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vy4+oxt+lazy— ]/m(A—l-Cxa,—-}-Ea:&)
yrA+dy4-Layy=ym@A+Cyy+Eyh.
Ipsa autem aequatio proposita, si difft erentietur, dat
dx(y x40y +ayy) + 0y (yy+dz—+ {rry) = 0
ubi illi valores substitutl praebent
‘J/(A-l—Cacac—-]—Em“) VAT Cyy—+En® .
Vicissim ergo preposita hac aequatione differentiali, ei satisfaciet
haec aequatio finila
—Am—yy(@rryy)-22y) (Y +Cmyy-AEmm)
— Emzxxyy—0,

seu ponendo '—};I:y——k haec

— At k(zzayy)+22y Y (kk-+k C4—AE) —Erxxyy—0,
quae cum involvat constantem k£, in aequatione differentiali non con-
tentam, simul erit integrale completum., Hinc autem fit

ky—-z y/ (kk +-kC +4-AE) — Exay =) k(A 4 Cxx +Ez’) et
ka—-y y/ (kk—-kC - AE) —~Ewyy —Vk(A+Cyy +Ey4)

Corollarinum 1.

6 07. Constans k ita agsumi potest ut posito &= 0, fiat
y —— b, oritur autem ‘
M“]/AA et b]/(Ak—{-AC —{-AE)_._.]/A(A—[—Cbb +EoY),
ergo

k=mA ot 3/ (kka-kC4-AE) =3 z (A—}—Cbb-f—Eb"‘)

-ideogue habebimus
" Ay -2/ A(A —+ Cbb 4 EbY) — Ebbway=—0) A (A 4- Czx 4-Eat)

et
Az +J]/A (A4-Cob 4+ EbY) — Ebba,yy by A(A+Cyy +Eyh).

Corollariuvm 2.

608, Haec igitur relatio finita inter x et g erit integrale
-completum :aequationis -differentialis
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o x + oy
¥ (A4 Coxx—t-Ex4 Y(A+Cyy-+Ey
quod rationaliter inter x et ¥ expleSSum erit

A (’rw—}—yy—wbb)+2mg]/A (A—{-—Cbb—[—l]b‘) —Ebbazyy == 0.

=20,

Col‘ollarlum 3.

600. Hinc ergo y ita per x exprimeivr, ut sit
bV AA+Crxt+-Ext)—2VA(A4-CDEDb LB
¥ —  A-—Ebbax ?
atque ex hoc valore elicitur
]/A+ny+Ey‘

A
—— (A+EDbxx)V (A-+CHATBA)(A+Crzt-Bat)—2 ARbw (bbp2x) Che(A~+Ebbxx)
(A—Ebbxx)®

Corollarium 4.

-

610. Hinc constantem b pro lubitu determinando infinita in-
tegralia particularia exhiberi possunt quorum praecipua sunt: 1)

sumendo 5 — 0, unde fit ¥ == ——z; 2) sumendo b —=oco, unde
Yidare
fit y— 51/7% © 3) 8i A=-Cbb+Ebi=0, hincque bb=— CHY{COAAR, EC’;—"*AT) )
e g0y = LAl

Scholion.

614, Mic jam usus istius methodi, qua relrogrediendo ab

aequatione finita ad aequationem differentialem pervenimus, luculen-~

8 x

Cax—t+Ex4)
nullo modo nsque per logarithmos neque per arcus circulares per-
fici posset, mirum sane- est talem aequationem differentialem adeo
aIgebraice integrari posse; quae quidem in praecedente capite ope
ejusdem methodi sunt tradita, etiam methodo ordinaria erni pos-
sunt, dum singulae formulae differentiales vel per logarithmos vel
arcus circulares exprimuntur, quorum deinceps comparatio ad ae-

ter perspicitur., Cum enim integratio formulae f ' e
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guationem algebraicam reducitar. Verum guia hic {alis intcgmt:'m

| plane non locum invenit, nulla certe alia methodus patet, qua idem
integrale, quod hic exhibuimus, investigari posset. Quare hoc ar-
gomentum diligentius evolvamus, '

Problema 70.

il ' : 612. SiIl:z . denotet ejusmodi functlonem ipsius =, ut sit

—_— g%
E ) Y E T Cea RS integrali ita sumto ut evanescat posi-

— to =20, Lompalailonem inter hujusmodi functiones investigare.

Solutio

: 'ii! Posita inter binas wvariabiles x et y relatione supra definita,
‘l , vidimus fore

oz + — o.
¥ (A ~f=Coxox=}-Eaxt) \'4 (m—|—0y3 X 94)

K ~ Hinc cum posito x=0 fiat y=b, elicitur. integrando
- iz 4-IL:y—II:5.
Cem jam nullum amplivs discrimen inter variabiles =, y et ton--j?
sltantem b intercedat, stainamus 'r__.p y—=—g, et b—=—r, ut sit
B H:b——1i:r, atque haec relatio inter f{unctiones tlanscendentes )

i S : Hip—Mig- Wir =z 0
- . pet sequentes formulas algebraicas expumetul, v
1l o (A —Epprs)g—+-py A(A+Crr+Er iy r 1/A (A—i—-Cpp——[—IIpZ‘) =0
sen
(A—Eppgq)r—i-gy/ AlA+Cpp—-Ept)t-py/A(A--Cgq-+-Egh) =0
S '
(A—Eqgrr)p—ry/A(A+Cqg-+E¢)4-g/A(A-Crr+-Er¥) = o

«uae oriuntur ex hac aequatione
A(pp~-99—rr)—Eppgqrr+ 2pqy/A(A+Crr-+-Erh =0,

Hace vero ad ratiopalitatem perducta sit oo
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_ - i

AL gt it —2ppgg—2pprr—2qqr7) - '!L‘

; ~—2AEppgqrr pp—+gg=rn) —4ACppgqrr i
+EE;) q r ‘—'0 M"
i

quae autem ob pluralitatem radicum satisfacit omnibus signornm va-
riationibus in superiori aequatione transcendente.

Corollarium 1.

. !
643. Sumamus r negative, ut fiat |
i
M:r=—T:p—+Hzq, e
eritque i d
2V A (A L0 g EgY+aV A Cpp - ERY o
— A—Eppqq _ ] IL* ;
unde colligitur fore ' . H“
A4~ Crr—i—I:r‘ , 3 '\
i
— (A Tppaa)/ “+CT’P+EP‘)(A+qu—*—lﬂq‘)-*-mnpq(pp+qq>+czquA+qu) M
(A—Eppqq)® , ‘ i
Corollarium 2.
R 4 - ) : 7 ;
614. Quodsi ergo ponamus g —— p, ut sit :
I:r—2z2M:p, ' ] | | ]
erit . . L
2P VA(AI-CPp-Ep4) - Giiene
7 — A—Lp4 g
© atque . il
Y A AA~4-2ATHp-+-BAED* -2 CEFO-EEDS i
A T (A—EpF)* A 19
Hoc igitwr modo functio assignari potest acqualis duplo, similis fune= y
tionis. i
Corollarium 3. ‘ i |
‘ o ' i
: ' ' i
646. St ponatur g == ’P’/A(A:'“ %ﬁf*‘E?ﬁ : 'Il i
5 6, 2 1
YAR+Cqq-+EgH ‘_‘A(AH’ACWKE_AE?; 2CEp HEED), : ‘ i
3 |
ut sit M:g=2M:p, fiet ex primo Coroll. II:r=31IL:p, il
ot ‘

: i
50 _ , I
1
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Tum igitur erit ‘
p(sAA-{-z{ACpp-]-—sAEp‘——EEpS)
B AA—-GAEP"-——q.CEp“—-SLEp‘

Scholion. 1.

646. Nimis operosum est hanc functionum multiplicationem
alterius continuare, multoque minus legem in earum progreséione:
deprehendere licet. Quodsi ponamus brevitatis g1 atla

;/A(A-—{e—Cpg)-—}—Ep“):.AP st A — As;p,
ut sit-

Cpp—APP — A Eph et Epl"“—A(i -——-%),
hae multiplicationes usque ad guadruplum ita se habebunt, scilicet
si -statuamus | : ‘

M:r—2M:p; I‘I:s:SII:p et M:ft— 41k:p
P 208 — P(PRP—UP) 5_4?1"1![21’1’(2—-‘,13)—_&15%1

C q} — PP— 4PP(:—-%§) 3 Pt —16P+ (1 — 1)
Ouod51 simili modo ponamus ‘ |
YAGLFCrr-EH=AR et A —Ert—AR,

erit _
. 2PP(2— ) — PP —_ -'—161?‘(1—513)
3 t
 R— T et N — S k3
vinde pro quadruplicatione fit
P 2R T — " 2RR(E—R)—RR Q"'-—- M — 16 B4 {r —HK)
— % ° . oK ~ e
Ouam si _pro octuphcatlonc statuamus. Il :z=—= 8 Il :p erit
. aTt ___ 4rRBRR(—AF—RAUT,
— g H4— 16 R (1 — F)

z

Hmc intelligitur quomiodo i continua duplieatione versari opolteat.

neque tamen legem progressiomis. observare licet. Caeterum coguni-
tio hujus legis ad incrementum Analyseos maxime esset optanda, ut
inde generatim relatio inter .z et p, pro aequalitate H:z=nlIl:p

" definiri. posset, quagmadmodum hoc in capite praecedente successit;
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hinc enim eximias proprietates circa infegralia formae jm-_‘:-ﬁﬁ-_-—-

Cratrz®)

cognosceve liceret, quibus scientia analyuca haud medmcntex pro-

movez etar.

Scholion 2.

617, Modus maxime idoneus in ]egtm_pfogressiohia inqui-

. rendi, videtur, si ternos terminos se ordine eXcipientes contemple-
mur hoc modo

Mix—=@n— 1)I: p,H y:nﬂ p In: z.__.*(n—hi)II;J,

ubl cum . s1t
Hix—M:y —T:p et Il:z I‘I';y—]—n'p, erit
_ gV A(AA-CppA-Ep) —p pVA (At ny—i—Ey‘)

x

A—Lppyy
o 3V A(AFCpp—+Ep)—-pV A (A~ %ny+Ey‘)
- A—Eppyy . '

unde concludimus
A—Eppyypx+= )—*2y1/A(A-|~Cpp+Ep")
Ponamus ut ante |
VAL +Cpp+EpH) AP et A—Ept=—AD,

et quia singulac qua.nutates x, ¢, = factorem p Slnlphcﬁ.el invols

vunt, sit
z—=pX, y==p¥ etz=pi;
arit S » ,
LW— U — WYY XA4-Zy—=2PY
sen '

- 2P Y 3
Z=pmpwr %

cujus formulae ope ex Dbinis terminis contiguis X et ¥ sequens Z

haud difficulter invenitur. Quod quo faciling appareat, ponatur

R _ QY )
2P=Q et { —P=©, ut sit Z== —gyw—% Jam pro=

gressio guaesita ita se habebit
| %
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1 1
2) %;
Qe—%% .
3 gr—oahn
5 BBOH0)—a0¥°,
Pr—Q4 0

5) PO —3Q QP4 —~Q4 P2 (1-20) — Q0D D
W —3Q QP D+ QIPR r1-D)— Q5D

Quaestio ergo huc redit, ut investigetur progressio, ex data rela-

ete.

. . . e . . QY
tione inter termos terminos Successivos XY Z, quae st Z= T-BYY
.— X ‘existente termino primo ——-{ et secundo :I—Eﬁ'

Problema 80,

648. i TI:z ejusmodi denotet functionem ipsius =, ut sit
___faz (L-4-1\Izz—i—-Nz)

V(A—}—sz—i—]:z") ?

sito 2= 0, comparationem inter hujusmodi functiones transcenden-

tes investigare.

integrali ita sumte ut evanescat po-

5o 1u tio.
Stabilita inter binas variabiles x et y hac relatione, ut sit
Ay—}-—%x—Ebbxxy'—"‘b]/A(A—l—Cxx—FEx!‘) seu
A:c+%y—Ebbxyy:b;/AcA+ny+Ey“> :
sive sublata irrationalitate
Alzx4yy—bb)—+2 %xy;—Ebbxxyy‘_—'_O

existente brevitatis gratia. D— VAMA-Chb —l—Eb!‘) , erit uti ante
vidimus
o dy
V(A4 Cxx+Ez%) +V(A+ny—|—E:y‘) -
Ponamus igitur
dx{L-+Mxx N x4 L - : y
( == )-l—a,?fi_‘*;g‘f;’:g{)’:bav VA,

0

V(A CxxEx4)
ut sit nostro signandi more
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I:a-TL:y — Const. -5 V /A,
nbi constans ita definiri debet, ut posito 2= 0 fiat y=b. Quaestio |
ergo ad inventionem functionis V revocatur; quem in finem loco e
0y valore ex priori acquatione substituto, erit

. Dx[M(zx—yy) - N{xd— 4] .
boVv ]/A == ¥ (A Cxx—Ex) ?

verum quia
by A (A+Crxzx+Eah)y—Ay+Bx—Ebbzxy,

habebimus ‘ !
3y —— 2z (zm—yy) MA-N (x—+ 593 | %
|
|

Ay—+-Bx—Rbbxxy
Sumamus jam aequationem rationalem
Az iyy —bb)y+2BDzy—Ebbrzyy=o,
et ponamus . -
xx+yy=Llt et x2y-u,
ut sit
A@t—bby+2Bu —~Edbbuuzo,
1deoque

Cum porro sit ' : i
Tz +ydy—tot et 2y ydx—ou, ' bl

| ~erit ' _ _ ) _i\?‘éﬂl

i (tx —yyoxr—xlgt—you ‘ _4; 1

seu )

1 Axz—yyNoez—=—0ouy+ Bax —Edbdbxzxy), : , ' il

ita ut sit '

F ox (Rx—yy)
Ay—l—%x—Ebbxwy -

Rl
ex quo deducitur ‘ ’ “ _ ] '
IV=—LM4-Nto), A -

Atdt— —Bou+-Edbdbudu. ' '

G
A,

et .ob | .
b= b b — 2By EBBun oy - ;;
' ;

LA A .
8V:-——-%(AM+ANM)-—2%Nu+ENbbuu);

1
i |
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unde integrando elicitur
Mu Nbbu , BNuu .ENb'bu"__

Voo e 2F —_—

— A T A AA BAA
Hoc ergo valere. substituto, ob u==xy, habebimus

. AT 1T Mboy Nbsxy N bty ENXDL2ady?
Mz My —=T1:b — ¢ VA T TAVA T T sAvA

Cum autem sit |
Bary—1Abb—iA@z+yy)+Ebdzayy

erit

2 Tl b b b -
IIm+IIy;:IIb—~«“§;:”—fﬁﬂ[A(55—+~ww—+fyy)—~§E65wwyyi

cl ergo aesquationi satisfit per formulas algebraicas supra exhibi-
tas, quibus relatio inter z, y et b exprimitur. Quodsi ergo sta-
tnatur haec aequatio
H:p +~T:¢g-+M:r
— Mpgr  Wpgr [A(ppagg-r l)““;LPqu’ r]

YT VA 7T aAVA
ea efﬁcxtur sequentl relatione inter p, g, r constituta

(A—Eppgq) r+py/ A (A+Cqqg+Eqgh) 4q 1/ A (A+Cpp—+EpH =0

seu o . , _.

- (A-%Epprr) g -+p 1/ A (A+Crr-+Erty 4-r VA {A+Cpp—+Ep H=—o

scu . o
(A--Eggrr)p—+qy/ A (A-—l-—CI'Ij-—.InEJ‘*) +7 Y/ A(A+Cqg+EghH =0

‘sive per simplicem irrationalitatem

A (pp+gq-+rr) +2p gy AA=-Crr+-ErY —Eppggrr =0
seu '
A (pp~-rr—qq) 4-2pry/ A (A-Cqq+-Eq") — Eppggrr =0
seu : :

A (qg—trr—pp) +2qry A(A+-Cpp4-Ep") — Eppggrr—=o

penitusque irrationalitate sublata

EEpigirt — 2AEppqqr (pp -9 ~-17) — 1ACppqgrr
—{—AA(plL—a g +r4-2ppqq-—2ppu~m2qqn)__0.,
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Corollarium 1.

6:49. Sit g ——» =5, ut habeamus hanc aequationens

M
Mipt-2Tis== 1}’;3 fﬁf;[A(pp—-}—zss)—— Epp st
eul satlsf'aclt haec relatio

A—EshHpt25s)/AA+ Css+Esh—o0.

Corollarium 2.

Ky

620. Sumamus s negative, et loco p sustltuamus ibi hunc-.

valorem, ut habeamus.

211.3—4—-1'['(}-4-11'1‘—{—%?—2—5 ~+ ?A%f; [A(pp~+255)—1Eppsh)

(AE—54)2
qui valores in superioribus formulis substitui debent.

=S+ A e+ 9g4-r) —3Eppagrn
existente
g 231/A(A—-I—Css-l—Es‘)
- A—Es»
unde fit
VAU Cpp-Eph — ALA OBV AUAR—00)st

Corollarium 3.

621. Hec modo effici poterit, ut partes algebraicae "evane“-f
- scant, atque functiones transcendentes solae inter se comparentur..

Veluti si esset N=0, statui oporteret s s=gr, ut fieret
2Ib:s +T:g+F:r—0.

At posito ss-=qr, fit

— 2V Aqr{A4-Cqr—-Eqqr+)
P = A—EBEgqrr
]Zst verg etiam
——qVA(A—!—Cr'r—I—E‘r‘) —rVA(A-{—qu—FEq‘)
A—Egqgrr .

p_

guibus valorilms aeq‘uatis, oritur hagc aecquatio
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(AL 4~ EEp* ) (g — 6 gr 411} —8Cqqrr(A 4+ Eqgqrr
— 2AEqqrrgq+10gr—+rr)—0,

Scholion,

622. S Tl:z exprimat arcum cujuspiam lineae corvae re-
spondentem abscissae vel cordae =z, hinc plures arcus ejusdem cur-
vae inter se comparare licet, uf vel differentia binorum arcuum fiat
algebraica, vel arcus exhibeantur datam rationem inter se tenentes.
Hoc mode ejusmodi insignes curvarum proprietates eruuntur, qua-
rum ratio aliunde vix perspici queat. Comparatio {quidem arcuum
circularium ex elementis npta per caput praecedens, wut vidimus,
facile expeditur, unde etiam comparatio arcuum parabolicorum de-

‘rivatur.  Ex hoc autem «capite comparatio arcuum ellipticornm et

hyperbolicornm simili modo institui potest; cum enim in genere ar-
/a—+bax

cus sectionis conicae tali formula exprimatur {0z ) 275 | haeo

ct+oxx?

dx(et+Dbxx)
¥V ae-{setbe)xa—-bexs] 2

transformata in istam f

- dita tractari potest, pomendo A=ac, Czaesbec, et EZbe,
Lza, M=) atque Nz 0. Haec auntem investigatio ad formulas,

quarum denominator -est

]/(A+2,Bz+0zz+Dz3+Ez‘)

extendi potest, similisque est praccedenti, quam idcirco hic sum ex- :
positurus, unde simul patebit, hunc esse ultimum terminum, gquo- )
usque progredi liceat. Formulae enim integrales magis complicatae,
“ubl post signum radicale altiores potestates ipsius z occurrunt, vel *
ipsum signum radicale altiorem dignitatem involvit, hoc modo mnen
videntur inter se comparari posse, paucissimis casibus exceptis, .
qui per quampiam substitutionem ad hujusmodi formam reduei queant, .

Problema“,ﬁi;

628. S I:z cjusmodi functionem ipsius = denotet, ut sit

LY

per praceepta tra- .

;
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H"'_ az‘. Ly
Y V(A4 uBz—Czz+2Dz3+ Lzt)

hujusmedi functiones inter se comparare.

Solutio,
Inter binas variabiles z et y slatuatur relatio hae aequatione

expressa
a2 By )y (zz-tyy)- 28wy~ 2exy(2 -y ) { wayy==0,
unde cum fint -
_  —ay{(PH+Sxrxx)—a—3fr—Fxx
YY¥— ' yr2tx—+dxx ?
erit radice extracta ,
by — —P— Sr—exor—t-¥ [ Bt Te—t-er )2 —{ s fx—-yax )ty aex—-dxx )}
¥y — o y-aex xw _
Reducatur signum radicale ad formam propositam, ponendo
BR—oary=—Amn, d —ae— By —=Bm,
§d—2Be—af—yy=Cm, de—BL —ye==Dm,
ge — 7y = Em; ' i
unde ex sex coéfficientibus a, (8, %/, 0, ¢, &, quinque definiuntur,
atque ad sextum insuper accedit littera m, ita ut aequatio assumta
adbuc constantem arbitrariam involvat. Inde ergo si brevitatis gra-
tia ponamus :
f]/(A——]—QBm—]—Cxa:+2Dx5—1—Em‘i):X er{
V@A—+2By+Cyy+ 2Dy’ +Ey) =Y,
habebimus ‘
B+vy +dx~tcxx+2 cxy-+Cxzy==Xym et
Btyx+d0yteyy+2emy+Layy=Yym
At aequatio assumta per differentiationem dat
4+ 0x@+ve+dy+2evyteyy+Lryy

G+ 0y B+ yy+dgtczz 2wy + {0,
51 ‘
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Yooy m+Xoyy m=—=0, seu ¥+%3:0:

l
|
1 quae expressiones quia cum superioribus conveniunt, dant
i unde integrando colligimus -

Il :z~} 11:y — Const.

quae constans, si posito x —— 0 fiat y—»b, erit —=TI: 0+ Il:d;
vel in genere, si posito z —a fiat y—b, ea erit —II:a+11:b.
Quodsi ergo litterae a, 3, V> 8, &, { per conditiones superiores
definiantur, aequatio assumta algebraica inter x et y erit integrale
completum Mhijus aequationis differentialis
a2 : 9y
¥ (A——aBx—-Cxz——aDx*—-Fxt) +y (At-aBy~~Cyy—t-aDy3—+Ey*) =0

Corollarioam 1.

@—yY)B—ae=—=Bm et (E—Jf}/)e—ﬂé'@:Dm;

unde quaerantur binae f3 et ¢, reperieturque

el .
= foan —_
_ ﬁ"_( YB+aD o E—VDIB

l tur primo aequationes binae ad dextram posilae, quae sunt
i  (—mr—ag (—v)—uag

-Corollarinm 2.

|
|
i
! ' . . J
{ : 624. Ad has litteras &, 3, %y, 0, ¢ ¢ definiendas, suman-
! 625. Sit brevitatis gratia § — y == A seu 0 ==y ~ A,

. - erit :
hij ‘ __Du—Bx

— _B¢-+DX
_m]‘ﬂ ete—— = 1t.

AA—ald .

Jam ex conditione prima et ultima oritur
BRL—ace=@A4{ — E a)ym,

ubi illi valores substituti praebent

BRAZ—DD
u | N
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unde fit
— (\h—ud) (Al —E ),
m— BBS—DDa

At ex prima et ultima sequitur
DDRB—BBee+y (BBL~DDa)—(ADD—BBE)m

unde colligitur

— [(Af-——]:a)(’ADD—BBE))\)\—i— BD(Af—Ed)}\—E—A.Bﬁff——DDECLd]
Y — (BBS—DDw)"

Corollarium 8.

626. Superest tertia aequatio .
2yA+2AA—2pBe—al=Cm
quae, cum pro m substituto valore 31t

—  (A—Ee) (D4 BN
= BBS—DDa

(A2— Ea)(nf-i-nx)
BBé—DDu

et ¢ —

si isti valores substituantur, commode inde colligitur

3 — C (A — Ea) (BB — DDa) —aBD(AZ — Ba)? — (BB — Dmr)2
— a(a{—Aa)(ADD—BBE).

Scholion.

627, Quia his valoribus uti non licet, quoties fuerit A D D
— BBE —0, aliam resolutionem -huic incommodo non obnoxiam
tradam. Posito 0 == Y -~ A, sit insuper AA == a & ;.L, ut pri=
mae formulae fiant :
B=F@a+Br) et e=7 B ADun.
Jam prima et ultima junctis prodit
Al—Ea=@BB{—DDw

qua aequatlone ratio inter a et deﬁmtul, quae cum sufficiat ,

£1it

a.._;\.LA-—BBm et 4..__{413-—-])])7;1

xF
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hincque
AAZS o+ (A — B B m) (p.]l-——DDm)
unde co[llgunus
2aBBDDM®

Y =13 ['J BD?\+(ADD—»BBE) ]-—~_ﬂr_—_. — _;:_‘
Valou,s o et g in formula Corvollarii 3. substituti dant
A'_JL’L-—F—BDM-—-—CI_L,
cujus quadratum ili valori aé’ -+ L aequatum, perducit ad hanc ae-
quationem
e (M_Cm)p‘»-l—-é (BD—AEYymmu
+4(ADD—BCD+BLIL)1113—'— 4 mm,
ad quam resolvendam. ponatur g — Mm, fietque |

— 4
M TG M B — AL T 4(ADD—oCDFBBE)

atque hic est M copstans illa arbitvaria pro integrali completo re-
quisita.. Hoe modo omnes litterae o, 3, v 3, &, g eodem de- |
nominatore affecti prodibunt, quo- omisso. habebimus
a=4(AM-—BB), = 2BM —C)+4ATx, ‘,_4AE—(I\{[——C)“,
{=4EM—DD), e=2DM—C)~+4BE,

8—MM —CC—4AE-+BD),
quibus inventis aequatio. nostra capenica

0 —a—-2B@-+1 +y@rtyy 232y
2exy @ty H4TTYY

si brevitatis gratia- ponamus: |
MM — C)? 4 4MBD — AE) -4 ADD—BCD -}-BBE) A,

resoluta dabit

B—-}—Br—]—s.‘rx —1—-_/(fy—+—25x—+—é"xx)“"‘
+21/A(A+2Bx+ca:x+21)x 4-E zh)
F3+5J+6Jy+x(v+2 ey 4Ly =
+ 2V A (A -2 By-{—-ny-—]—sz 4-Eyh,
quac ergo est integrale completum hujus aequationis d1ﬂ“e1t:nt1ahs
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. Ao ' oy
0= — FV(AtoBrALax4abs'+Ea) VAo y+Cy i aDy +EYY) - '1
!

Scholion !

628. Cuam hic ab idonea coélficientium determinatione totum i

negotium pendeat, opevae J-uctium erit, eam jnculentius c\:ponexm

Posito igitur statim '
= —-A ot AA—ad=Mm, | | ‘ “W

quinque conditiones adimplendae sunt:
I B—ay—Am;
. e e —yd—=Lm; _
ML, BA —a e==Bm; : )
IV. ¢ 3 —34=Dm; ‘ '
V. Mm—+2yr—23e=Cm.

Hine ex tertia et quarta combinando deducitur

mBA+Da)ym=BAN—al)=pMm, ergo$ —MA D,
mOr+BH—e QA — ady—e Mm ergoe :D—)‘E";—if 4
Jam ex prima et secunda elidendo «, oritur ' : l
ne(hd — ]Zot)__ﬁﬁé'——ssa_BBg;;DD“ nL. -
hincque. : : :. 1
§(AM—BB)—aEM ——'-D-D) 5 ' i
quare statuatur ' i ;
a==n (AM—BB) et {—=n (EM—DD).
Tum vero indidem. est
Eﬁﬁ——]:oty:Ase‘-éA'}/é' sen
'}/(Ag—]:ct):_‘:Aes—]]ﬁﬁ
pro qua i actanda cum sit, pro- o et g subshtuhs valoribus, ‘
[3—‘11A_D—-l— ()x-—-an) et g_._.uBJ"—tw (?k——-'hED),\ . ) l ‘i‘i

sit breviatis. ergo. A —nBL.—nMN, ut h_abea,mus
f=mn (AD4+DBN) et e=n (BE+DNj,.
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et quia*

A¢ —Ea=n (BBE—ADD)
afque A .
Ase—-Eﬁﬁ:nn(ABBEEﬂ—ADDNN——AADDE——BBENN), seu

Age —E@BR=—nn (BBE—ADD)(AE — NN) fiet,
v —n@AE— N N). '
Cum autem sit
—nBD-+MN) et
AA—nn(AM —IBB) (EM —DD)~Mm, erit
Mm—nn[ 2BDMN-}-MMNN -—AEMM—-M (ADD—-BBE)]

BENI

m=—nn(2BPN-+MNN—AEM—+ADD--BBE).
Denique aequatio quinta Be—yA==im(M— C) evoluta praebet
Be—yA==nn[(AD—+BN)(BE~DN)—(AE—NN)(BD +MN)]
—nnN(2BDN 4-MNN — AEM —-ADD -+ BBE)==Nm,

unde fit No=—3(M —C), ac propterea
m==nn[BD (M—C)--;M (M— C)* —AEM~-ADD—BBE].

Hincque sumendo n—4 superiores valores obtinentur.

Exemplum (1.

. §29. Jnvenire integrale completum hujus aequationis diffe-
rentialis

59 Bq_;_
Tvaren T ET e S
Hic est z——p, y—g¢q, A—a, BzZ}b; C20, D=0, E=0;

unde funt co&fficientes
a—4daMw—20b, =0M, y=—= — MM,
J =0, e—0, o¢=MM,
et L == M3, unde integrale completum erit

IMA4-MMp—MMg—-2 My M{a-bp), seu




b
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BMp— ) =+2 Y/ M(at-bp), vel | H"J‘J
b-M(g —p)y===2y M(a—0¢); : ' ‘ HL
quac signa ambigua radicalium cum signis in aequatione differentiali ;i? ;H{h}
convenire debent. ' }HJ i M
i !’ |

Exemplum 2. _ y };

630. Jnvenire infegrale completum hujus aequationis diffe- I

) . g 9P dq e ‘ l
rentialis =TT (a--52% +i——-]/ G5 — 0. | 1" ‘|JL
Sumto w——p et y=—gq, erit A—a, B—o0, C==b, D0, H?
|
il

a—4aM, =0, = —(M—b)*,

E {—o, g0, d==MM-—bb, ‘ o
) atque A—M (M — b)z; ' ‘ : ‘ﬂ
unde integrale completum in his aequationibus continebitur: Hl
. . : i)
(MM —0b0)p— (M—b)? g==--2 (M—b)y/ M (a-t-bpp), seu ' :ig
(M) p— (M—0) g—==2 VM (a—+bpp) et Bl
f (M-+-byg— (M—b)p=2V M (a-+-bqq)- - - : ‘
E: 0 A . 1.; J
Exemplum 3. |
1 631. Invenire integrale completum hujus acquationis diffe- ' ﬁ ’i!
B . e g d _ _ ' _ wat
ﬁ- rentialis —I—T(E'—f_—l?iﬁ)- —+ ET/"'(,;TEIBE = 0. ﬁ ﬂ ;
Sumto x=p, y=¢, erit AZa, BZ0, C=o0, D=ib, Ez0, . Jd
i ergo | ' ' -! |
f a:lgaM,ﬁ:zab,'}/:——MM; ) _ : ; -
: — — bbb, e—=bM, d—=MM, et - : ﬁ|El
A—M34abbd; ' ' i 'a
1« unde integrale completum ‘ ‘ ;' \;ifl
; 2 ab4~MMp +bMpp g (—MM +20Mp —bbpp) = ‘ ‘I
iQ]/(M5+abb>»(a+bp°) L E
‘ i
il
lif
il
. 1
3 '
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sive ’

2ab+Mp(M—-bp)—q (M~ bp) ==+ 2 V(MErabb)(as-bp®) -
ct . : ' e
2 c¢b+Mq(3\I+bq)ﬁ})(:\’[—bq)‘q:j:‘z V(M2 abb)(a=bg®).

Exemplum 4.

632, Jnuvenire inlegrale completin hujus aequalionis diffe-

rentialis - 'Laa—ib?‘)_‘—:’:}’ (adj_bq‘) = 0. .
Posilo ==p, y=¢, evit A=a, B=0, C=¢, D=0, E=b,
ergo: < .
a—4aM, 3==0, V=4 ab—MM,
J==4bM, e =0, S—MM-4dab, et
A —=M3— 4 abdbM;
unde integrale completum o
(MM 4ab)p--g(4 ab—MM-+ 40Mpp)y =
w2y M{MM — 4ab)(a~+bpH
(MM 44ab)g-+p(4ab—MM—-4 bMqgg) ==
+2 ]/M(MMwéa-b')(a—kbqaj.

Exemplum 6.

633. JInvenire integrale complefum hujus aequatiunis' diffe~
. e dp aq :

. ¥ —i = — e
rentialis 58 T BV @ ¥ 610 0 _

Ponatur & — pp et y ——q g, atque aequatio nostra generalis
induet, posito A=—— 0, hanc formam :

: of ' — 94 — - — 0

TV(aB+CpptaDp*+EP) T FEVGECqqtaba+EG) T

b; unde coé&fficlen-

Fieri ergo oportet B=fa, C=0, D=0 et E=

tes ita determinantur ' N .
o—=-—aa, —=aM, vi— — MM,
=4bM, g==2akb, S=MM, =t
A=M?+4aab; |
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ergo integrale completum
aM~+MMpp—-2abpr—-gq( — MM 4 abpp—-40Mp*) ==
+-2p)/ (M3 4-aab) (a-bp%).

aM—-MMgg—+-2abg®™pp(—MM - dabgg—i-46Mg#) ==
~+2gy/ (M?~-aab) (a—-bg°).

sive

Corollarium.

3 ,
634. Bi sumatur constans M=~yaab, ut sit M?*+4.qab=0,

prodibit integrale p’u‘ticu!are quod ita se habebit

JJ_.—GGT b—i—'l/ﬂ /a ppVYE-Va 1;11
P 3 "} seu ¢ g — P reniill A
zqq'l’b—‘}/a epp¥b—V¥a

"quod aequationi differentiali utique satisfacit.

Problema §82.

635. Proposita hac aequatione differentiali

ap e a9 0
FV(aropprepttet) 1.V (aFbgq+eqt+eqd) —

ejus integrale completum algebraice assignare.

Solutio.

Aeqguatio praecedens differentialis algebraice integrata ad Lanc
formam reducitur,
prodibit enim

2t + 0 0

=V (B4 Cpp—-aD pt—+ E $6) +V(=B+qu+wq4+anf)" '
Quare tantum opus est ut fiat :
A—o0, B—}a, Cz=b, D==1c, E —e,

unde coéfficientes «, 3, v, 9, &, ¢ ita definientur
52

ponende z —pp et y=—gqggqg, atque A== 03
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w— —aa, B—aM — ), V= — M — %,
{—=4eM—cec, e—=c (M — D) +2ae, EZ—QMMmbb,.*.d%
A—MM — b -—}—acl\fl——abc—l—aae—

(M — b)3 b M—024ac M — b _.[_aaem
hineque integrale completum ob constantem M ab arbitrio nosire.
pendentem, erit

ﬁ"“aPP—f—fP +qq('}x—¥—2epp—|—§’p"‘)__
—i—"p]/A(a——t-—bp —~}-cp <+ e p%
B+3gq+eqt rply+2e99+39H =
© w29y D@+bg gt 4 gh,

quae binae guidem aequationes inter se conveniunt, sed ob ambi-

‘guitatem. signorum in ipsa aequatione differentiale ambae notari de- -

bcnt ambiguitate mmde sublata. Utrinque autem haec aequatio ra-
tionalis resultat

OEaAAﬁ@p+q@+pr+w%+wdqu
2 eppqq(PP—l"q’f/) 4+ pt gt

Corolla riwm f.

636. §i constans M ita swmatur, ut fat A —— 0, obtinewr -
E-+Fpp

integrale particulare hujud formae ¢ ¢ == — quod etiam a po-

(J‘—}—‘II"‘P’
steriori cognoscere licet. Ut enim satisfaciat sumi debet

@GP 4 bEGGLcEEG +eEP=—0;

unde ratio E: G definitur, tam vero invenitur FZ— G et denique

. +—tEG—aeER A GG A=bhEGIcER
a G N ol

Corollarium 2,

fictque -

637. Constans Bl ita mutetur, ut sit M — & _—J:"
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’s'ié

— . e an sl

e=oae  BEH v=-i E
—— — ]_le' ﬂ’._ 2 a t
{—=dbe—cc 228 o ’E_'ff +2ae, 5..__1. g+ e

A:}ts @+ bfF-cs/r—+ef5,
el aequatio integralis erit ) ‘
aaff+a@-20/ +c/Ppp—+afSc+2ef Hpt *\

—~qglaa—2aff(c+2effIpp-+filccff—ibeff—4 ae)pt !
—2afpy a+bifrcfrtrefS @rbpp cpt+ep®
wnde patet posito p—= 10 fore g g —ff\.

Corollarium 3. i

658. Hace aequatio facile in hanc formam transmutatur ' 4

aff {a—-bpp—-cp*4ep®)d-app(a—-byf—4-c/* +-efF) M

— qgg{a—cl/pp)’ — aeffpp (J—pp )+ 4e £ ppagq (aff+-app + bf/bp) i

= 2 pyalarbff—cfrefSalaabppcprep®); M

¥ llf

unde statim  patet st sit e—— 0, fore hanc a-equationem, radicem |E§
ex{ralkendo . HH
FValawbpp+ept)pyalarbff+ Cf‘)-—‘i(ﬁ_"fffr”f”) 'ﬂ'

guae est integralis completa hujus differentialis | ?l“'

ap aq . ‘ ‘ ' ig

'-l-}"(a—}—bpp—l—-cﬂ-’r) _r_"-!-}’(a-—{——baq—i——cq%} - “W%

prorsus nt supra jam invemimus. - i
Corollarium 4. it

1 | -;
i 639, Sheili modo patet in genere, quando e nen evanescit, f
] integrale cempletum ita commodius exprimi posse E!’

[y ala+bpp+ep -;-e;:ﬁ)-lﬁp], aarbffrefraefHt=
g (G- L1 PP r-ae fFpp (ff —pp) e S pp g g @f f -+ app -+ BITEP), - b

T
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i - quae ergo cum posito p— 0 fiat ¢ ==/, respondet huic functio-
‘i num transcendentiom relationi

: o +Mip+Tig=xI: 01/

Schro'lion i.

|| | .‘ ’ ' .

q . 640. Genera Iigitur functionum transcendentinm, quas hoc
g . . . . .
i i] : modo perinde atque arcus circulares inter se comparare licet, in

i his binis formulis integralibus continentur

l“ f 0z . et f o : K
| V(A—}—nBz—i—sz—]—-aDz—3—l—Ez‘P} 1/(a+bzz—'|——cz4-—}—cz5)
{

I

1

neque haec methedus ad alias formas magis complexas extendi pos- -
; se videtur., Neque etiam posterior in denominatore potestates im-
1 pares ipsius z admittit: nisi forte simplex substitutio reductiont ad
i illam formam sufficiat. Facile autem patet hujusmodi formam
: ) R
fV(AH-—sz-}-—sz——l—-uDzii—}—Ezf—f—FzS—I—Gzﬁj i
. hac methodo tractari certe non posse, si enim coéfficientes ita “;:_
| : ;essent - comparati , ut -radicis extractio succederet, talis formula E

i _ ¥ ‘ . o . . _E
. fa-;—bz—q—cz—z'—;—eza prodiret, cujus integratio, cum tam logarithmos -
] quam arcus citeulares involvat, fieri omnino nequit, wut plures hu-
jusmodi functiones algebraice inter se comparentur. Caeterum 131‘i01‘“.‘.‘:-
! formula latius patet quam posterior, cum haec ex illa nascatur po-
sito A== 0, §i =2z loco z scribatur. De priori autem notari me-
vetur, quod eandem formam servet, etiamsi transformetur hac sub-

i stitutione z — %g_i ; prodit enim ‘ ' E
N it i . e
' : = - (By—ad)ady ' .
i‘ - IVLA(’}'+€J')++ B (a8 y) (V3 33" 2 =7’ L
| -2 )3+ C (a+B )2 (v 3)
d " 42D (a+B )3 (Y +5y) A E (2 ﬂy))‘*] 3

ex quo imtelligitur quantitates o, (3, y, O, ita accipi posse, utpo-
testates impares evanescant. Vel etiam ijta definiri poterunt, ut tep- -
A ~ minus primus et ultimus evanescat, tuw enim posito y == ui, ite- ]
il rum . forma a potestatibus imparibus immunis naseitur.
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Scholion 2.

‘641, Sublatio autem potestatum impariem ita commodissime
institnitur.  Cum formula

A+2~Bz—«]—sz+2Dzs—f Lzt

certe semper habeat duos factores reales, ita exhibeatur formula
integralis -

dz
f}f’(a-—]—abz—l— c%z) (f 282 hzz)
‘ s e 2By
quae posito = T Y abit in

f By—ad)oy o ,
Yy Sy o (2 By) (Y3 y) e (atB y)I[F ('v—i—ﬂy)zg
—l—ag(a+ﬁy)w—|—5y)—%—b(a +By*

ubl denominatoris factores evoluti sunt

(@yy+2ba¥Y+caa)+2@yd+dad + bRy~+caP y
+ (@3 +25B3+cBPyy
Sy v+ 2ga¥—+haa) 20/ 4 gad -+ gBY 4+ haPy
+ O+ 29B3+1BRYY
quodsi jam utroque terminus -medius evanescens reddatur, fit
§ __—by—ca __ —gy—bu

F— av—+Fba — Fy-za

?

hineque

by == (bg—-c Py - egaa — agyy - (ah + bday - bhaa

S€u .
— {ab—eflay«(bh—cglan
YV — bf—ag ’

unde fit

v ab-—cf+1/I(rtb—cf)’+4(bf—-ag)Cbb—Cg)]

« — a(bf—uag)

Hinc sufficere posset eas tantum formulas, in quibus potestates im-
pares desunt, tractasse, id quod initio bujus capitis fecimus, sed si
insuper numerator accedat, haec reductio mon amplius locum habet,




|
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‘i Problema 83.

'% : : 642. Denotante i numerum integrum quemocungue, invenire
integrale completum al gebraice expressum hujus acquationis difle-
rentialis '
3y . n B_::c
V(A4 aBy-I-Cyya-abDyi—+EyH) 7 ¥V (a+28 x - Cxa—+aDrd -Exi)

i . ’ ~
: . - Solutio.

Per functiones transcendentes integrale completum est
I1:y —nil:2+ Const

At ut idem algebraice expressum -eruamus, posito M — C=L, sit
per formulas supra (627.) inventas
a=4 (AC—BB-HAL), 5= - 4AD--2BL, v = 4AE—LL,
{=4(CE—DD+EL), &= 4BE-4-2DL, d= 4AE+4BD-}—2C‘L+LL
[ et S :
F A =13 CcL? 4 ®BD ——,AE).—{— 4¢ADD 4-BBE — ACE).
Quibns positis si fuerit '

ﬁ+§p—i—epp+q('y+2£n J—é'p;ﬂ"—“
]//A(A.+2B]J+C‘TJ 4+ 2Dpd +EpYH

B+5q+sqq+p(y—!—2eq~1—.{qq)__
—~2]/A(A—|~2]317—+—Cq + 2 12 g3 i—Lq)

erit T1:g—1II: £ ~+ Const.

Cum autem hae duae aequationes iater se convenmnt, et in bac ra-

] ‘ - tionali contineantur
a-F 2 (3(p @) AP p g P
o 28pg+2 z—:pq({J—IHC])“{‘é’PP'YQ’#O
i si sumamus, posito p==a ﬁen g ==&, constzns Hla L ita definii-
gl R  debet, ut sit ' |
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. w23 @4 ey @atbb) i
+2d0ab-+2cabla+by4+Saabb=—0, 1
. eritque ‘ ’ :

Hig—H:p+T:b—M:a;

wbl jam pullum inest discrimen inter constantes et variabiles. Pena-

mus ergo p-— b, ut sit
ig—2H:p~—1l:a
atque huic aequationi superioves aequatioues algcbraicae cofveniunt,

si modo quantitas L ita definiatur, ut sit

,a-—}——.?[ (a +pm +fy(afn~+—-pp)
—-2dap —]—ZE(L]J(CL-—}—]J)—}—Z:Q(&;J]J—*U

unde deduciur

IL(a-—-n) — 41 B(a +;J)—}—CC[/}+D&})((!—]——]))—{—E(fapp '
-1/ (A+2Ba+Caa+2Da’+ Ea?) (A+2Bp - Cpp -+ 2Dp~ Lp‘*) r

Hoe ergo valore pro L. constituto, indeque litteris o, 3, 7, J, 2 . o
¢ per superioves formulas rite definitis, s jam p et ¢ ut variabi- : ‘
les, @ vero ut constantem spectemus, erit haec aequatio
e . P v Y
e ~+-23{(p --9) 4y (PPt 99)-~+20pg - 2epg (P = q) +-{ppgg — 10
integrale completum hujus aeguationis differantialis
dq adp ”

w’(‘k—}—ﬂﬂq—l—u&=z+ﬂ3;5+tq3)""1’ (AA2Bp—-Cpp—4aDpt 3 Epd}” ‘ 1 it
Postquam hoc modo ¢ per p definivimus, determinetur r per hanc E' ii!
aequationem ' _ . ; :
a—+23(g 41 Gy {gg ~-rr) 2 Sgr ~2eqr (¢ 1) - {qqrr == 0, ']%
erit _ . : % Rtk
H:r—IMig—=H:p—1:a, :
quon;am, posite g == a et r —=p, littera L, quae in valsres o, ﬁ
B, v, 0, & & mgleullux, perinde definitur ut ante. Quare cum sn: ‘ ir

Higoma2lip—Toa, erit Wiy 3 Hip — 2 II:a;

* ' 1 I
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unde sumto a constante, illa aequatio algebraica inter get r, dum
g. per praecedentem aequationem ex p definitur, erit integrale com-
pletum hujus aequationis diﬁ'"erentialis

ar 3dp
Y{(A+aBr—4Crr—eDrid-Erd ™ 1/(A-g—mp+- Cpp+sz3-—1~Lp4)

Hoc valore ipsius r per p invento, quaeratur s per banc aequa-
tionem - _ ‘ v '
o+ 2B 9 =y Gr—- s - 2018 - 2ers (r —-5)—-{rrss == 0,
retinente L. semper valorem primo assignatum, eritque

O:s—H:r—= M:p—MH:a, sen Wes—4M:p—31:a

‘unde ista aequatio a]geblalca erit integrale completum hujus aequa-

tionis differentialis _

o 409
V(A+a2Bs—+Css-a2Ds3—4HKs+) = '|f (A—-]—-aBP—-I——Cpp—]—.zDPJ—}—Epﬂ
Cum hoc modo quousque libuerit progredi liceat, perspicuum cst,
ad integrale completum _ hujus aequationis differentialis inveniendum
d= nop
v (A+aBz+sz+aDz3-}-Lz4} - 'V(A -{—JBP-{—Cpp—l—nDpi——i—ﬁ.pﬂ

sequentes operationes institul opartere.

D Quael atur quantitas L, ut sit -
tL(p—d'=A+ B @+p) + Cap +Dap@+p+Ea app
Sy (A2 Ba:+Caa+2Dzz +Ea )(A+ 2Bp + Cpp—n—QDp 34 Ephy -

2.) Hmc determinentur liiterae o, ﬁ, 'y, 5, £, 57 , per has - ‘;j'
formulas ‘ ' ‘ .
a—4(AC—BB--AL), ﬁ:éAD+2BL, V= 4AE—LL,
{:MCE—DD—f—EL) e=—4BE—1-2DL, 3—4AE+-4BD+-2CL+LL.

3. meetul series quantitatum p, g, 7, 8,¢, .. ... z, Qua-
1um prima sit p, secunda ¢, tertia r ctc ultima vero ordine n sit
z quae successive per has acquattones determinentur

. *
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e~+2 B4y (pp~Hq9) -23pg—-26pg (p—-g) - ppgg—0
o2 B(g—+-r) -y (gg—-rry—-2 g/;r——]— 2eqr (9+1r)+-Lgqrr—0
a2 308 -y (rr —4-s55) = 28rs—— 2¢rs (r d-s) ~+-Crrss—0
ete. '
donec ad ultimam zZ perveniatur.

4.)  Relatio quae hinc concluditur inter p et z erit integrale
completum aequationis differentialis propositae, et littera @ vicem
gerit constantis arbitrariae per integrationem ingressae.

Corollarium.

643. Hinc etiam integrale completum inveniri potest hujus

aequationis differentialis '
maoy . nox .

V(A4 2By—+Cyy—aDy* +Ey*) — v (A-b-2Bx—+Cxx——2 Dx®— Ex*) i
designantibus m et n -numeros integros. Statuatur enim utrumgque
— ou
“_"V(A—-i—zBu*l—Guﬁﬁ—{—zDu“—]—Eu‘)’
tam Inter x et u, quam inter y et u; unde elisa u orietur aequa-
tio algebraica inter x et y. '

membrum

et quaeratur relatio

Sé.holion.

644. Ne hic extractio radicis in singulis aequationibus repe-
tenda ambiguitatem creet, loco uniuscujusque uti conveniet binis per
extractionem jam erutis.  Scilicet ut ex prima valor g rite per p

defimatur, primo quidem habemus
__ —B—Sp—eppt eV A (A 2Bp+Cpp—taD pP Ep9)
7— T Vraeptipp ’
tum vero capi debet

2YAA+2Bg¢+Cqgg+42DPEgh =
—B—09—eq9—ply+2eq+Lqgo):
similigue modo in relatione inter binas sequentes quantitates investi-
ganda erit procedendum, Caeterum adhuc notari convenit numeros
integros m et n positivos esse debere, neque hanc investigatio-
53




mutat. Interim tamen cum

418 CAPUT VL
nem ad negativos extendi, propterea quod formula differentialis
d= posito z negativo, naturam suam

Y(A+2Bz+sz+2Dz“+Ez‘)’ _ )
hanc aequalitatem

T : o~ Ity — Const.
supra algebraice eXpresserimus,
possunt, ubi est m vel 7 numerus negativus: si enim fuerit

TM:z—nll:p—+ Const.

quaeratr ¥, ut sit
T :y ~ I : z == Const.

ejus ope quogue 1 casus reselvi

eritque

O:y——nll:p— Const.
Problema 84.

—~

645. S II:z ejusmodi functionem transcendentem ipsius =
denotet, ut sit . ' '
H:z __faz(!JI—i—-%z—!—-Gzz—}-@z’A-@z‘)
*2 = Y (A-F2Bz Caz—+2Dz* +Ez) '
comparationem inter hujusmodi functiones investigare.

Solutio.
Ex coéfficientibus A, B, C, D, £, una cum constante arbi-
traria L. determinentur sequentes valores
o= 4 (AC—BB—+AL), 3=4AD--2 BL,y=4AE—LL, :
/=4 (CE—~PD+EL), e=4BE+2DL, S =4AE+4BD+2CL+LL,
et inter binas variabiles x et y haec constituatur relatio
a—4-2B(@ -+ -+ Y (EE+YY+2 Sy -+ 2exy(@—+1) +{xxyy==0,
eritque _
3 Ly 0y
V¥ (A-+aBx—+Cxx +-2Dx? ——Ex*¥) —+ ¥ (At+a2By+Cyy+z Ty —+E y4)

— : ’

pro qua sine ambiguitate habetur

B-+dz-+-exa-+y(y + 2e0-+C 22)=2y/ N(A~+-2Br—+ Caz+-2 Dxi+Ex?)
{3-4-0y+eyy -+ (y-+2e5+4 yy)=2)/ L (A+2By-+Cyy—+ 2 Dy-+ Eyt)
existente

A=—L34-CL?44(BD — AE)L - 4{{(ADD-BBE — ACE}).
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Quare si ponamus

dx (UA-Bx-Cx? +Dx - Ex¥) | By(U+By+-Cy* 4Dy 4-Ey%) t
V(A 2BaCaztaDas+E=) + VaT2By-FCyy-ab5iFEyh) 2 oV,
ut “sit '

M:z—-T:y = Const. =~ 2 V/ A, erit
N I (s e EA
. av:axtiﬁ (x—5) € (22— 97) 4B (2 — y*) & (ot — y4)).
B t-Fx—t-ex -y (y+2ex—-Cxx)
Ponatur mme & -y —1F et zy—u, et quia dxJ-0y=——0¢
et xdy—tyox-—=ou, erit ¢ x_—_-xa;;_j——u, seu (x —— ) d x
i — 20t —pu, tum vero est x =1t~y (Gtf—@). At khis
o f.  positionibus aequatio assumta indwit hanc formam
at-2pBtyit+2@E — fy)u—|—2gtu +luu=o0,
unde fit differentiando
: DEByt—4ew) +Ju@—y +et-JW=0, ergo

at___-'-—au(ﬁ'——-'}l-—l—af-—l—fu) t
ek Gt
g —ou ¥ Eu — Y —-et2 u:x:]

X0t —ou= T BT

_ -——Bu[B—}—Eac-—{—exx—i—y("y—]—nsx—}—fxx)]

08 —ou= T FEite

sicque habebimus

sive

9 xfle— o) —dn
[3+6'x~—}—exx—{—y('}f—]——n£x-—}—g"xx)_"[3~—i—'}ff-—i—e1:.’ ergo
——au[’ﬁ-—}—@:f-—kﬁ(ﬂ—u)-—!—-@'l'(ﬁ—-zu)]
ovV— oy sen
a-v-__—}—afl_%—}-@f-}—@(Tf—-u)-{-—@fr(ﬁw——nu)ln
§ 7y et Ju
FEst vero aeguatione illa resoluta -
t_—ﬁ—su—a—w/[ﬁﬁ—w—l—z(vw—l—ﬁs—wb‘)u-i-(m-—w}#u}] seu'

i—

unde conficitur
3V — --81:.F%~+—€f+®(ff——u)-—}—€fftt—zu)]
- ava(A+La—Euu)

Y
—B—tu-t-a2VA(A+Lu}-Eunu) .
¥ .

ideoque
II: = T y —_— Cnnst. '__fau["I')-}—Ef—-—l—@(ff—-u)-—l—-@f(ﬁ—au)]

V(A+Lu+Euu)




Vel cum reperiatur
u_——(5—-')')-—Ef+1/[(6"—’?)’—ﬂ§'+“”5'—’b’)f-‘ﬁflf—l-(EE—'Ys‘)ft]
- - Y
I quae expressio abit in hanc _
li ' ' u_'__-—('6‘—-ry)—zr-—g—u/A(L—-l—'-'-Df—!—Efﬂ
i = , :
¥ unde {it

[

|!

] |

| ' .

“!' 420 7 @APUT VL
1‘ |

|

| ‘ aV____af[szs—Hi:r—}-@(t%—u)—{-@f(r_rmw'}]
i ‘ - 2V A(LHC-2Dt--Ett)

| sicque habébimus per £

. i BB C Dt =) Ef(HH=-an))
Iz - T1:y == Const. &=/ —— 55 3 cH= D EH) ’

quae expressio, nisi sit algebraica, certe vel per logarithmos, el
arcus circulares exhiberi potest. Tum vero post integrationem tan-
tum opus est, ut loco ¢ restituatur ejus valor z—-y.

" Corollarium 1.

646. Si velimus, ut posito z=——a fiat y—0b; constans L
ita debet definiri, ut sit - ' L

(L —af—A-+B@+b—+Cab+tDadb(a+b+Eaabd

-+3/(A+2Ba+Caa+2 Da®~+Eaby(A+2Bb-+Chbd-+2Db3-Ebty ;|
tum igitur constans nostra erit — IL:a —IL: &, integrali postre-
mo ita sumto, ut evancscat posito t = a 0. - *

Corollarionm 2.

647. Fodem modo etiam differentia functionum II : 2—TI:y
exprimi potest, mutando alterutrius formulae radicalis signum, quo
pacto formularum differentialium signum alterius eonvertetur.

Corollariuom 3. 7
648. Qvantitas V comparationi harum functionum inserviens,

erit algebraica, si haec formmla differentialis
i . _ DHBA-E2H-D(E—y et S 1)A-E[a (T — V) A-2et4-C111)
' ZV (L CH2D1+ET) ‘

integrationem admittat; quia altera pars —286——1‘1/—-‘5 @ -+ 2 €1 per
se est integrabilis.
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Scholion.

649. Hoe ergo argumentum plane novum de comparatione
hujusmodi functionum transcendentium tam coplose periractavimus ,
quam praesens institutum postulave videbatur. Quando autem ejus
applicatio ad comparationem arcuum curvarum, quorﬁm longitudo
hujusmodi functionibus exprimitur, erit facienda, uberiori evolutione

erit opus, ubi contemplatio singularium proprietatum, quae hoc mo- .

do eruuntur, eximium usum afferre poterit. Commode autem hoc
argumentum ad doctrinam de resolutione aequationum differentialium
velerri videtur, siquidem inde ejusmodi aequationum integralia com-
pleta et quidem algebraice exhiberi possunt, quae aliils methodis
frustra indagantur. Hune igitur huic sectionis finem faciet metho-
dus generalis omnium aequationum differentialium integralia proxime
determinandt. .




