CAPUT 1L
DE
INVESTIGATIONE AEQUATIONUM DIFFRERENTIA-
LIUM - QUAKE PER MULTIPLICATORES DATAL
FORNMAE INTEGRABILES REDDANTUR.

o

Problema 65,

463,

:E}eﬁn]re functiones P et Q ipsius @, ut aequatio differentialis

»I " { Vg e—— . N . .
Pydow 4-(y 4= Jy==0, per muliplicatorem TR SN ubi
M et N sunt functioncs ipsius a, fiat integrabilis.

Solutio,

Necesse joitur est, ut factoris ipsiug . oui 2
ohe lgitay o8’ psiis d, qui est gl
dillerenuale ex variabilitate ipsius y natum, aequale sit differentiali
y4+0

fuctoris ipsins gy, qui est
sumitor.  Horom valorum aequallum, neglecto  denominatore  com-

muni, acqualitas dat

— 2Py —P My =y +Myy +- Ny T2y ) L2EN423K)

]
quae sccundum potesiates ipsius y ordinata prachet

0 =2Py’dow 4P My Quw
+0Q +MydQ-+NyoQ
— M —yraN |

—~ Qg IM — QuiN
39

. l ‘ . d el o1 e
STy Ny dum sola x variabilis




-
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(n—DPy" ¥ - HPMy i nPNy ™ = gy My 4Ky n—r _a_%
YT QT

ja3)

ey o DL o N
ol SUN
(dx oo/ ?

sive ordinata acquatione

(n—DPyr 9w+ (n— DP My dz 4+ n PN Dy

.___yn—l-laQ. __qI\/{ynaQ —-«Ny""‘aQ .
—}—y“”*‘laM - yn()N e H

--f—f’jn—’ Q a N
— yu Q a 14
unde singulis membris ad nibilam reducis, fit
L (n—2PPa—20 —3M
I (n — OMPIe=—=>M2Q — Q)M — 3N
I nNPga=NQ — Qo N.
Sit Pole==9V, eritque ex prima Q=AM —2)V, quo
valore In secunda substitulo prodit
MOV-(n—2)YoM—-A0dM-43N—0
et tertia fit
2NV (n—2)VON—+MIN—NOM-FAIN—0:
unde eliminando g V reperitur

MMON—MNIM—aNgN
— — r— Z
(=23 V -+ A= aNOM —MNoN .

Verum si hinc vellemus V elidere, aequationem differentio - djffe-
ventialem illaberemur. Casus tamen quo n=2 expediri potest.

Exemplum.

498. Sit in evolulione hujus casus nT=2, ut per se inte-
grabifis esse debeat hace acquatio
yPydxA(y+ Q3

— 0.

Yy+MNy—+N )

Ac primo esse oportet Q — A - M, tm vero
2ANOM —AMJIN—M (MON—NJM) — 2N)N,
quam ergo aequationem integrare debemus N
tractatarum contineatur, videndum est s

queat. Ponatur ergo M == Nu, ut fiat

quae cum in noila jam
quomodo fractabilier reddi
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MIN — NAM —— NNgu, et
INIM — MAN — 2NNou 4+ NuadN, hine
GANNOu - ANuoN - N* ugu— 2 NoN == 0, sive

2 AN AudN aAdn A
NN wN N ..+. Hah’. — 0:

: , )
slatuatur porro ;\T__“"‘ v, sen N ==, habebitur

——odu—AuQu 4-2Avou 4+ udu = 0, sen

a , 2 Andn ‘uon
t 2 AR a—Au’

Ubi variabilis v upnicam habet dimensionem, et hanc ob rem patet,
hanc acquaticnem integrabilem reddi, si dividatur per (2 - Aw)?

prodibitque

e O = 1A
craw):—J/ p+AuwS ™ AL

T AAAAuR?

Clot+Anu)?—1—Au ] .
ideogue v — ( ja i . Sumto ergo pro u funcilone gua-

cunque ipsius @, erit
S AA e AAx
N —'0(2+A11)=~1——~A_{z’ et I\/‘["“c(u—i—ﬁ.n)“——l—wku’
. AC(aA4-An)?—A
'_"-C(:z——}—-Au)“-—J—r—Au'
cimur 2NPJz — N2Q — QON, sex 2Pdx = Na.%, at
o g )P .
g-: (2+iu) T, unde ag — 2Cou (2 I+ Aw, ideoque

] _ AAciule—-41)
Pow = ClztAan)d—1i—au"

Jam ex tertia aequatione adipis-

atque QO

QOuocirea aequatio nostra per se integrabilis est

AACyyou (a——Anu)dm 3y [Cla— A W2 r—(+Au)y—AC(2a-Au)*—A) __ 0
Clatau®yy —(1-HAau)yy+AAuyt4La ] _— 7

guae posito Au -} 2 — ¢, induet hanc formam

y ACyTaf—}—yay(CH-—-—-T—]—a)—}—Aay(Cﬂ——:)_0
7 Cityy—(— oy —+aA({—2)y4-44  — °°

. . e L o aY . Bx
Hinc avtem posite Az=a; C= 5 et L= — 7,

invenimus

v ayxydx - vdylatBrtryxx) —adyla—rex) 4
' (o Pat+yxx)yy—aae~+Bax)y-+ad — M

i

pr s

TR T
Sy parmcy

i
o)

Rt

P

B

&5

Ay

AR

Ty S,
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o Corollarium {,
ol Lo
LH 499, Iloe lgitur moedo interrart polest haec aequatio
Ll _ aryaydie-rydy(e-Lad pra) —odyla—paa) =0,
l’ i quac  quiniodo  ad separationem reduei debeat, non stalim patet,
: i Est autem multiplicator idoncus ’
:” s
il ' (¢t x+yux)yy—alae— L)y~ al
i i‘[ ' Corollarium 2.
|
500, Iic wmuliiplicator etiam lLoc modo exprimi potest, ut
f{l!\ ejus denominator in factores resolvatur
il
H}? (e P~V y
i‘- ; Ay ey B (-n" - -y ey "‘":-1"1 4 " i1l
i [(a-&ﬁmﬁ_f},‘svx)y-*(0:—!—;}ii T AL RIS }/)JL(:. ey — (2 51-)—,.&}/ Gf
Al
‘_|1
o

i . .
1 Corollarium 3.

504, 51 ergo ponamus

| @+ Bz +vyvrdy —a(fa-iE2x)=az,

| erit multiplicatoyr
o +1Bx +3

“llf ; 2y dpE—apwilzs—2xyEEE —=« ’)/)]..
' ‘r‘“ | At ob ¥y — a;j:éipii :‘;5;: , aequalio nosira erit

: -ry;cyax—}—-ay(z--]—%ﬁx—a‘r-']/mx):0.

I:}l | At est
_—plaf+ daya+BYaea)r - uzdr (B 20x) 4-0dz( a4 Br+ryxr)
i [‘ _ _' 0y= (o — 3z - vz z)*
hoc autem valore substituto predit aequatic nimis complicata,

I |

|

|!‘
. ME%
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Problema 66.

502.  Invenire acquationemy differentialem hujus formae
yP3x 4 (Qy 4+ R) dy = 0

in qua P, O et R sint [onctiones ipsins 2, ut ea mtegrabilis eva-
7‘17’1

4
(4~ Sy’

dut  per hunce muitiplicatorem ubi S est etiom functio

ipsius .

Solutio.

ytr P Qym-i=r 4 Rym )
Quia dx per MJ—‘——,— et dy per adil L maulti-
- (4 =5 (1 = S)©

" plicatur, oportet sit
(m - Py™ (1 2~ 5¢) —— nP §ym—r
U =-SN ™D Q M IR —n gy d S(Qym—+ 1 Ry™

-
- i ’
gqua evoluta acquatione crit
(ma-1)P Y™ & - By ) w—ym 2800y
—y™ OR — ym-%—l 0 ! — 71 ym—}—n QBS — 0

— ym—]—x g Q I
—+ ny™IRGS

hine fit Poax— 2% ¢ SIQ ==n0YS, ideoque Q= AS™ et

00 —nAS U:,d};lml s I meinhro medio substitutis £t
2RI SOR—nA ST 5—~-5uR—r-nRas 0, seu
— ,,ii_—n; — AS" 9S8 - ROS =0, ideoque
JR — MS — (m G~ 1) A" 298§,

quae per S™HI dmsa et integrata prachet
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R (m —— 1y Ajr—m—2

gt 2 2 -— 1 — 2

s

Popamus A= (m -2 — n)C,; ul sit Q= (m 4 2 — n) C8,
et R=B8™" 4= (m - 1) €5, ideique ™
Pz —=BS™ QS (n— 1) C3*—298.
Quocirca habebimus hanc aequationem i
YOS B (=~ 1) CE ™ oy lim— 2—n) CSy
4 BS" T 4-(m - ) CST 0,

.

- y
quae multiplicata per —————
(1 482"
nem quamcunque ipsius x capere licet.

fit integrabilis, ubt pro 5 functio-

Corollariuvm 1.

503. Integrari ergo poterit haec aequatio

BySmYS—-BS™Ti 0y 4-(n — 1) Cy8"™20S 4 (m 4 £)C 5" Jy
~—(m-—42~—n) C8ydy—0, "
quae sponte resolvitur in has duas partes

BS™(yd S +524) 4-C 8" [(n—~ 13438 4-(m - 1) Sy
+(m—+-2 —n) 8%ydyl—o0,

quarum utraque seorsim per — ~— multiplicata fit integra-

(1 520"
bilis. ,

Corollarium 2.

504. Prior pars BS™ (y0S3 - 5Jy) integrabilis redditur

. e i -
per hunc multiplicatorem o ® : Sy; est enim haec formula
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B (35 - 80y) O 8y per seintegrabilis. Unde pro hac parte mul-
gplicator erit 84— ™ y* (1 4= 3F qui utigue continet assumium

o g1 quidem capiatur A = m et I e 1L Est vero

f 72/ ‘ ) ;
_— _ . BS® (35— 501 :Bf e
/ (4~ 5" @ } v (4wt
. .

posito By —— v.

Ccerollarium 3.

505. DPro altera parte, quae posito S::i abit In

C .
= [,__(n—-.1)yav+e(m+i)v3y+(m+En—rq.)yay],
1‘! .
habebins
(n— 1 Cy /. (m -+ Dvdy (n-4-2—mn) ay)
TS 2 § PR ] _— o
vt n—1i)y (- 1)
m-}-z
(n—1) Cyn—r f Z01 m+1 ™= ma-2—-n —MT
— x At DU ——m 2 B UOY — —_— -
o (y Y y——— Y oY
mtn
_— (n__. 1) Cy?!.—x —m n—m—2
i = g.lyn—r v -y s ]

Ideoque haec altera pars ita repraesentabitur

L moen 1 45y
—(ne—1)C8 gy —3D . T

yn-————-x s

Multiplicator ergo hanc partem integrabilem readens erit in genere

1 1 - Sy
m—-l—-_i_iq); w1t
S”-yn_—--x Syn—s

40
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Corollariuvm 4.

506. Pro altera ergo parie multiplicator erit

1 - SzP
(4 -~ 3 quo haec. pars. fit:

S"““"?’"y n—1

mA-1 S (m 1)

(4 -5k 4 3-8y

—(n—1)C.

cujus integrale est

(n—1) Cgh+1 . { Sy
— L s P osito = =— TEOETT
Mt yr—1 §

Corollarium 5.

507, Jam multiplicator pro prima parte
SRy (4 - Sk
congruens reddetur cum multiplicatore alterius parlis modo exhibito,

s sumatur A == m et | ==~ n, unde resultat multiplicator com-
. y" : : 1 - 8y o
mums ETi_s_ﬁ’ hincque posito Sy == v et m_l_l—g::_z, nog~
yn—i §
trae aequatonis integrale erit:
v™ du
Bf(i - )—n-—]— Cz—"==D sive
v
™ a v Cgr— m —- 2 :
Bf e — D,

(4 o) ' (4 —i—SJ“"*
Scholion.

508. Aecquatio ergo, quam Doc problemate integrare didi-
c:mus, per pllnmpla jam supra stabilita tractari potest, dum pro
binis ejus partibus seorsim multiplicatores quaeruntur , lique inter
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. .ll. i
se congruentes redduntur, cujus methodi hic insignem usum de- ﬁ}ﬁ;
. - - . - “I
claravimus. DPogscmms  etfam  multiplicatori  hane formam  dare j
48
i3
4 g;ﬁ

ita ut haec acguatio
(1 - By =Ty )™ |

2™ Iypax b (Qy -~ R ay] -
(1 4 Sy ~=Tyy" o

|

.‘ per se debeat csse integrabilis, et calenlo ul ante instituto inve- i
EE nicmuos i
) ym Srv'." (?N 4‘.1;)]_38,’1‘2#:4?]1?.‘_{_] —1—@14_1 ——H)PSB ym'Jr‘ﬂ - (m4-1— 2)1)PTax !ﬁ%
{—oR 5 —JQ —500 1
—8JR —ToR
+nRkos +nQas |
—+nRoT |
. —Ta0
SpeymS ToQ =0,
+n{)oT I
unde ex ultimo membro — T2Q ~ nQ9T == 0 concludimus j
Q—AT", et ex primo Pgax — ;ﬁ_i—;, qui valores in binis mediis
substituti praebent ' 2

RDS --;j—?“: AT T == 0 ot

.
I{ —_ ﬂdﬁ ; A —_ Jop— — i
0T e AT? 08 — AST 0T — 0, ; ‘i]
- quarvm illa fit integrabilis per se si m —= —— 2, haec vero integra- {

ri polest si m—=2n - 4, fit enim

ROT — Z2R L AT (TD§ — 39T) = 0, seu
ARIT—TIR | A (TS5 —5T)

p et TT
L0
o e R A =B i
cumus ntesrale est ~—— — T ——— hincgue P
/ 5 2 T# T n 4 4
= BT" 4~ nAT" §. ::5
** Gl
.
i
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Praeterea vero notari meretur casus m = — 1, quem cum illis in
subJunctls exemplis evolvamus,

Exempluom 1.
809. Definire hane cequationein '

yPozr + Qy+R)oy—20,

: 1
ut multiplicata per - fiat per s¢ integrabilis,
v P y(i 8y —+Typ™ e
Ob m——-— t, habemus statim gR—0, ideoque R=—=C:
tum est ut ante Q = AT" et 90Q —nAT*"* 9T, unde binae reli~
quac determinationes erunt: o .

— PS3@ - AT" 3T+ CI8 =0
 —2PTow — AST ' 9T - AT*95-}-C3T =0,

hine eliminando P9 a Prodit,

ASST* 9T -—2AT* T — AT" 538
A 2CT38 —CSgT=——=0.
Statuatur hic S8 :Tv ut fiat

_ 2&5 o7 . T83v . TawvyYT
2TBS-—SBT_.TS — )= = e

cnt,qua_ Lo : -

AT QT — 2ATnaT—rAT"+rav+°'”'””T 0,
sen hoc modo

_ -4  CTIVYT
— AT Bh g CTOVVT g,

ewjus prior pars integrabilis redditur per multiplicatorem

q Py

Tn+l: q) ; T 1
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posierior vero per -~———(1) v, unde communis. multiplicator -erid

TyT

, hincque aequatio elicitur integralis haec-

—I _
AT % Dv
_ . I+cf —— =D,
-3z f1+§
(27— 1) (w—d) (v — 4) Vv

unde T definitur per v; tum vero est S—yTv, R=C,
CoS — AT 3T

Q——AT" et Pz — 3 .

Corollarium f.
510, Casu quo est n___.;, ob §z° == Iz, habetur

1Al———4—1— Cf(q)-gt)m:%D’ seu

R e .

EAZ'U_——_4. 1Cly - —iD:

unde posito v == 4uu et C= AA, erit
ZI:uu ?\ZI—'—H—"C'onst. seu

T—E{ — uw (T-:TID} Hinc porro
S—2u)yT—12u '+”) VE (1 —uu), e

R—C——AA; tum ,_;__A(’"'”“) VE( —-uw), atque

AAdw , MABT __ AJT
Por—=——— -+ ru

At est — T e T
-Quocirca pro hac aequatione -
A
Ayon(id-Ah—ada) ¥ = .
(2= 4 40y +y () VEU —uw)==0

mﬂti’pli’cator erit

oT —oaudutaidn Ergo Paa: Aanfx-}—)\?\-——n).u)i

o ’#" s
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1 .
E B ; v
| . . y]/[1+2uy(;’-—1:—;)“ VE(i—-uu)—i—Eyy(iwul-*)(:—t“'z)ll
f A Corollarium 2.
|
J
It | ' 541. <Casu guo » == — I habemus
It '
Aly—4 —_ — A4
il ____(:“TJ_.T,.J.Q-{-ZC]/U-——"—*QD, seu T_ﬁmﬂa
Bt Ponamus v = 4uu, ut sit T—= —‘A;)(—_,”_%iz, tum fit !
S = 2uyT=—2uy 322, .
R=C Q—v -——A'(Ej__ﬂ—f—ﬂ, et ‘
_.€on , CoT A3T _ dufC+DutCun){Cud—3Cu—D) G
Pozz u -+ 2T  aTTu " u{un—1)? (D—2aCu) ’
unde tam aequatio quam multiplicator definitur.
- Exemplum 2.
i - 812, Definire aequationem:
yPdz 4 (Qy +R) dy =0,
. - i .
ut multiplicata per —; - al  per s¢ integia-
| o Fa T sy ETye T -
; | bilis. S
) . ‘ - Ob m=—— — 2, ex superioribus habemus:
o A AT B T
S A . —— i
, | RS = -T"—+ B, sen R_,__ S 5
i - : qui valor in altera aequatione substitutus praebet
| S @n-1DATRIT 2 AT*H1p8 :
‘ e i : A ATENS — ASTR—19T . ;
nd n85 - 08 —AS ot ;
BOT 2BT95 _ '
- .. 8 LR o
' quae in has tres partes distinguatur R
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(:?n—;—i)T’“aT T"‘”"“‘BS
':‘I nr -\n< Sz _= '—]—‘ATK.—PI (a_s'"“ S““a'E
; _ T TT
: BT 2T2s
2 ) —+ B5 55 g8 = 0, seun
CAS Tatit-r 5 T
nTnB. S —[—ATn—'— a.,f—]»BSB.gg:O,
Statuamus ad abbreviandum
Tnn—]—-x _ s _ T
Sg  — P 5—9 et 55— 7
. ' ‘ . . i
;o fiet 8 = ;T T = PYEL hine p — W—I—; nostraque aequa-

tio ita se habebit

A ' AYp B o
_Wv_ap—kq“ﬁaq_;_q—r-a: — 0, seu

AYr AV ‘ —
M,Pa —l—quaq—l—Bar___O.

Quas tres partes éeorsim consideremus ,° ac prima fit integrabilis
multiplicata per 1, 2 :p, seeunda-vero per J ;(D:% tertia tandem

poper CD :r. Ut bini primi conveniant, ponatur

. '|f .
';;f pr== LT g sen pMT = g+ p, hine
ﬁ:i—: i
co p:q?\.—l—::]?\ : l:q——4nr—2..n+t..
Fit ergo o _
A= ey et p.+i.--—-4n(7\.+ 1)._-—-’5——;, sicque
__an—-1 ' an
“""‘“an-—-x et A= — in—z* '

4n

. B . . .' . qz.’ﬂ.;v—l _'/r._ 271,-[—
Multiplicetur ergo aequatio per }/p_ —_

Tt
'ﬂ—I rﬂ

“‘ac prodibit---




"a_’t‘-‘cst Y = i:::«‘-'-—n»-l—f___

mop LA PUT  IL
I L.

: ‘ . 9
gpkap—}—ﬁqﬂaq—i—Bq MRy = 0,

scu : '
| Ly (P gy e
) ) . an—1t B - 0,
(110&_{_1) +;¢+1>+ g ™or
vel ) |
N ' AIFTU
(nu-/—;_}l_a.qnn--—x(i ,____41).._‘.4Bq ane=—3 pMgp -0,
Ay :
'Multlphceiul pel. q 21— A7), “t prodeat
4vn _bdn
(gn——l)Alqnn-—-.z (1_4;)\'8 q“""‘(i——-—dﬂ')

n

4.nn—|—nn—§-—4v7£ _
+Bq 2hi—1 Tnar'(i-—_-ai}‘)":‘(]

Fiat ergo 4y Heidm 42 == 0 seu 'Y IZ — N3, et ambo mem-
bra integrari poterunt, eritque :
4n(v—4-1}

DA ST (e d B 1O (47 Const,
— g mei-
- -3

, sicque habebifur
i

‘ A —:ln i 4 —-'271--!-'_1 . B 4 ?-‘ﬂar ——
"‘““a; (1—4ry = b f— 2l;,li-_....(;“ons’c.
(1—4rn 2

'Dabitur -ergo g per- r, teritqie B — ;;I;, T = g., tom

VR-—~—--|— , Q= AT® et Pow= — OR.

Corollariunm 4.

o . . Brvr __ C
518, Si sit o= — §, erit Ag4 22T =5, sen
__C—aBrYr, S

g — A ; hincque

3A —_— gAA ' e C¥T—2BrT
I, el wY IR LL
8= Cr—aBr?vYr’? T et

‘-u.-— 3

——r(C—abBryr*
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R—Q+18 __B—20 r(c-—yﬁmf VBB —sCYr L4 Brr)
p— gen
%S 3 9 A
R — oB(‘r-—nCCrv’r—GBBrv1/1~—!—8°«Cr3——BBBr+V7~
- oA ' ,

Corollai'lum 2,

514. Ponamus eodem casu r == uw, erit

oo 5A S gA A — u{C—aBuY)
5= Cuu—aBBus’? T"""uu(C——:BuS)” Q= 5
.R___.-:J:.C'u“——zCCiL3~—ﬁBB'u5—-i--BBCuS-—-—8HBuQ
— QA
— G5B §CC 0B Dut—4 8BCuS 4 528 B ul
Pa:r':: Cu——0 u‘u—i—mJﬁu A U~ +aB B u 84,
eritque aeguatio yPax—-}—(()g+R) ay__ 0 integrabilis; si multi-
plicetur per

Vi48Sy+-Tyy) 5Ay gAAYY
F vy ]/C +uu(C—auu3)+uu C-—-ﬂljud))

Exemplum 3.

, &t

, hincque

516. Definire aequationem

yPBr—r—(Oy—I—RJBy"—D -

. ynh-—-r

(1t~ By 4~ Tyy)nﬁ?&f“ per- se inlegra-

| bilis. ‘

Hic est m—2n — &, Q— AT*, et PPz — %l:; tum

 vero ex superioribus I{:n AT+ 8 4+ BT", ac superest aequatio

R3S —2B __ AT jT =0,
quae loco R substituto valore invente, abit in
(2n——1)AT* 1808 — (n— 1) AT" 255 3T 2:A T"1 /T
~+ 2BT" 98— BT" T 53T — 0, seu
(21— 1) ATSOS — (n— 4) ASSHT — 2ATIT
~+2BTTQS — BTS&)_JT == 0.
41
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Privs membrum posite S8 = u abit in
(W— ) ATQu— (n — 1) AudT — 2ATQ9T, seu
— D ugT 20T
(n — )AT(Eu___f” . ) S ¢ ), sive .
n—nT n—1

4n—3 au 2 ]7.'_‘1)1.{.(—3'11 -4aT
b (211-— 1) ATﬂn"'J —— ( 4n—3 - pit—2

2=z

Tan—1 . (2n—1) Tnn"—_l (2n—1)Ten—s

4n—5 woo L
— I(2 n-—-i)ATzn—xa, e — 4Tm—=1 ), vel

‘%" AaAn—2a
Tan—x
fn—8 BT3 sS___
l(2n—-i)AT2u—la Tm— (B )25 0. ==0, seu
@ ni— ) AT 9. T (S 4) ﬂ“‘a 5.
Ponatur g,i?:p et
T (58 e
T GF—4H=g¢g="T (p — 4,
¢ Ter—t — 1 |
ut sit T=** ‘_P_‘/*,lunde
2n—1I oM =T
T =7 —— et 5=V i - .
(p—2) T — T
Ergo
(?n—i)A( — 40 2By gt
P q+ | & ——_dp—0
q Vpp— 4
sive . : ‘
' (Zn — 1D A0Jq 2BOp:Vp- .
7+ % - r:{{—l: 0
q p — 4

‘quaec imtegrata praebet

»—-2A v'p
+2B/ oP: VP — ¢,

n-——z n—i-a

P — 4

AT
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et facto ‘P—E—j T—vwv, seu p T qﬁ-q’:_“i-l, fiet
A B
j_—— —_—— v (bv — T = C.
n—j n—1" .
q

Scholiomn.

616. Iaee fusins mon proseguor, quia ista exempla eum in

"finem potissimum - aftuli, ut methodus supra tradita aequationes

differentiales tractandi exerceretur; in his enim excmplis casus non

~ parum difficiles se obtulerunt, quos ita per partes resolvere licuit,

ut pro singulis multiplicatores idenel quaerereniur, ex iisque multi-
plicator communis definiretur; nunc igitur alia aeguationum genera,
quae per multiplicatores integrabiles reddi queant, investigemus.

Problema 67

54%. Ipsius z functiones. P, Q, R, S definire, ut haec ™

quatio Py - dx +yoy —— 0, per hunc multiplicatorem
Lyy Ry -}~ )" integrabilis reddatur, '

Solutio.

Necesse 'igitur est, -sit _
2. Py 4+ (yy-+Ry—- s>n>'___(a Y (yy Ry~ S)”’)
Jy _‘ ‘ ox . iy

ande colligitur pef (y_y‘—l-— Ry.—{»—»S)”‘__‘ dividendo

Pyy-+Ry-++n@y+Q@y++R == fyaaI;+ 35)

HET . :
| .(271—|H1)Pyy-ax+(n-+~i)PRy8x+PSBw
—~nyyoR +2nQydx  +nQRowx) =—O0.
—nyodB | '

ahdk

§ SlsE gl
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Hine ergo concluditur P 0x — %, ot
(n+1R R

Py —}—zgax—aS::o
;z_n[ -+ QRox — 0, porroque

~S3R __ -—(n)RAR , 35 .
Q% = i 3R = G T n O8O

253 R (n—+-1)ROR
as+(nn+:)ﬁ.m an—+1

o
guae per Ren—— multiplicata et integra‘ta, dat

R:ﬂ*{“l S — ._,l__ I R2n+ L, hjm;cquc ' o
—iRR 4 CRen 1, atque o ~

—an—3

N —RBR & TROeToaT ' m e WAR
Qa‘x’“—4(zn+1) 21!.—1—1‘R ' aR"" et Paa"’"au e s

unde aequationem obtinemas.

—21—3
(ny — IR — CRan+1 . )aR_;_cfm_;_i)yag——o
quae. integrabilis. 1eddltu1 per hunc mu[tlphcatorem ‘

(4 + Ry §RR 4 CREn ™

Corollarium 1.

518, Casu quo: 2 = — £, fit BR. =0 et R ::A , et reli-
quae aequationes sunt . ”
(-~ 1) APam+ 2nQdx — ndS—0 et
PS80z -3 nAQpz == 0.
Ergo. PO —AQAx__ 20Q8x—37s

= — e , ideoque:
(AA — 45 QQrx— — 2338, sen .
. zsas — AJS. |
Qldzx == — 75 o Poz — f Wyt .
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. S . (Ava5)28 S TS
sicque haec aequatio W—}—yay_. 0 integrabilis redditur .

per hunc multiplicatorem

I
Y(yy+ay+s)'

Corollarium 2.
549. S8 hic ponamms A= 2a et 5-—a, haec aequatio :
s laykE) Axdaydy(r—ae) o per ge est integrabilis, unde integra- ' IE

G—aa)V Gy+eay+ts — i
le inveniri potest hujus aequationis o

20% -t aydx 4+ 2xydy — 2aaygy =0,
quae divisa per (z — aa) }/ (yy 4~ 2 ay <4~ x) fit integrabilis,

Corollarium 3. ' «2
B
i

520. Ad integrale inveniendum , Sumatur primo x constans,
 avdy
Y (yy+z2ey+x)

2 ]/(yy+ 2ay-+x)+2 al[a—s—y-'—-j/(yy—l—Z'aya—m)]—&—X;

et partis integrale est

enjus. differentiale sumto y constante .
RS — LEEE 1/(yy+aay-—]—ac) +DX "w
V(D’J’—I—ﬂﬂj’—l—x) ﬂ—l—-y—-—y’(yy_]_.gﬂy_i_x) 3.

4 onis part (a )3 - repert i
sl alteri aequgtmms. Pattl Y Gy ey 8 aequetur, repert-
r 90X =225 et X = — al(ea — ). EL quo integrale

=y

completom erit i
!
f

{20y o R e

Corollarium 4.

521. Memoratn dignus est etiam casus. p—= ~ 1, qui scrip-
to @ loco C ~-1 praebet hanc aequationem. ‘
(y + aR) 0R - ydy == 0,
quae divisa per yy --Ry -~ aRR fit integrabilis, hacc: autemy’
acquatio est homiogenea..
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L)
b
[

Scholion

622, Potest etiam aequationis
Py -+ Q oz -+ yoy —
:mul.tlpl'icﬁtor statul (y —+ R)y™ (y + 9)*, fierique debet |
(B (PUH D y+R" (Y -+ 5‘)“) ( (Y + R)’” (J + | S)“) o
! 3 y 5

unde r epultm

Poxy+R( (J—!—S>+mav:(Py+O) (¢ +3)
+ndz(Py+Qy+R)=my -5 dR-+ny(y-+R)DS,

quae evolvitur in

(m-J—n—l-i)PyJax—!—(n+i)PRyaw+PRSBa,
—myydR -+ (ma-1)PSydr+mQ3dz
—nyyds +m+mQuozr+nQRoxy—28

—mS8ydR
—nRyd8
unde colligitur
mBR-—J—nBS wPRSBm——RS(mBR+1L'aS) ;
Pow—= m—]—n—{—— et Oax — mSH-nR T {m—A-n) (ms—-uR)?
hincque S ‘
(moR—-na8){ (n+ )I{—-}—(’m-1—r}51 (mw{—n)ES(mHR—I—nBS) o @R ] —_
m—a—-1 - {(m—ten—t1 ) mo—nR) —m8gR~n R a 5=0,

seu!
- i (T R o : - SdBR— dA-n)Y RS S____‘
m(n+ )RIR—mnRIS— m (1 “Jﬂmsﬂn}{m MRS ¢

e (n 4 1)808 —mn8oR’

guae reducx ur ad hane formam.

—s—(n.+ i)RRBR-{—(m—-n——i)R88R~—-7719 SaRg
- n—+1)5380 b+(11~—171~—~i)11535 — ?’LRRBS

guae cum .sit homogenes, dwxdatul per

(n+ DR+ (n— 21— i)RQSA«(?L—--—Z 713 v i)RS“ s (14 i) 5%,
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seu per ' - il
R — 9 [(n 2= O R ~- (m —+ 1)°5] 5
| ‘. ut fat integrabilis. At ipsa illa aequatio per R — 5 divisa, erit

(n—+— 1) ROR +—-mB8oR — (m 1) S80S == 0. yb
Dividatir per _ ' §
I
(Ro— 8 [(n 3 1) R4 (m =4 1) 5] i:'ii
el resolvatur in fraciiones partiales, erit ) ' ' iflj
R me—t 1 ' n——r
™ hg-a (—_ﬁa——s—s_ +—I—(n —_i|— ) 1{—1—(m—|—1)52‘_ i
mn n——1 Ll 1 _— B it
‘+'m.—+~n—|—n( S—HR_H%_ (n—l—:)R-—i—{?n-—j—x)_S) m— :?DH“W
sen ' Q‘
{111—|—?1—|—1)(81\—-BS)__|_(n-—]—-l)aIﬂL—}-—(m—l—r)BS_0_
R—8 ()R- (m—-1)5 — 77 i
unde integrando obtinemus, | , | %:
(R — &m+r+Hr[a 4 1) R 4= (n - 1) 8] =C. . ii !
8t R — 8 —u, ent ﬂ"

i ; f A C
DR =13 = e

I 1|
hineque ' . '{ !
(m—+ 1) u i
R = : , et g
Pl = 74 2 ym ;
o |
Mme-n—+2 | wmnert? "
tum vero ' - : : : !f;&!‘
Py (m—n) ou (m -+ 1) adu . , b ;j
r = — € !
man—42  umtnte 7 i
ou a (m—+1) u @ A Du L
Qor — — - . e Du . i
w \umTr T D mena 2/ \umtr o mgenee 2 it

Corollarium f.

523. _H.inc. ergo integrari potest ista aequatie
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. m—n (m4-n)a
ydy+yagu<m_l_n_%_2 — um—t-n-’,—?)

o ad (ma——n)a - (mea *I)(n—&-i)uu .
T (uﬁm“*‘”""’"”' Gn-tn+2) Wt neen--2)° )...0.,

quippe guae per se fit mtecrrabﬂls sl multlp]-me‘tur per
a (nw-—zi)u (n+-1)u \r
3 - —+ .
.J s Mo 2 y ""”*‘"’ Mt 2

001 ollarinvm 2.

524, 8it m——n, et acquatio mostra erit

2naydu  wadu

Y ay 20t u/m—l-ﬁ 4 udu =70,
a ., ) . .
cujus multiplicator est Wy 4+ — frasd Ml uul®. Quare s pona-
i . .
@

mus ¥y T % aequatio prodit

—_—— e,
uzn-—|—s1'

adz  8azlu
uzn—}—: '.;LG-{-z

Z20% — ——Induz==0y

quac integrabilis fit multiplicata per zz—iuw? Vel " ponatur
Pl by et @ —%b, erit aequatio

boy byou
Yoy — uau__uzn+1+_uzn+_2“m_ ¢,

et multiplicator (¥ gy — u u)™,
Corollariuvm 3.

- B9E. St mo=——mn, prodit haec aequatic.

nEOU

yay»-nyau—{—-“a“ - (nn — ) ugu -~ ——~ = 0,

23

quae integrabilis. redditur multiplicata: per
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Iy o OWI Y g — 3 e DT
Posito autem y -+ 2 ==z, prodit haec aequatio

z0z——-nzou-+i(nn-— i‘_)z.tar,(,-.—-'-’-%E --I—_Ez’au =
quam integrabilem reddit hic multiplicator

e 2@ 4 Dz —ir— DU

anw 0 ?

5 C_,oro.llariﬁm 4.

526, Ponamus hic z ——uv, et habebitur ista aequatie

wuvov - ugu{vyv — nv %%(nn — 1] == adv,

‘ o L v — i+ 1DV ‘ ‘
quae si multiplicetur per T D/’ utrumgue membrum

' i : s . ve—I{n 41
fiet integrabile. Posito enim - - (1)

- = 8, sen
v-—3@n— 1)
o o 4 o 2= 1)
v
24— §) *
oritur C
Sty du -l —(—1)s "ashas
— T HUST G ST ——3
(1 -—5 ] 2(1 -8 (4 =83
cujus imtegrale est '
ST un I S9s
- S Tma ] e
24— J o« -8}

Scholion

527, Quo mostram aequationem v .geners camcinniorerm  ted-
Aamus, ponamus Mm I - A e T e A e — My W
sit m 4 n - 2 0= - 277, felgue aequatio

ydy — g (§ ~— 2 O 4 1) awe?]

A2
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+uau(——ﬁ=—r — L awr* - aaut™) =20,
guae per hune muliplicatorem integrabilis redditur .
(y +(1‘Ha:'>‘+’ (F’-“" u)p.——?\——x (y+ au““‘" (J-L-l-m “)--p.-u)u-;, -

Ponarur y+au”‘+1:: uz, et orietur haee aequaho
— AA

uede— awrr 19z -dules — M- P‘“——m\——, =0,
eui respondet multiplicgtor o
—ahe— H_,E A1 (g e ATEy R A
ur ,l("' - )F" : ) "\
Repcnmr autem 1nteg1ale

afa (z-{—ﬁmx )”“‘)‘_‘(z-—-—l_:}'\ s

———— . ‘h-——p. M——?A. ,.____}__‘_“V' ""I*'_'?‘-
T e

quod ergo cotivenit ‘-huic aeq,uati;oni differentiali
T o

Preb lema 68.

528, Ips1us x functiones P, Q, R et X definire, nt haﬁg
aequatio By+yyax -1—X8x—* 0 mtegrablhs reddatr per hune

multiplica .
plicatorem P_y;—l—Qy—i—R

So lu't’i Q.

Debet ergo esse )

p) yy-+X ____:_a T
'Pa’y-ﬁ—Q.y—}rR—a:x Py QB

. a5
Imcque
2y @Pyy + QY +R>-— <yy+X> (2Py -+ Q¥
oy 3P — ¥y —aR
a% '

&

ergo fieri debst SRR -
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G- Quydax 4 2Ryd2 — OXJz) o
b yyoP — 2PXmidax—t+9R =%, '
+yoQ ‘
: ‘Quare habetur Q:-—-—-%—i:;;’;, et X___-—g? Sumip 'crgo
da« constanie est gQ —— —— %@; , unde fleri. oportet
IR)w _’_npsnax_aaa:: 0, seu
2
RQP - POR = 2723F,
. —_ opt
cujus mtegmuo praebet PR Jax,-i— C, hine R — 4?§m, +r .
- gm 7
0 — op et X — or .. 93P
- P PP+4PP8;\:2 2Pguxt”

Popamus P — 58, ut 5 sit functlo"'*quaECunque ipsius z, <btinebi-
musque
P——=8585, Qi‘:—-fgg—s, R:g%-r—g—;, et X‘::S%—-vs%%%,
quibus sumtis valoribus, per se integrabilis erit haec aeguatie
E)y—-imy_ya:a%:xaa: J—
Pry+Qy-FR —

Scholion.

529. Haee soluiio eommodius inmstitui poterit,. si multiplicatori
P
Y42 Q)"'f-'fl

——2"‘ P(yy~X) _‘_“: r
0y Y TyymaQy 4+ T T yyraQy R
unde oritur _ —_—
2PQyydz 4 2PRydz — 2PQX D)
— yydP  —2PXydx-— RGP !
R 2PyIQ

ubl ex singulis commode defditur

'-tri‘bumur haec forma

, ut fleri debeat

9P, scilicet

a3 ﬁ___}'gﬂr-—-—Kaz—l—aG an-——n Xaw-
P __.__..()a’l, Q ___‘-“'—-*E""‘—*-' -
o
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Hinc colliginir 2Q R - X) dz = DR, unde nunc ipsum el'emen--‘;f‘.‘
tum Ja definiamus,. am R AT (%I:}_ %) 4ue valore substltuto ~adipig- ‘fl“";‘
cimur~

0AR __ (Re=X)3R ..
Kol SEEET SRR k) T 0Q scu

2009R —=RpR— XOR +2QR30 - 2QX §Q
unde eolligimus ' ; S
2Qﬂaﬁ-—'——ﬂQI{BQ—-RaR, et B X == (GQ-—B@BR

X = 2Q3Q—oKR “QoQ—oJR ?
e " —_— ap 2 Q0 QG— R .
binc, Fx == : g ?QBQ a;; , atque S == ﬁ—Q—(c;— ; ideoque.

P—A]/(OO-—R)
Fiat QQ —R==S5, ac repeuetm .
LT = X_’*W‘Q - QQ—8, R=QQ~—F5,

- 4(3 S:: ~

atque P —__“A;/ 5, Quocirca habebimmus: hanc aequatlonem

y'yas _ Qo-+9Fs
ay—%—, +0Q — S—53% 0, o

quae mtcvé‘l‘r—lﬂbzhs redditur per hunc multiplicatorem )
VS ¥S

Yyt 207+ Q0—5 — -+ Q)7 —5" b
Ad ejus integrale mvemendum, sumantur € et 5 constanies, prodi- -

bltque
YV S y = Q—7TS
@+Q)2——s‘*21y+o+vs+v

existermte V certa functione ipsius S5 vel Q. Jam differ entletul‘ haec

forma sumta y constante, pr oditque. o :
98 _ . G

BQVS—'(%_ gyd8 4+ 4085Q -—QQ085—598

— 4.0V = — 2
@ +-Q° — & 0 LAY A+ — BV

¥deoque

S
]/ »

a'v__'yyas-i-—noyaS*I—*UQ'BS—SBS ___Q
. Q

AQ [+ Qo —5)V5
Ex quo aegnatienis nostrac integraie est

y4-Q—¥S '
Zy—%—Q—iws le/S—“c"’ -

R ‘
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“C orollayr igm - ,1: T

530, Singularis est casu$, “quo Re—=OQ, -fit’ enim’

E?_ Qa,n#Qpagugaxfa?%aaozaxaxm

unde has dunas. aeguationes 'cllemms ,
or>ax+xax—-ao—-—o et QOB‘U-—l ’KaxwaOm(‘g

quae cum inter se convemant erit

' Xa,.v::..aQ——QQ_Dx, et [P == 2/Qdx-

Corollarium 2.
v I Camen g RIS

§3¢. Sumto ergo Q- negativo, ut habeamus: hanc aequatio-
nem ‘ :
dy 4 yydr —IQ —QQRIx =0,
haee integrabilis vedditur per hunc multiplicatorem:
g2 JQ 0x )
@y — Q)

P ¢c—2/@0% LV —= Const.

wbi V est functio ipsius. x, ad quam. dcnmcndam, differentietur
sumta gz constante

— 99 ,s/QOx . 2007 ,_sfQdw Py - 222200000 ,uf@iz

. Et integrale erit

== ° y—Q" - —0)"
ande fit V=—/e—2/ Q¥ ita ut integrale fit
—2fQ 0%

fe'-“”@‘amax.-— — C.

y — Q

Corollarium 3«

£32. Proposita ergo aequatione

0y - yyox - RKodx —=0;

e
Tirla e s




s5d €APUT L

si cjus integrale particulare quoddam comstet y = Q, ut sit
2Q -+ QQdz 4 Xdz = o,

. ideoque o

dy +yydx—0Q—QQdz—0,

¢e—2/Q3% et integrale . comple-

mu‘ltip.l_icatof pro ea erit (_37:-—:0)’

Iftum. _ .
ClQ35 4ot = eIQ0= f¢=21Q3%
| Scholion. |
533. Aequat’io- autem in praecedente scholio invents -
dy 2228 90 — P2 =0,

non multum habet in recessu, posito enim y -0 ==z prodit .

. zaS 35(22—5) .
0z — +—os 0, \ |

in qua, ut bini priores termini in unum -conirahentur, ponatur
—— vy 8, reperieturque o

wwdS 35 . . 3w A5 ..
711]/5 -{—-~_ — 0= - 0, 8seU S +/ GV == 0,

" , . -' ‘ s ,__._L.d;“_ r 18 L
uac :Tz s1¢ separata mtcglale erit [ g ___i o7 e ubi est
¥—"v5 -

Acquauo autem in jpsa selutione inventa
coa aw 335 .
Q¥ 4~ yyox - g — gym — U

L e . .. ' 3 )
ubi § est functio guaecungue ipsius x, et 97§ . .‘c.}_ﬁ,
. X

ardua widetur, dum per se fit integrabilis, i dividatur per

nagis
Darep : = ow - fa
88yy — —57— g 55— (8%

At sumte 2 constante integrale 1=eperimr

- Arc. tang. —'-—.—-—:—‘——-'— 12 ¥ 2 Consts
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pune ergo ad functionem Vinveniendam, sumatur differentiale posita
y constante, guod est '

s99s st
QSJBS am —5s _

et aequari debet alteri parti ,
Sz 25 yydw G =52 + SSyyde

84 =3
Gy —ZF+&  8S(8y— L) +C.
Ergo ‘ |
— SSHJBW — 28408 _1__.._"‘ PELLE S
=T s pe

Quocirca integrale completum -est

T At SSyBx-—SBS dx .

7 Arc. tang. ——=5_—7g —r-—fss-___B

Quod si sumamus S == z, hujus a»t‘:quati.oni's:
Cox

oy—\—Jwa—l— ~a — 0y

mt&:grale completum est
GExy—x Lo
f—(—:Arc tang. — 5 -_E'“_"“D“"
Sip autem fit 5 —= &,
OE‘ 'a— nm”"—’ et a as P Ty 7,
T T = (- )& dxy
integrari poterit haee aequatio. - '
Cox' n(m— 1oz

Jy —+yyox 4= — — ——— 22 0,
ntegrale enim erit
1 m!ﬂ- ?j O nmﬁ‘n-"—'m ’ i
Véﬁrc. tang: 1/ c —(2 11;—:7-?1):5”'33 =

Supra autem invenimus hanc aeguationens
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saEaT Ol gy B IC 2T Qi T Dy e (LT

s . . . o =4 :
ad separationem reduci posse, quot;es fuerit m — =, :usﬂem
C EEE

ergo cambus fupctionem Sasmgnare Ilcebat ut fiat o — g5=Ca™
guod cum ad aequationes dlﬁ"elcntla‘es secund1 gradus pertineat ,

hic non attingemus. _
Problelm a 69.

534 2 Deﬁmr«e functwnﬁs P et Q ambarum variabilium
@ et y, ut _aequatio differentialis Poz - QQy — 0, divisa per
Px +4-Qy fiat pe1 5€ 1nteg1=ab1hs. '

Solutie.

e 4 PBxAQBY . T -
Cum formula 1)2—1——8—3/1 debeat esse integrabilis, statuamus

. — . +an Yl s 3 ’ . ey
Q == PR, ut habeamus "= ==, “Sitque JR=Mp=x ﬂ—N-a-y..‘-Quﬁ-_:
ve fierh oportet =ty .. Tt PO
LIPS S 1 SN S -
gy " x4Ry T 0z ac—l—ny’ . \
o CRICRST CMA—R — M, o< oa
aunde manciscimur R — LRt sen N— — 5 Tine - fit-

: Mx3d g 0 e ‘
aR:Max—--,—’;--y—'—"Wy z—f—};—ay, quae formula cum debeat

.esse  Integrabilis, necesse est sit My functlo 1psms i:» qum

FIx— 23y 5 5 - atque ex' hat integratione plOd!t R ®: 5o seu

ry
guod codnm 1cdxt, R erit functio nullius dimensionis i 1psa1um met 2

tOuamrea*eum %:.-..,R“'m-amfe-stum est Hhuic comditioni satisfieri, si

P et Q fuerint functiones homogeneae ejusdem dimensionum numt.u
ﬂpsatum x et y; hoc ergp modo eandem mtcgzatlonpm aequationum’
Jlgmqgenealum sumus - assecuti , -quam  in capi{c superieri docuimus.

Corwllarium 1.

R e REERIE o oA
§35. ~Cum ngtu-r Thna sit mtegmhﬂe, si fuerit R=Q: o

£ : -
saw 4 Ci' s erit f*imm. bdec for rmﬁ&
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F —i— u ;M e |

| -—-————CD T—” 111tegrab1hs, quae ita 1epraesenta11 potest o ;H
A SIORC o E”

ar__l_auq) ([ ' /‘.an S f, P Hil“h
, Y ¢y

ubl littera > denotat functionem quamcunque guantitatis- suffixae. S0

Corollarium . 2. e | i

?{ 53 6, Ponatur a—: — aix et —uﬁ - aYy, atque haec formula. . . 'i
3 |
i—' 8 oy ay Xay }
g 0¥ =[P 2o+ P ( /%
ﬂ' . dn ([3F __
i 1—f—q>-(ff“f§) X*f“X@' (/5 f“Y;
] : . . - ; . X .
erit per se imtegrabilis.  Quare posito R =—=% OF ([%f—-f%),
. . de+ROy . i ; e : .
o haec | formula X-—my Ut per se integrabilis, guaecunque functio
sit X ipsius @, et Y ipsius 7.
|
Corollarium 3. 3‘
537. Quare si quaerantur functiones P et Q, ut haec ae- “
: quatio POz 4 Q2y== 0 fiat integrabilis, si dividawur per PX+-QY,
existente X functione quacunque ipsius z, et Y ipsius y, decet esse :
— X L7 o 3y lF.
=70 ([ — 3 - , | ‘
Corollarium 4. i
538. Quare si signa @ et < functiones quascungue indi- i
¢ cent, fueritque B
: I P P 3y _V .y 3 vy ' 2
‘ P=xO:{(fx —/%) ¢t Q=g ¥: Ux —/F) | {f‘
; haec aequalio Po o —- Q 0y — 0 integrabilis reddetur, si divida- | i
tur per PX QY. j
2 Scholionmn, _ Lr
X 539. Hine ergo innumerabiles aequationes proferri possunt,
it quas integrare licebit, etiamsi alioquin difficillime pateat, gquomodo . ' !
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P "2 eae ad separationem variabilium reduci queant. Verum haec inve.
i : .. F stigatio proprie ad librum secundum Calculi Integralis est referen-
"+ da, cujus jam egregia specimina hic habentur; definivimus enim func.

| I | - M et N proposita scilicet .Mx-—{—Ny::. 0 seu @ (g—la—t) +y(§—§):0, '
hoc est ex certa differentialium conditione.
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