —mv.:

1"" '—""—i ;;
%fﬁ‘ ath—yt) BV T a0ty B,

ubi cum sit u:‘.x", hic valor statim pro u scribi potest, ut sit
- —(ah—1)b—e—zq o "--jfr
A (1 + x“ £) 2 b , : Tl

et in his mtegratlombus l1ttcra x ut ‘constans spectan debet. . Quod_szi

antem fuerlt :
'~iii-——-1>0et‘*“‘ ’“”+1:>o
haee 1ntegra11a, _.1_.’@. capi debent, ut evanescant p,osif;o £== 10, qug

facto ipsi £ tribui debet valor i“:-’:—_:i. Cum unitas sit mini-

i - ‘a
mus valor ipsius 7, sufficit ut sit
(9k—-1)b+e—q> 0, tumfv’e;'o (z}\—{‘-:)ab-{-:bc—ae—aq l 1 > 0.

=2 2nmb }

Nune vero .cum

fiat quanhtas constans s Proy autem ejus multsplum quodvis nostrae
aequationi aeque sansfaclat, eJus integrale ita “exprimetur
- Ry '
y:::,cxljt_ﬂ zat(p.—-yt) By ,'
existente
_ —-(ak—:) b—e--g
= 2" 23l :

Solutio IL

1074, Si coéfficientes geminatos inter s¢ permutemus, ut sit-
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m-nhb, 1(2h—1)b+1e4+44q
n—na, k— (2A—4)a~}+c,
p=nb, N=FEA—DI4je—}7,

A — Da-hed f=o0.
Primo po.r'xa-ltur ati—s, et quaeratur z wut sit
. —k mhk—nb. kR __ 4 ' nb-—-.mk__ 1
: z—Aks™ (n—ms) ™" [ 0s (n==—ms) ™" )
integrali ita. definito, ut posito s — 0 flat z == A, qui guidem
- walor A est arbitrarius, tum spectata. x ut constante erit -
_ 7 - dp —mw

. y=— Ca* [tk it —yD *',
. integrali ita sumto ut evanescat posito ¥ = 0; tum vero facto
: t="%, s modo fuerit 150 et d -—,1> 0, ob § — 0; ubi
_notetur =z per ‘hane aequaﬂonem dlﬁ‘erenualem definiri .‘

a_z.__Ak—z(k—bs) : , .
s  s(u—~ms) ° :

Solutio IIL

1072. Per seriem descendentem aequationem propositam ita
“resolvimus, ut posito
' y o= a* (A_—;—Bx—e“ +Cz=2t - Do " 4-ete)
" exponens A definiri debeat ex hac aequatione
| AA— 1) R e-g=0, B
" tum vero posite A (A ~— 1) ¢ ~-A ¢ - h, sit
B m;z[nbm(n_kh—x)éﬁe] A,

—ana—-(ah—1}ia—ne—h g
anz2nb-—(2A —1)b—e- ?

C =

%

spmaturque A ex aequati'éne
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; et generatim

i —(1—:)’1111:1-4—(&%-—:) (z—x)na—}-(;—-:)nc-—b
N= inlinb— (eh—1)b—0e¢] M

quae aequalitas posito /[ (@ — €)? — 4 afl=—p, ita per factores
exhibetur
N_-—[(i—- Hna—L(2A—1 )a—%c—g,p][(i-: Dna—I(2A—1)a—ic-+ ) M.

T inalinb—(2 ?\.-—-1)5—6’] T

Quodsi jam ponamus :c“"-—u, et talem seriem constituamus

y —AY+BBu-+CEwW’ +.....+M€mu‘_'+N§I‘u‘+etc;

i— 1 —i2x—1 — 10—
( )na ( )a c QPM
—inca
(z.--«---:t)nc:c——-l(.??\-—fl)a—-‘c-—l—-ﬁpgl)t
inb—(2h—1)b—e

, et

N—

N—=

et habebimus comparatione instituta cum constructione generali

m—na, h——Li2r—1)a—3i¢c—3p,
n-——-—na, et k=—0,
p=na, ——43Q@A— DDa—%ic-+1ip,
yv—nb, et f==—(2A— 1Yo — e
Hinc pos1to s—ul—x"t, ent
—b —h
—A{ te5)™ — A4 —-}—x"“ H™,
guo valore invento, si jam sola quantitas ¢ pro variabili habeatur,
orietur haec constructio
: ' n__ g op—ny
—= Caz*/tF zatq.x,-—vt) Ry
ubi termini integrationis ita sunt constituendi, ut utroque fat
n ' p—nv
=y ) B —= 0.
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Solut1o. IV, M

1703, Hic etiam coéfficientes geminati permutan possuntp
At sit : ‘E E

m—_—na, h——12A—1)a—ic1-1p, .
—nb, k= (2A— )b — e, )
p=na, 9= —3@A—1)a—jc—ip;

v —na, et § — 0,
sumtoque ut ante X ex aequatione

AQ— Dbt retg=0, |
et posito /' [(@ — )’ —4daf) ==p, sit s—=x~t, et quaeratwr z —m
X hac aequatione : _ by
9z __ AR—=z (k—bs)

_ ds—— sin—ms) 7
ita ut posito 3——= 0 fiat z == A, unde fit
-k mhk—nb k nb-mk
z—Aks "™ (m—ms) ™% [5" ds(n—ms) »*

wm vero spectata x ut constante, erit

1 fFr—nv
y— C z* [+ »atm—-m Ky
- ubi bini termini integrationis ita suni debent, ut utrogue fiat

" Op—nv
- i
= t* (h—vt) ¥ TRy H — 0.

Scholiom, . . ;
i

1074. BSingulae hae constructiones plerumque pluribus modis b
- exhiberi possmnt, cum non solum A duplicem valorem habere gueat, i
“sed etiam formulae radicales p et g signo ambiguo gaudeant. At . H
‘hag constructiones alio modo negotium conficiunt atque praeceden- ";4
“tes, quod quo clarius appareat, consideremus aequationem - :
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H 2z —22)0Y ~ 2 (1 4+2a)0TY 4 X XY x" =9,

ta ut sit a=—d, b==— 1, e=— 1, e—=—1, f5=0 et gz=A,
3 atque n=—2; unde pro duabus prioribus .constructionibus habetur, :
A AQ—1)—A=0, ergo vel 7\""*0 vel A==2, tum vero g===-2, :
i Constructio ergo prima dat AZ0 =—2, h=Fd, n=2, k=o,
bl Mm=—2, "V]__-'d—-.‘i, y=2, . ._.—2 unde colllgltur .

l ey ,} ; E—-—-i
z_(iat-mxt) , et y=Cyit zat(ai+t)“‘

(M

Valeant signa inferiora, ut sit

i z— zat
i ]/(1 +xzl) et 3= Cf(l-—l—I)'l/uJ.—-j-)‘)"

ik B Quae formulae quomodo satlsfaelallt, videamus. Sumta nempe .sola z'
variabill, fit : .
[ .
BRI ' 0z xt 0
I i = et
| | - dx” YU-zzt) 0

oy .. 10 ot a_a,y_c £t

I 3 1 v T 1 3 ' 3
FU+dd+zzd® T FUD Uzt

1 ~unde conficitur

\l ' | . wx(i'-xw)a—a—y-——x(i-l—wx)g———wxy cr xm)t(:*‘xx%t) ,
|

0z
£ (i +t) (1 +th)

—

! . - o 2CxxVt . q
| cujus formulae integrale est TOF D GFsah quod cum evanescat

|

fll

i - -

gl . tam casu £= 0 quam casu {.Zco, constructic nostrae aequatmnls

%0z 1 (1 -2xt)
Y- C'f(;-L—t)'i/t(z—-]-f)_Cf(l'l-ﬂ?/;(l”i'f)’

?'4 | - ita confici deket; sumto z pro constante, integratio ita instituatur,
. ut 1ntegrale evanescat posito =0, ¢uo facto statuatur {”co, eti
I functio ipsius x, quae pro ¥ PlOdlblt , satisfaciet aequationi pro-
posn:ae. :
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o
Sin . autem sccundam constructionem eligamus, sumta A0, i}%
pritm=—2, hz+ ¢, no2, k=—2, n=—2, n=F1, v=2, L
$=0, atque z lta deﬁniri d"ebet ex hac acquatione , . }r]ag 1
g’*_:{.__—zA-i-z(a%-s) :
9s™ s(z-us) ? . ffl‘i
: . I
exlstente sZxaxt, ut posito s= 0 flat =z = A. ' i
B
Valeat signum superius, et cum sit : i
'az-__‘zas(n‘-—l—-s)__-—ABs_ , 1.‘
i 251 —4-5) T s (1-4_—7)' '
multiplicetur per }-/-(—T;ﬂ, eritque integrale ‘ ﬂ'
2V (1 ) Js .
— Const, — Afm, seu
52— A As  p1-~V {14-5) | By
EATE Vs TV i 9)? |
quae posito $§=0 dat 3= A, quicquid sit B, Deinde est i :
iak ~i 231 '
y—=C [t 20t(4 -0 seu y—'wa(I_H),
" gui valor quomodo satisfaciat haud facile ostendi potest hocgue il
- magis ista mcthodus excoli meretur. , A | o ?;ﬁ
Exemplom |
:!;\!
1075. Constructiones aequationis differentio - differentialis IE%
) zx(t—22) 00y —x(t +~x2)dxdy+20yds’ =0 iJI;
ex precedente problemate oriundas exhibere. !115
: . ‘ i
Obnz=2, az 1, bx—1, ez—1, e=—~ 1, f=0, et ' gni
g=1, pro prima constructione habemus vel A =0 vel A= 2, unde Q%&
~obtinemus. 1;
1) SiX=0, ut modo invenimus , “M“
mZe—2, hzs1,n=2, k=0, p._.-—-z 'v] -1, : 7
v=2, f=—2, unde fit ' : i
) ek i
> - .
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e & Fi—1 it
| p=(1 Fxxt) F oot yzCftF a3t DT,
sisque duplex oritur constructio ,
. _ _ 31
altera z=y ({ 422 L) et y—Cf(1+r)=Ve(:+n’
| - -1 - 201
i altera 2= ooy o Y= C/ v +n

2) Si A—2, et ob gz 2,
1] : m=——2, h—2% 1, nz=2, k=0, p=—2,
No—2+ 4§, ¥v=2, §22,

unde fit
[ ---a:x . e
i — 1411 -+
| z=(+xxd * et y=Ca’s¢ SRNE-¥ YI¢ RSt 7 Rt
' gicque duplex habetur constructio

3
B —
i -~ altera z= (L 4z 26) Tety—=Cux f’-‘jf—‘f('—_]_t),

—3 2 padtVt

et y:Ca: f*l—/_(l—-'l——_ﬁ’

Pro secunda constructione generali habemus:

altera z2— { 4~z x D)

i ' 3) 8i A== 0, permutando illes indices,
m=—2, ho+1, n=2, k=—2% n=—2, n=+1,
y—=2, p —e,
unde posito @ z £ s, primo quaeratur z ex hac aequatione

—2 A 1 . i :
g_g_____ 2252-:;(5_5)’_ ut posito s— 0 fiat z == A; tum vero enit 'j

g1
z

‘ N S | &
y—=Cft—* “zotUd+D "
Hine ergo nascitur duplex constructio

9% ___—2A-t-z(a-ts) zdt
altera os 25 (1—5) et y'__C/:l/f(:—l—f)’

J's| 0z ___ ——EA._i_z{g—gD —— zatv {141
"Hlma . o altcm 33— _;?(T:'*T et 7 Jpam— CJ_'_-}—‘?T_—M’ .
4.) 5i. A= 2 habebimus

mo—2, hm—2 1, n=2, k=2, p=—2
N=—21, v=2, ¢g=0, '

i
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geBi{oqUE rzt—gs, ut antc, quacmtur Z ex aequatmne _ %i
3_2____9.&—-—2[9,-4—(2—]-1):] . i ‘ h
g — 3 (1—1—;) 3 erxtque ) | .
o et %-—-E__’ - s; " %
y"“Cm ft— zat(i+t) a . |
deoque etiam duplex cOHS[lIJCUO elicitur . _ 3 ‘
Bz __ 2A-—z(atrs) . watve ‘ - '
aItel—a' g sTT as(iHs ¢t y—= C f“MWU 41} = : - e
z__aA—x(a ~35) —_ E mat ok :.L‘;‘ai.‘p‘ B I " v
x?altera T — T a0 ‘et y,_.._Ca. f‘}/r(x—i—f)
Ex solutione tertia colligimus primo - . |
— A1) — A g :"o ‘seﬁ- A==,
quc --5' .,mg - B R - ;rll
A= 1 et P= V4= —l— 2 3 quarc C S
by s capmtur A_+1 erit | o :' . 1 il
m—2, h—F 1, = —i2, k=9, p__.z, 11-—--}-{
¥ Y= 2502 2, ;
hincque e e I
et SO, it = |
,_.,__(L-{-——) ety fot _ zat(i-i—t) " : IH
ita ut iterum duplex habeatur constructlo . i
- o  zot . i
altera z — V(xm—q—t) et y’—cxf(r—i—f)v’r(_: pop , E
R — 23t - '
-altera .w__},(xx—H) -8ty = fon/t(:—m
6.) ‘81 caplatur A==~ 1 erit - . L
m—2,h—=2%14,n—=—2, k=0, M__z -\j"——g'.;-.g‘.,' :
' f"'y..._'-—,-z p___--z :
;_.-hincquc ORANS VAN NS S ST e ; i
SRt &=~ B et -
: z={1+) et y=—=_ft zamm
: il
' unde binae comstructiones flount T O SRR e T ﬁ;;*;d
. . \,‘ il
Vol 1L 26 ﬂﬂ
H
:
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; JLan= ke Xy t' =4 at :]/‘t . ‘"'ff-‘;fif, b

! | altera g et

]/xa:+t) )
Wik “ @ fzatV(i+t) -

altera z-—= — 5 ot y._— 7t

L

(xxitD

.i b

i |4 . .
!"_» S Ex solutione quarta denique concludimus
I .ﬁ" ) ,7) Si 7\_"—]—“1 . : & t'"?’ié

:gpﬂi

: # * "'2 JL ke 71._-—2 = 2 p. 2, MoTE Ly
}':Hi"" ' & : " N o y,___... 2 9: 0,

a;_g:_-
&

- ~ Posito qune 5}_—-—i gmera:‘tur z ex hac aequatione

I ’v?"
: l:' . CHEAA . a,-z; n Y-—aA;r}-z(a.-;—s) ;g
. - . &‘ e 25.{.1,_{_5.-) __P. : ot s

ut posito s=0 fiat z = A, tumque erit

e

G3i—1 ' -1
Y= fot 2 Tzt

\
qj : ﬂ#lde duplex constructio &

o= -—-aA—;-z(z—-s) _— 29tV (14-1)
alter‘a' nals 25{1f=5) et ¥y— C .‘Z‘f Wt

!
I { dz - —s Az {2ts) %0t
" h ‘

|

|

altcra 5y — — 5 (D) ‘ et 1 J—*Ca:fﬁ(l_’_t)

8. 5 AT — 1, ha,bebitur _.
m=2, h 2—I—~i n,_.,—z k_-—~2,]uL 2, %= 2—-{-1
- , ' y — 2 e — 0
l“ - at pos1lto z%__ S5 quaeri debet -z ex hae aequat1mnc

.-m : l . ! Lo —}—2Aﬁ-z Tﬂ.—l—(z—l-'[)g]
'{I . as» T e 2

:ﬁ ' ut posito s = 0 fiat z-"A, quo facto cm s

|
!' y = f*t l-%zf-a%t d -1-@; —i :’:%,

&

sicque duplex oritur constructip P T _ s

|
1
!
5!
‘ﬂ - i3]
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. ar__'Jsz(n—]—bfs,) —C =gt . .
altera 3 — s G Ay et .y — f},T(1+t) : Wow

: . ?2_2‘L—Z(+-S_)  mOfYt ,
| altera P et y___xf(-_...v___}_ﬂ e

'O]TIIIH'IO ergo sedccnn COHStl'lJCtl()nuS SUT.[IUS COI]SCC'utl-

Scholion.

1076, Periculum faciamus ostendendi, quomodo ‘hae con-
stluctiones quae magla arduae v1dentur, acquatlom proposxtae satis-
faciant; atque in hunc finem elfgamus constructionem - - posteriorem
No. 4. quae habet

~ mds (2--3s)___  ADs
a/"'_;— 25 (1 ~5) '_'5(1-—}—5‘)"

‘haee per s/ (1 = $) multiplicata praebet integrale ..,
sy (4 —+58) = AfV (I_HJ'_._ 2AY 49+ B, sen

2 A
2 =5 +s'lf(1—|—-s)

Jam ut posito s—— 0 fiat z—— A, debet egse B —= — 2 A ut sit

) 2 A [][(1 +5‘)'—' :l] 2 A : 2 A |
z-_. S}/(I-—]—SJ  txx — waytl-:-}—rxx)' s
Hine fit - - o &
0z —J4A 2A@ 3%tz
N (2 - ot
\ 0% tx 3 A

tad (bt 2
aaz>____ 124 6AQC-btxxri-4itad

0z’ N

= _ . =
g tzt (1 -tz 2)®

. at
Cum nunc sit y:CfYﬁ'?z_]_—ﬁ, erit

Y Xt xxdt "Fé'z':':'
Gz 3)-—'2 Cth(:+r)+nyr(1+r) )_et ,
g 9 z of zgt o0 % :cxaf D 9y
(B ) 2 C'/‘I/TU +1) 4Cfft(z+f) (3 ) | ¥i (1__|_f) axg
' '-hmcque

*§




'Explessm Butem ista fit =0, primo si t = — i, deinde etiam si

DIS CAPUT ‘XL

x(i-—«::::z:)a x(i—}-—xw) +xx‘y:'

Cf 2AxT 2Aa::c(i+4'ta:m-{-3ttzm)
1/t(1+t) ¢ + \ 3 e
_ t(l +taxx) _

quod integrale est

—4ACxx1/({—1—t) 4ACzzV/ (14D
e e e (Lt ) Y
TR T LACzxz/ U+ )
= . — %
¥t

_ _ ¢! +txx)
et hac forma exprimi potcst |

— 2 C&¥3% —i—x( MYt

vel ‘étiam- ‘hoc modo

— 2 Cx“ (fj_‘j;:) ViU +B.

t — 0, unde walor pro ¥ 1nventu,s‘

— . T
y—'th‘;/T(l—l—t)(i T/(t—]-txa:))
ita per integrationem definiri debet, ut evanescat posito £ = 0; tum
vero ponatur £=— - {. Vel paosito to= — v erit

4 : D /‘131/1'(:-;-;1:) (i 'V'(x — uac:c)) *
integrali ita sumto ut evanescat POSltO v 0, tum vero facto v 4,
Exemplum hoc spffcit ad ostcndcndum » gquomodo constructio-

nos exhibitae aequahom dlﬁ'crentio differéntiali satisfaciant ; interim 4
vero 31 quanutas 'z uansccndcnter per. logarithmos scilicet expri- 7

mitur, " gonsensum nonnisi per * calculos nimivm taediosos declarare
licet. '
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Problema 13606.

1077, Posito y == C/ U 8~ (a4t D> D¢, in qua
integratione quantitas @ ut constans speetatur, integrali per termi-
nos demnceps investigandos definito, ut y aequetur certae funetioni
ipsius &, invenire aequationes differentio-differentiales formae

Lzxax. aay-—}-—Mx.a:"-—I—-Ny__O
eul ea Tunctio satisfaciat.

Solutio.

Cum sit ex principiis ante stabilitis
92 — C /At 4= " (@ A=t DD =T £ et

da ——

aay___cf;\ (A — ijtt(i qwt)"—’(a—;ﬁtm'))""at, erit

d x3 _
M2 - Ny=C/+ ' (attaP—2 3¢ X
A —DLttzz-+ Mtz (a+tx) +N(@+iz) ==

" Lxz,

C/ril " (ax+t ) =20t —+AMatz 4 A\Mitzz
A —1)Litxx
- quae {ormula sumta = constante absolutc integrabilis esse debet.
- Ponatur ergo integrale
CU 4D (@t~ Paa - Qatx)
" denotantibus P et Q
differentiale
ou +t)'~f(a+tx)>~-=at>(
Wla+ix)(Paa+Qatr)+(A—1)x( 1+t)(Paa+Qata:)+Oa:c(i +t)(a+tx)]

Naa + 2Natx 5~ Nitzz ' % -

functionibns quibuscunque ipsius z, erit ejus

~+yPal VyQaatze +yQatixx
f +(A—1)YPacx—+vPaatr . —+(h—1)Qaltxxf.
. . ( A—1DPaatz +Qatlazy
SC by ar frh=r0t )T RAGE ~
b e t) @ (A —1)Qatxzx
~+Qaatzx .
+Qatxx




qua forma cum illa comparata, adipiscimur

aequationi differentio - differentiali

278 ' CAPUT XL

N—=vPat+(O—=DPx+-Qu=
ONA-AM—=@¢+0DQa—+ O vy — 1)Pa+:«0m‘
N+A\/I+A(A-1)L—(A+y)f) @,
‘quarum aequationmm extremae demta media praebent

ACh— i)L:_.(;\_.i)Pa.-q.- A—DPz-A—1)Qa—A—~1)Qa;

-.s‘.ﬁ,i
)

hincque
AL —(a —x2)(Q —P) seu L=3((—x){(Q —P),
secunda antem demto primae duplo , dat
AM=(A—y— i)Pa-— 2 (7\—- DPxa-(v+1)Q a+(7\—-2) Qz, sen
AM=|(v+Da+A—2) 2] (Q—P)+Ar(z—=x)P.
Quare sumtis pro P et (Q functionibus quibuscunque ipsius x, | 51
functiones L, M, N ita definiantur, ut sit
L=3@—2Q —DP)
M=+ De+A4+2)2]1Q —D) +(a — )P
N=z(Q—P)4+@Wa4r2)P,

Lzz0dy—3-M2=0 xay-{——Nyax =0
satisfaciet formula integralis :
y=C[U -t (a -ta) D, | :
tractata x ut constante, dummodo integrationis termini ita consti-

tuantur, ut utroque haec expressio -
(4 -8 (a 4+t2)**(Pa - Qta) evanescat.

Notari autem oportet,  hos terminos non ab x pendere debere,
Primo autem patet hanc expressionem fieri — 0 casu f——= — 1,
si modo sit v > 0. . Deinde posito £—— co etiam evanescet, si f-
modo sit ¥ - A — 4" { numerus negativus, seu y —- A < 0.
Quocnca. sl sit ¥y >0 et y~=A <0, integrale




¥

y—=C/ U + )" (atx)ot

L oita c-api debet, ut posito £ —= — { evanescat, tum vero statuatur
" ¥z—co, functioque ipsius x pro y resultans satisfaciet #equationd
. proposilae.

-Corollariumu 1.

1078. Quoniam functiones P et @ m formulam integralem
pro y assumtam non ingrediuntur, manifestum est eandem formu-
Jam satisfacere ommibus aequationibus differentio-differentialipus, gui
. cunque valores litteris P et Q tribuantur.

Corollarium 2.

1079. Sumto ergo Q—P eadem formula integralis
Yy—=C/LU " (a0 D¢ '

satisfacit etiam huic aequationi diﬁ"eréntiali primi’ gradus

P (a —a)xdy—(va-1-Ax)ydx=—0.

.I‘-Iujus vero integrale est

D(a — x)r-+n
y—

wVB - t

 qui ergo valor quoque in gemerae nostrae aequationi differentio-
. differentiali satisfacit, id quod tentanti mox patebit.

Corollarium 3.

1080. Hic ergo valor integralis
y—C L4~ (a4-tz)* D¢ |
- secundum terminos definitos sumtus, congruere debet cum formula
D (¢ — )yt

a?

- algebraica y — , 8l modo sit y >0 et Aoy << O
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o Scholion. |
i S é“h

) | , .. 108¢. Parum crgo integratio hoc problemate exhibita habgt
I ~ in reéessu. Verum reductio formulae integralis : g
T ' ' : D (a — xP+r
| fileh: ‘ y:Cf(i—l—t)‘““(a—l—tx))‘atad Yy == ( )

@

x¥ i

eo magis est notatn digna, ad quam illa reducitur, si, integrali ity

;:;= “ _ ‘ sumto ut evanescat posito £ — — {1, ponatur — co. Posittéf..
' i ' ergo A~y —p, ut m et ¥ sint numeri posmm exit i
! ; it .
, M. D
: ' (@ 4t )i+ — 2 (@ — )F )
‘ Vel ponatur 1 St t,___z, erit
| ' R P | D
o C — ,
! \ |l (@ —x+zb TV 2 (@ — Dt
;:|| e

terminis illius integrationis existentibus == 0 et 2 —=co. Verum
etiam haec observatio non magni est momenti, nam posito

i : a—z==uzx, fit ' ¥
' C 219z : D
| - —
‘ ig. P | (U S gy T gy
E T 20z "
i _ 1deoque haec formula (_u"_;-:_;)T-!'——v ita integrata ut evanescat po-:
RIREL : - - 2 . -
N : ' . .. . '
o .F‘ sito z=——0, si tum ponatuwr¥ 2 —=co, hanc induet formam %,-
j ’ . 1
»n
Iy

I| i in qua A quantitatem constantem denotat ab wu -non pende’ntem

A : ' Pendet autem ab exponentlbus et y, legc ex casibus facile obser-

i I
£

i vanda _ Scxhcct posuto

2’7t dz A .

i ' ——

~ ' (u-e—z)”'*"“’ e




;i sit v — 1, integrale illud praebet - ——-—— J. ——, et po-
i ’ 8 P @ (u—+-2)* Mu“”
i . Cwr
~— oo, prodit —— ita ut hoc casu sit A—=%. Si sit
P“ 1 1
I .. ot S : - . N ‘.._ — I
2, megratio qguoque succedit, reperiturque A — S
f 1, 4 ; . - . )
it A—_N(P""}"I)(H_"z), etisl y — 4 fit

‘A\____ " o203 .
B G A=) ( -2) uu—f—s)’

unde in genere ‘conclndimus 'fore*

P R et MNP
P‘U‘*‘i"l)(i"-'F'E) v e (H+VH,)

1arve integratione secundum regulam praescriptam instituta, erit

,_-1' 2 3 p — 1 3 =iz _

1 M+2 o3 TM-—!-V-—--AT@{% (b
Quod 51 exponens ¥.non . fuerit 1nteger valor: ipsius A ope interpo-
lationis hujus formulae per factores procedentis definietur. Qua-
dratura scilicet circuli mgredietm si exponens y fiactionem £ invol-
vat, de hujusmodi autem interpolationibus alibi fusius egimus, neque
‘hic locus est hoe argumentum uberjus prosequendi. Restat ultimum
hu_]us sectionis caput, quo aequatlonum  differentio » dlﬁ'erentlahum

integratio per approxlmatlones docebltur. S L




