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INTEGRATIONE FORMULARUM: DIFFEREN-
TIALIUM IRRATIONALIUM.

Pr o]uie111a" G.

38. _

Ploposlta, formula différentiali ay"—‘;/(a'—i—-Paxx—-}—')’xxji‘ e_]us inte~- |

grale invenire.

| ~ Selutio. _
Quan’utas ¢ - B:r + "V xw, vel habet duos factores lc'ﬂes

vel secus.
1. Priori casu formula proposita - erit hujusmodi Qy ==
Jdx . ) '

e ® O za) Statuatur ‘Tad irrationalitatem tollendam

(a—+ba) (f 4 g@) = (@~ ba)" =2,
o f—azz .
—bnz—g?

‘BW_ 2(ag—bf) =3z oy ]/(cz—;'—baf-}"(f--l-ga:)':‘ ‘““”}w:“.

erit @ ideoque

(bzm— gt bmm—g
. _ —adm __ 23% ftex .
unde: fit dy — e T pobey HdUE I V o Quare

si litterae & et ¢ parbus signis sunt affectae, integrale per loga-

rithmos, sin autem signis disparibus, per angulos exprimetur.
d x .
o ees. - b bmx) "

IL Posteuou casu habebimus gy = 1/ (a ppa—;

Statuatul

bbxx — 2 abx cos. g—\— aa = (bx — aw) , erit
a (s —zm )

—2bxcos.l+azm — 2bzwz-+azz et = e e
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d t—amoes. € -
hinc B-’B———-a z:b(cos fo.g_._z)n Z%)J et
V (@a—2abzcos. - bhpra)="~ (':('“;i-cz‘;i';"z”): ergo
a.y:g.—(;‘f.—;?;)‘, et y == — 3 I(cos. § — 2).
At est ‘ '
:bx-—-—l/(mz-—zlazxcas.g"—[—blbxm), ideoque
y —tp g_zﬂcas-f—b_ﬁfl—:l/(da_-;-zaéagcos. g"—i-bbxx)"; vel

y=jll—acos.{+bz+y/(aa—3 abwcos{+bbwm)] - C.
Corollarinm - 1.
80. Casus ultimus latins pqtef_"', et ad formulam 9y =
A Baxm+ > x'x) »' accomodali -potest, dummodo, fuerit - 4/ quantitas

positiva: mamque ob b —— VY et acos. é’:;:;;%, oritur ,

y:ﬁz[%+ xl/‘-}/_g.y’(ar—}-ﬁxﬁ—-q/‘wx)]—h;g seu
y:}%ylp_§§3+fy‘x+]/'y (a&+6m+'yﬂ_0$)]+c-
LCorollarium 2.

90. Pro casu priori cum "sit

f 2dxs . 1 Yegt+zvVa

g—dzm T ng VE—=Vb et
' 28  ___ z'n/b
fg-—i—bz.a }/b - Are, tang. <7~

" habebimus hos . casus:

I — 3 Zw-’g(a+boe)+w/b(f+gx) + <
V(a—i—bx)(f—’r—gx) TT Y b Valatba)—VE f—g=x) :

I ) Vele—api(ire) | @

V(bx—ﬁ)(f +gx) TV b g Ye(be—a)—Vb(f+gx) :

j‘ LI ¥ g{bx— )4y’ b( ge—F) + c !
V(bx—ﬂ)(gm—f) T Y é g Vg(br—o)—Vb(gx—f)

-_ 7 ';/g(a—bx)—-}—}/?)(f-—-—gx)

=S V{aw«waf—gm) Vo8 Ve g +C
7
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Fa ' ViffLtesx) —_
[vem o = reehte-tang ype—em T ©

: 3 a VY5 (gx—1)
[7ara Ga=n — 755 A0 08 g (a—55) =+ C-

Corollarium 3.

¢4, Harum sex integrationum quatuor priores <ymnes in casw -

Coroll. 1. continentur, binac autem postremae in hac formula

o dx
ay""" ¥ (et x—"1y & x}

af::a, ag — bf:ﬁr bg:'y:r
-unde colligifur

continentur: sit enim pro penultima

aVylet-Bz—yxx),
B—ayx 4

si scilicet 1lIc arcus duphcetur Per cosinum autemr erit

Yy == 1/ Arc. tang,

{3-—2’]!'35
¥ = gy Are. cos. FgF gy o+ Cs

cujus veritas ex diffeventiatione patet.

Scholion 1.

2. Ex solutione hujus problematis patet etiany, hanc formu=

Xox . " - . .
lam lativs patentem T FBrFvER’ 51 X fuerit functio rationalis

quaecunque . ipsius @, per praecepta capitis: praecedentis integrari
posse. Introducta enim loco # variabili z, qua formula radicalis
rationalis redditur, etiam X abibit in functienem rationalemr ipsius

z. Idem adhuc generalius locum habet, siposito. }/(a-+Ba+yxx) =it
fuerit X functio quaecunque ratiomalis bimarum quantitatum et u,

tum enim per substitutionem adhibitam , quia tam pro x quam pro
% formulae rationales ipsius z scribuntur, prodibit formula difierentialis
rationalis. Hoe idem etiam ita enunciari potest, ut dicamus, formulae
‘Xax, si functic X pullam aliam irrationalem practer ]/ (a+LRx+ryzz)
“involvat, integrale assignari posse, propterea quod ‘ea, ope substi-
gutionis, in formulam ' differentialem rationalem transformari potest.
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Scholion 2.

3. Proposita autem formula differentiali quacunque irrationali,
ante omnia videndum est, num ea ope cujuspiam substitutionis in
rationalem transformari possit? gued si succedat, integratio per praes
cepta capitis praecedentis absolvi poterit: unde simul intelligitur, -inte-

L 'grale nisi sit algebraicum, alias quantitates transcendentes non invol-
la vere praeter logarlthmos et angulos. Quodsi autem nulla substitutio
ad hocidonea inveniri possit, ab infegrationis labore est desistendum,
*quandoquldem integrale neque algebraice neque perlogarithmos vel angu-~
los exprimere valemus. Veluti si X9 fuerit ejusmodi formula differentia-
lis, guae nullo pacto ad rationalitatem reduci queat, ejus integrale /° Xox
ad novum genus functionum transcendentium erit referendum, in quo
nibil aliud nobis relinquitur, nisi ut ejus valorem vero proxime assi-
gnare conemur. Admisso autem novo genere guantitatum transcenden-
tium, innumerabiles aliae formulae eo reduci atque integrari poterunt.
Imprimis - igitur in hoc erit elaborandum, ut pro quolibet genere for-
mula simplicissima- notetur, qua concessa reliquarum formularum inte-
gralia definive liceat. Hinc deducimur ad guaestionem maximi
momenti, quomodo integrationem formularum magis complicatarum
e ad simpliciores reduci oporteat. Quod antequam aggrediamur, alias

lis ~ejusmodi formulas perpendamus, quae ope idoneae substitutionis ab
axi irrationalitate liberari queant; quemadmodum _]am ostendimus, qua-
1is ties X fuerit functio rationalis quantitatum

us . wmetu=y @+pr4 yxx),

Sy ‘ita ut alia irrationalitas non ingrediatur praeter radicem quadratam
U, hujusmodi formulae o ~}- S =y xx, toties formulam d1ffcxent1a1em
ro Xdx in rationalem transforman posse.

iis i

lac " Problema 7.

s'fg 94 Proposita formula dJﬁ"erentlah Xox (a -} ba:)v , in qua.

X denotet functionem qguamcunque rationalem lpsms z, eam ab

I atlonahtate liberare. ,
Y
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Solutio,

. — i _
Statnaiur @4 bz.== 2’, ut fiat (@ - dx)¥ == 2" tum quis

=z —

b 7 ~ 5
nem 1auonalem ipsius 2, quae it Z; et ob Ja ___H; =gz, for-
mula nostm ulffelentlahs mduet hanc formam EZ‘,P"H'_’B’-', que

eum 8t . ratmnahs, per caput superlus mtegrarl potest, et integrale,
nisi- sit algebnluum, per logarithmos et angulos exprimetur.

C-oroll-a‘-r-lum‘-‘ i. -

5: Hac substitutione - generalius riegotium confici poterit, . si

. . . . B I_ )
posito (@~} bx)y — u, littera V denotet. functionem - quamcungue

rationalém binarim quantitatum x et u; cum emm posito x .

W —a .
b 2
5 > Vot au. erit- ratlonahsu :

ﬁat v fx111¢tio ‘vationalis - ipsius .w, formula V3@ =

Corollallum 3.

96. -Quin etlam si bmae lnauonahtates ‘ejusdem  quantitatis
' 1

& ~+ ba, scilicet (a: e b x)v” 7 et (a b T Uy ingredianmi‘

fgn'lr —
n formulam Xoz, posuo a—]——f)x—*'“" fit Iz, u—z" et

i ¥
—

;
z“""‘ az, hac substitutione formula X dx evadet rationalis.

mi?‘ £

Corollarium 3.

@7 Eodem modo mtelhgltur, st posito-

{a—\—bm)h“'—u, (a-—-}-bm)u_v, (a+bw)r =1 eic.

—— facta hac substitutione,, fanctio X abibit in funictio

unde cum:X. fiat: functio rationalis ipsius =z, et dw ==

L=
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fittera X denotet funeticiem quamcunque rationalem quantitatum x,
w, v, ¢ etc. formulam differentialem XJx rationdlem ieddi. facte

. ﬂ—l-"b”-—-— ZMY; erit enim |
. MY — g _ : :
T — *--—E-—-—-—; u = zhY, U:z}”; £ =— zM ete, et
. D = A l“’"‘az

23

Exempfum

98 Pmpomta hae formula Oy == — 292 . facte

V(=+x) V(x+x)
6 z8 a (4 —
, 1—z
By = — 693 (& 2" 425 4 =6 + SUEIPLY
e hincque integrando | |
y.__ch—'gzi-ﬁ—gz ........,.‘2.6 97"‘—"338‘—“——2-'29:
et restztuendo*

yﬂC~2V<1+x> —él/u+x>5— 1 —x-é<1+w>1/<1+-w)
it - @) V(d—;-x)«- §1+2)V (42

jta ut integrale adeo algebraice exhibeatur. -

1 - ::.";.;2‘6, reperitur gy — — £, seu

.

L8

P.roblema 3.

. ' 13
99. Proposita formuld differentiali X dx (;ig”)“ denotante
& X functionem rationalem quaincunque jpsius @, eam ab 11rat10na11~
— tate hbe"al e«
A Solutio.
| a = b a-;]-b:x: E
. y | A Vo
Posito [y , fit (f_}_g,c) 7-'”: et
ez atane Bx - v(bf——-ag)""“"av.
gz, —— b H q. °

b ‘ (gz‘—-— 28
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sicque loeo X prodibit funetio rationalis 1psms z, qua posita ==7Z,
erit foxmula nostra, differentialis

v (f—agp) L9z
o (9=’ — by S
quaes cum sit ratiomalis, per praecepta Cap. I. integrari poterit.

2

Corollarium (1.

I
)" —u, si X fuerit functio quaecungue

100. Posito (;ibj

rationalis binarumi quantitatum 2 et u, formula differentialis X 9a
per substitutionem usurpatam in rationalem transformabitur, cujus
propterea integratio constat. '

Corollarionm 2.

101. Si X fuerit functlo rationalis tam lpsms X, quam quan-
titatum quotcunque huJusmodx :

I
a Do )\.____ g -b _P: E_tij_
G (f—i-gz) =Y Gies) = "

fum formula differentialis Xax rationalis reddetur, adhibita substitu-
tione a+§f:z}‘f*", unde fit '

£oh :
a — [z y
oyt et == v M t— 2R,

x_'—" —_—
=~ A
gz

Scholion {.

102. His casibus reductio ad rationalitatem ideo suceedit, etiam-
si plures formulae irrationales insint, quod eac omnes simul per

eandem substitutionem rationales efficiantur, indeque etiam ipsa
~quantitas 2 per novam variabilem =z rationaliter exprimetur. Sin

autem differentiale propositum duas ejusmodi formulas irrationales

contineat, quae non ambae simul ope cjusdem substitutionis rationa-

-

- A sk pem

i

o0 op 0
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les reddi queant, etiamsi hoc in utraque seorsim fleri possit, reduc<
tio locum nom habet, misi forte ipsum differentialé in duas partes
dispescl liceat, gquarumr utraque unam tantum formulam irrationalem
complectatur. Velutl si proposﬂa sit haee formula. d1fi“crent1ahs
y”"‘}’(r-i-wx) — Vo —zx)
¢jus numeratorem ac denommatmcm per 14 ¢! +xm)+1/([ — 2T}
multlphcando, fit
gay (1= dav (1 —
ay.____ L (r+xx)+ (x xsc)

2XX 2.’)C.'X.‘

cujus utraque pars seorsim 1at10nahs redd1 et mtegra.rl potest.
Reperitur autem:

y:c ¥(i— xx)—'l/(r—’r—xx)+Il[x+]/(i+mx):[

— IArc. tang. s (1-—xx)

Commodissime autem 1b1 irrationalitas tolhhu st In parte priori
ponatur T/(i ~~ zz) — px, in posteriori ]/(i — aw) == gx. KEtsi
enim hinc ‘sit :

—_— r L
= er—y & m—w’(x+qql’
tamen oritur rationalifer -

—pPop ___aqdq
a(pr—s)  a(id-qq)

oy ——
Scholion 2.

103. Circa formulas generales, quae ab irrationalitate lberari
queant, Vix quicquamt amplius praecipere licet: dummodo bhunc casum
addamus, quo functio X binas hujusmedi formulas radicales Y (a+bx)
et ]/ ¢ + gz) complectitur., Posito enim (a-—I—bx)__( - —}—-ga:)tt
fit x— 57 'ft;, atque

W (g—2bf), Y{eg—5bf),
I/(G—l-—ﬁm)-——m V(f+9x)——w;
et in formula differentiali unica tantum formula - irrationalis érit
Y (gtt—~1b), - quae nova substitutione facile tolletur, per £a quae
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Problemate 6. tradidimus. . Ut igitur ad aliz pergamus, {mprimis
“considerari meretur haec formula diffexenualis :

P -
Camet 356 (@ = bx™y
cujus eb simplicitatem usus per universam analysin est amPthlleS'

ubi quidem sumimus litteras m, n, M, ¥ MUmMEros integros denotare,

 hisi enim tales essent, facile ad haﬂc formam reduccrentur. Vclutt
si habelemus x ~3 0z (@ = b ]/x)v statm ‘oportet & — u®, hinc

Dx —= 6 u® Ju: unde procht

6u®Pu (a -+ bug)v .

Tum vero pro n valorem pos1t1vum assumere hcet si enim esset

‘ ne_gatlvus puta.

xm_‘ ox (a ~—f—~ bx"‘“)}:
penatur & == ﬁetquc fmmula '
. !‘L "
—_—u T Qg (@ - Butyy
similis prineipali; quae ergo  quibus “cas'ibus ab irrationalitate lLiberari
queat, investigemus.

Problema 6.

404, Definire casns, quibus’ formulam differentialer
. _ : . . N

_ ™ Dz (@ 4 bayv

ad rationalitatem perducere liceat.

Solutio.

Primo patet,. si fueut y—— 1, seu %L»- numerus integer, formu-
iam. per se fore ratmnalem, ‘neque subsututlone opus esse. At si

g’- sit fractio, substitutione est utendum, eaque duplici.

un

H
tog

Y

1de
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[-r

I. Ponawwr ‘¢ -+ bzZ™ — ¥, ut fiat (@ o ba™y =— = u*, erit
. - X ] ?E
Woe—a w— ain |
N, g T hine 'cm =\—/ > ideoque
Iy p . :
m—=a
_ . n_ =
B Q== g U T g eyt
A nb . ey »
b
unde formula nostra fiet .
) ’ill_"—u
v : woe—a) n
R T -
U du{ = )

N ‘ » . o m—1 m . : <!
-Hine ergo patet, quoties’ exponens —-— seu-—~ fuerit numerus n-
teger - sive posﬁmus, sive negativus, hanc farmuldm esse_. rationalem.

IL. Ponatur @ b == 2" 2%, ut fiat

: B

_ @ Nl iy =k ,
2 T — X et (a - ba™v. —— — 5 tum

2V — : :

@ — D
m . L . m

an —yan 27 gz
= — hmc x"‘"am“"‘" : :
v it
(' —0p n (2’ — by f

Tdeooue formula nostra erit
i o
, : . .

i
-—yan + AJ}.L-{—V-——I a,.‘
n (2 -—b)n _i— —+1

Ex quo patet hanc formam fore mtwnalem quoties 1’E+ B fuerit
numeirus integer.  Facile autem intelligitur, '\has substltuuones bum

scopo idoneas excogitari non. posse

Quare concludimus formulam irrationalem hane

2™ g @ (@ - D™y
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. » . ' . . . m i 4
ab irrationalitate liberari posse, si fuerit vel -, vel ;:n-l—»fi numerus
integer. ‘
B Corollarium 4.

108, Bi sit —5 numers integer, casus per se estfacilis; pona-
tur enim m —— in, et sit @ = v, erit a™ = v’; ideoque. formula
: X B :
7 — L ' .
. nostra. — v ov (@&~} bv)’, quae per Problema 7. exp;;dmur.

Corollarium 2.

106. At s -:»? non est humerus integer, ut reductio ad ratio-

nalitatem locum habeat, necesse est ut ? —L-—i—" sit numerus integer :
quod fieri mequit, nisi sit y-—n, ideoque m ~= p multiplum ‘debet
esse . ipsius n — y. o

Corollarium 3.

107 Quod s ergo haec formula = -

2™ Jx (a -} bm“)?,

ad rationalitatem reduci queaf, etiam haec formula

-mm"‘“”_fam(a-}-«ba"“v “'{'*ﬁ

eandem reductionem admittet; quicunque numerl Jntegu pro o et B

assumantur. Uinde ad casus reducibiles cognoscendos sufficit ponere

mn et um < Y. ‘ .
| Corollarium 4.
108. 8i m — 0, haec formula —~ (& -~ bx™", semper per
casum primum ad rationalitatem reducitur, ponendo
G W —a ‘
At = ——s
transformatuyr emm in hanc
Cybut YT on

B — a)
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Scholiomn 1.

TR

109. Ouonlam formula ™%z (a——]—bx")v quoucs est m=in,
denotante i numerum integrum sive positivum sive negatwum quen-
cunque, SemMPper ad rationalitatem reducl potest,” hicque casus per se
sunt persplcm reliquos casus hanc feductionem admittentes accura-.
jus contemplau operae pletmm “videtur. Qucm in finem statuamus
y—n et m<n, item M < n, ac necesse est ut sit m—j-p =Nl
unde sequentes formae in genere suo sxmphcissnnae, quae quldem
ad rationalitatem reduci queant, obtinentur.

I. 0= (a+za:c2)
I dx (@ j- bx3)3 a:am(a—l—b:c*)'f
1L dz (a -t bm'*)‘*; ‘waxdw (@ - bm'ﬁ)i-
IV. Bw(a+bm5)% zox (a+5m5)5 z aw(a—|—bx5)5'
28 9z (a - bx®)’;

U'HH

5
V. dx (@ bmﬁ)ﬁ; at dx (@ bxﬁ)E;

mnde etiam hae reductionem admittent:

: 1
¥ dx (a -+ bmg)ziﬁ

g

xism 3)3 ——-B 1-—I -G

oz (a - ba: ox (a—l—bxs)

x4 Dz (@ - bm")";ip; 22 4% Qo (@ - ‘bwli)'éiﬁ;f '
. 4 B
x5 Jz (a—+ bx’;)fl’ﬁg 258 J (@ - bx%%—'—‘g;

o ‘
prbe 3 (@ =+ bm5)5_l—(3; s Lap (d- e bw5)§-tp.

+6a Jx (a»%bmﬁ)a_Hﬁ- m{“’"ﬁ*" 02 (@ bxs)é‘"ﬁ

L33
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Secholion 2

£40, Verum etiamsi fbmnu 2™ Ja (o - bx"’)v ab Irra=

tionalitate liberari .ncqueat, tamen semper omnimr harui formularum

amERL—1 3o (@ 4 bax”)"f :{:ﬁ; 'i&atégratifonem ‘ad eam reducere licet,
ita ut illius integrali, tanquam cognito" spectato, etiam: havum inte-
gralia assignari queant. Quae reductio. cum in Apalysi summam
afferat - utilitatem’, eam hic exponere necesse erit. Cacterum hie
affirmare .haud dubitamns, practer eos casus , guos reduetionem ad
rationalitatem admittere hic. ostendimus, nullos alios existere , qui

ulla substitutione adhibita ab. irrationalitate liberari queant. Propo- -

dx
V (@+bax®)

sita. enim. hac formula ,. nulla functio rationalis ipsius =

loco " 2~ poni’ potest, ut @bz’ extractionem radicis' quadratae’

admittat:- oBjiel quidem potest, scopo satisfieri posse, etiamsi loco
functio irrationalis ipsius =z substituatur, dummodo similis irrationali-
tas In: denominatore ]/ (a—}—&xs) contineatur, qua illa numerstorem

oz

ox afficiens dﬁsiruatu;-:;; quemadmodum. fit in, hac formula

~adhibendo snbstitutibn-em«

1/5&

@ 2. -

Y & —b

verunx quod. hic commode usu venit,. nulle modo perspicituy; quo-

modo idem. illo .casu evenire: possit,  Hoc- tamen minime pro- de-

. monstratione babeu volo. . |
Problema. ' 1.0s
41, Integrationem formulae

Jix
ST g (@ bamy

o s . . - L &
perducere ad' integrationem - hujus- formulae f£a™=r 3z ¢a — bayw.

V(@b

el

Cl

ur

foc




@APUT IL 64

Solutio:

. : . it :
' oyt . - 4 - " ‘ — s :'. an NA -
Consideretur functio 2™ (@ - Famy. s, Cujits dxi"f‘ere.nt_iale-
eum. sit. : |

' ' - -k
(maz™= dmtmba™ ¥ go . MOB g gmpn—r g #Y (- By, -
erit | |

. T ey . o
(a4 Ve T S mafa Qe (@ bty

i

+ (m v—l—n;:+n v).bfxm_}_;n_,_ax (@ == ba™):
undé elicitm '

| e . g 'b" n'&q"‘ #
“ [a:m'i"”"‘“am’(q—[—‘—bx”)v_:yx (@ + bx™y .

(my -+ npw+ny) b

mya .

— S o (a4 b ™y .
» (my+1'z§x+ny)b‘/ C & ' :

Corellariuwm: f1..

#142. Cum: inde quogque sit.

ko, - a
. C B (@~ bzMy B
S ETE Qe (@ 4= bty ——. : :
. - : ma
(my 4+ np=ny) b

i
~ X 2 [y g (ke b
. mya '

loco- m scribamus’ m. — 7, et habebimus hanc reduciionem::

7 LA 4
B g g by
v

(n —m a .

rr—

S ?Jmf"’i“? a':::r (@3- ba™)

(my <-nu) b

SET 9 (@ By v,

(n — n) va
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Corollar'.i“um 2,

R

11 3. Concesso _ergo- integrall /2™ Jz (a - ba&™y, etiam has

.3
rom formularum A T o0x (@ —~bx™y, similigue modo ulterius
progrediendo omnium harum- formularum

®
fmm+anm: aw(a+bx”)v

ntegralia exh1be11 possunt.

Problema 114,

114, Imtegrallonem fmmulae S .a:m_‘ Bm (@ —+ bx”) vt aa R~

[T
tegratmnem ‘hujus  fam ax (@ da™v perducere.

Solutio.

Functionis 2™ (a £ ba™)'y +1 differéntiale hoc modo exhiberi
potest : ;
f P
(ma — (mv_'"nf'_‘_m)a) 2™ Y (@ - b)Y
, | LI
e TEERRERY om—1 5 (o b )Y

unde concluditur

2 (@ b)Y - -(iﬂ‘—"l’lﬁf m“"lax (a+bx“) v
o R
m V"!"T‘-'-f-\'-"]"n"fx.m—r ax (OS e bmn) ¥ +15
quomrca habebmluS'

: k-
: B ™ PN vt 2 |
/‘x’““”’aa;(a-‘f-bx")T*i:_yx (@ —-~bx™)v i
. . my+n(p+y)

nL - V) a
my' 1 (e~ ¥)

S x5 (@ - bw”)v
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Corollari_um N

a- 115, Deinde ex eadem aequatione elicimus:
: By
il ‘ : e
s i .S —'Vw"‘(a-\hbsc?”)r_”
; [amt 0 (@ ba™yy == .
- n (- V) a

my —+ n (L -+ ¥)
n(a—+V)a

' L
Sx™ I Dz (@ bxn)7+i.

Yeribamus ja'm w —7y loco p, ut nasciscamur hanc reductionem

o,
K a0z (a+ bwn)%""'i —— yx™ (¢ - bz™)v
nia-
. omy +n . o
'“'i—‘.-—————-&fmm-"l am (Cﬂ+bxn)v,
npa |
eri\ .

Corollarium 2.

116. Concesso ergo integrali fz™ ™ dx (@ +-bx™)v, etiam

B . .
harum formularum /2™ dx (@ + bx™) v ii, et ulterius progredien-
: 243 . . N
do, harum /™Y dx (& + bx™ ¥ a—ﬁ integralia exhibers possunt,
denctante 3 numerum integrum gquemcungue.

Corollarium 3.
| 11%7. His cum praccedentibus conjunctis, ad integraﬁanem_

! ®
| Je™ 1 9 (@ + bax™y, omnia haee integralia

: % a3 (g by B

revocari possunt, quae ergo omnia ab eadem functione tramscen- -
dente pendent. . : ' '
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S clh,o’l'i.e n 4.

448, Ex formae &™ (@~} ba™yyv ~differentiall ia disposito

| P . e,
m or:m“‘" Jx w-{—- b :c"“) —-{—“”bw”“*‘”""" gxla—b fc",) v

dedueimus hane reductionem:: .
i [ . ' - ik

KR L Y lg--haMy
fxm--!wn»-: D (a—bx™y 1 — .V (' :{'— i
' . ' nub
Y ®
— -_—mem_l oz (a e r;x"\ ¥
1jLé

ac 131’1etere*1 hanc nwelsam, pro m &t scribendo s &t

N it

' : o N _ﬂ " ﬁ._g,_ 4
ST (d’+b x”)%—"— L ?m (af-b=" v,
- . - m — 1 E
n( V)b
— y(f:;i > f m_lam (a—-]—bmn)v ;-

Hine scilicet una operatione absolvitur r'eductio, cum superieres
- formulae duplicem reductionem | exigant; ex quo sex reductienes

sunius- nacti, omnino memolabiles, guas Iideirco conjunctim congpec- |

tui exponamus. ‘ _
y ™ (o~ bx”)7+ 1
[y —-n(u—nib
C M

/‘wm——-: ax (r_’l "'I— 5m71)-_,'

I /a2 9z (a - ba®)y =

mya

T imy =0 u b

2™ (a1 b’xs“) y _‘—1

i
I, fa™="=1 5» (g - bm")—v" —
| (m y -7 i) b

(m —71) Yt

-

On — n)a

S Y (@ b Y
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'_me(fl-—-!—bzn) v —‘ £
SRR

Ve Wﬁrm+wwm

. 8 ®
. III. f&’b‘mﬂ_z aut.e (CB -«+- bmn)v —}—1 ==

nL—twa
my —f-n (-

l . ‘ _f‘ﬁ__,___ _— Yi ()hn,“—‘
V. fam s (e bamyy i S @ 0T
nMa v,

- V_'—HMf ""‘“Iacc(a—]—-bm")u

n,u.d
' =
T Sk
V. [famtn gx (a —J,—'b'm“ji:_w b7 ‘@b 2
' ' npb
. "
— Y S Dz (@ ba™) 'y
n . b E ‘ | . -

_ .
-—-u At e T e, " -——+£
VI, fa™ == Jx (a bs}g"‘)'v -|_ £ .in (a LBy -

L — 71
S ongu vy b

y (m — n.

f m ax (a—l—bur,”)v

Scholion 2.

119, Circa has reductiones primo ohservandum est, formulam
‘PI]O.LETD. algebraice esse integrabilem, si coéfficiens posteucrls cVa~
nescat, Ita sit

M
v (- bm‘ﬂ)\?f""

"
ro I, st m=0... /2" gz (a~b-bat)y = —-

'WL . """?I’l- 1
pro II. Sl— e, /‘n'ﬁ'l e B,t(a“_} ™) n__._ am n{a+b@n) i +

(N e 1) G
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-

pro IV. si b=l ram— Ju (a-{—bx“)T m.i:wm @~ b”n) >

HZ a”

—_—_ vca+bxﬂ)
' n]u,b

e s g KA o s b ke

pro V. s 171x0...fx““'ax(a+bx“)“

Deinde etiam casus notari merentur , qulbus coéfficiens postremac
' formulae fit mﬁmtus, tum  enim reductm cessat, et p1101 formula
peculiare habet mteglale seorsim’ evolvendum

In prima ‘hoc evenit si ht_ '—nm, et formula

Fam 3z @t banw b,
o S - x . — i1
posito g +}- b2 — a™ 2", seu " — e ‘abit. in — i_...__@: :
: _— ? - —_— b’ 3

BT e zt — b

cujus integrale pel caput prxmum deﬁmn debet

In ‘secunda evenit si m == n, et formula f 9% (a-—}—bx’n) . -

z —a yzh Tty 19z
—, abit In -

'posite a - b — =, seu x" — n -
. B . ‘n & — a)

. oo M —m
In tertia evenit, si L—: ~— — 1, et formula

. - —m
SE" T 0w (@ -- b i,

o I a Zgmeny g
hosi(0 . @ 1 bt — ™ 2%, sen A" == s——-—, abit in [- —
P' ) + | ?. Zﬂ'_"""' b’, f Zn—b .
sen posito 2 ===, in

u‘m—-{»—_:n—f a e M um I D
4 —bur '—(Jn+n)b mbb bbfa but’
| T 2™ Y .
In quarta evemt si M:-O ¢t formule f ——— PET SE €8t

@b

¥ atxonahs.
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‘Tn quinta idem evenit, si = 0.
In sexta autem, si m=—=n, et fmmula (a e bw“)“ +
: '7“'"1—9-""'"1 az
posito @ —f=ba™ == 2, abit in —f >

-

Exem p‘ lum 1.
_J”m—x a x
12 0. Invenire mtegrale hujus formula:e f ]—/—-(-—i-—-——--—- : Pro nu-

meris positivis emponentz m datis.
" Hic ob a— 1, b—— 1, n=2, p=w 1, y=2,
prima reductio dat: .
a™t D -_-+xm1/'(i;—xx) - om L ™ Y

fV(i-—-a:,w) o m—-1 I‘."'L—l—if]/ (1 —xzx) -

hine - prout pro m sumantur | numeri vel 1mpares vel pares, obtine~

bimus, |
‘ " Pro -numeris imparibus:
2201 .
f]/(i-—a-.m:) e ]/(i — %) + 2f]/(1
AL .8
._ f]/(i-—:mc) x]/(i——a:x)+ f]/(i
| zbox ' Aax

: 1) (45—
beqm) ot/ w@+WLW1

Pro numeris partbus:

an

2 0x : :caw
Bt 'mV%b“mw%"fW
Sax“ ____.‘ £ ke / Sax
- f]/(i-——:cx) myciﬂmx)—iﬁfm) |
‘ 21Dz x5 0x
= 6 —
*rﬁ«inw@ 7TV%1 m@"+ fVu—am>

ete.

€%
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o2

Cuom nunc sit f T = Ar¢. sin. a, ot

2032 —_— —_ N
f‘b’(l-ﬂ-xh;j -‘/(1 ‘ :Z:‘SL)-,
habebimus sequenda integralia,

Pro ordine priove:

= = Are. sin. &

/-

xxox
f]_/_a_:m;?) — —txy —mmx) + A1c sint.. &
ztdx , 5
]7_(;:;_5__——_—_,__ (z %* - ) ]/ (4 - xx) -+ = Arc. sim
.6835‘ 1 3.5.
s s DI
. -‘{'—-I?zArc sin. 2
. )-:L - ) - 1.7 s oy 1Ay { !.35 |
[y = &l 2 Sy e
- :’%%% Arc: sin. z..
Pro ordine posteriore:
. wox |
iz =" @ =@
3;8‘3’)' - ~ A . ' -‘
[ o= — @Dy d —an
5 ax : 1.4, &
I =-—~(-éx"*~i.—a§; +i) Ve —en
xl Dz :
O e 6 ! r. 6 ., 24
fl/(i'—.’,l%b) - (? + l+527 2 5;?) ]/<j —IEX)s
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C.orbllariu'm 1.

21 ar

124, In ge g f]/(i_&) : _

.l ' 4 5 § ... ( ——— - -
yvitatis gratia ’—2[ i “,_’) —= J, habebimus hoc mwgmle_

-~ =72 J Arc. sin. @

f1/(1 — 2 %)

L G T R [ (T O%

' B.b.y 3.4.7...(ri—x)
Corollarium 2.
xﬂ-{—- ax

122, Simill modo pro formula [— Ji—

24 8.0 228 — K habebimus hoc. integrale:.

ritatis: ergo 5 5 TGiES —
a:gf‘*‘ a.xr
Y (L — zx)
I 3 1 5
~K (gt e

ut integrale e,mneamt posite. & == Q..

1) nz) §/(i ___mx>

4. l; b.....

Exemplum 2.
T A F
£23. Jnvenire integrale formulae f———0
: Vit —2x)
bus pro- m numreri negelivi: assumuntur,,
Hic utendum. est secunda zeductione quae dat:,

2" 3w a:?""’”"”';,/(' { ) 4 f 2T G

¥ —xz) mo— 2 H—2Y V(1L — fr;
e mater o e V(=) :
unde pater sl mr 1 . fore: f-—m — s+ Deinde.

&

si m— 2, formula /2% e eqsarn 8 facta substitutione Lz =2z,

— 3%
abit in T cujus imtegrale est

%'l"‘rz- ' z:v-l-?f (v —wax)y 7 —}-'p’(:-——xm)

et
L — 1=V (- ) x.

unde: duplicem seriem. integrationnm. elicimus.:

5> si ponanus bre-

—— . casibus qui~
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r Q. _ 3—}-1/(1-—%3:) 1--1/(1--—-xm)_'-'
¢ ar;j/(i-—-wx) ‘ x x ?
| ax Vl—zxz) . Dx
fa_;g.-]—/(i_xas T oz - Efw;/(l —T)
. om Vit —zz . o
-— 1.3 —
fxf‘]/(i—-—mm) Azt + 4]-;55]/(1*9393).
Jx. . Y (1—xx), p o
f 7]/(11-——-.%""‘) — 6 xb +‘5fa:5]/(1 —--n:'-;uvs
efe.
f o ___ Yd—wx)
o xqc]/(i———mx) — x ? _
. y/(i-——wx) ) o
’r 53/(1-—.7639) Y 3 fxx]/(i——a.:c)
o dm __fa—w)
fmﬁ]/(iw—vxx)——- b a® 5f "‘V:(i-—-xx)

{ine erit, nt in binis praccedentibus corrollaris’

{—y({{—xx 1 2 2,4
= 0% —1J. V¢ - | — g+ sy
; . 4 P
A @iy (L—2X) o zx 8z~ 3.5
. 2.4....(28— 2D
o e e s T | i"—- 3.':‘. -
+3.5.., .(25--.1-)9:21:\.]/( TL;
1 i 1.3
f 9 — =C—XK +-w—+-——d P
w2/ (1 — x%) z 2x° 2.4x°
1.3...(2¢
....... 1wz
+2.4 .2, x”‘l“] ]/( )

gcholien L.
§24. Hinc jam facile integralia formularum
R
=1 g (§ —— 2 22

[
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tam pro omnibus numeris m, quam pro imparibus w assignari po-

terunt. Reductiones awtem nostraec gencrales ad hune casum

. accommodatge sunt;

m_l_M""“_“

*
fa’.‘m"'” a‘x (1 — .’}_’,‘m)g- H

]
N
5

’ B
L faP T 0z (4 — zx)e —

e e

m
n —— M -2

. = & :&'m"'ﬂ (i “‘.71'23')2 +1
11. /‘xm--a ax (1 —_ 35".%‘)9. —

+

mu—-z

+m+ f“"‘fxm—-t ax(i—-—-xm)a .

m— 2
R
™ (1 ---.’L‘.Q:‘)Q__{— 1
2

pe |
;n_i—lJ-"%—_"_fx Bx(i-—-xqg)g

IIL fm”"*‘aaa (1 -——.’L‘:L‘):z + 1

B
: B —_ 2 (4 — zx)2
IV, f2®~ gz (1 — x2)a 1 — 2™ & x)

s
+?7 _}_M‘/‘wm*‘{ax(i“‘“‘xaﬂ)ﬂ .
e
1 ~— 2™ (4 —— )z

Lb ———
Ve j‘xm—l—: gz (d — xx)2 _— ‘ ~
. 28 |

m B
-~ ;tszm”l Dz (1 — zx)2 3

. ML~ — | a +i
VI.f&mhsax(i-—-xxy 4 __ 2T am)s

o 2

I PP,

m— 2
Posito enim M — ~— 1, quatuor posteriores dant:
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. &™)/ (1 ~—zx) i i P
S Qay (4 — zx) = _.__’/_’—_._
‘ w4 m—— 17 Y (4 — .:Lm)
m?ﬂa‘—"l ax mm m"—I a e s
e = T e (m —_ i)f
'!/(1--—:{:-39) ]/(1—--3:3:3 ]/(1 ——*La:‘)
. 2™ Dy xm™ / ™) | A
rpa— —— | ———
]/(i —zx)? ]/(1 — xax) ]/ (i'—-—- a?;v)’ t
il
, ‘ a2 1/ (4 x2) ™ Y g
fa:"""'“saan/(l—-a‘:x)__ L —-f : A
‘ nmo— 2 m-— VAS Er ). §
unde integrationes pyo casibus pr= i et p—=-—3 cliciuntuy, fi
indeque porre reliqui. : (1:'1
Scholion 2. D
Y
125, Pro alis formuls irrationalibus magis complicatis vix | | c
vegulas dare licet, guibus ad formeam simpliciorem reduci queant: | Ie
et ouoties cjusmodi formulae occurrant, reductio, siquam admittunt, . | 0
plerumque sponte se offert. Veluti si formula fuerit hujusmodi
f hQ_T—F_I’ sive m sit numerus integer sive fractus, -semper ad allam
. Sox . p "1. . . - reduci
hujus formae f—du—, quae utique simplicior aestimatur, reduci potest.
P
~ Cum enim sit
~R _ QIR—nRoQ . CPlx o, o
{f] On G)Tl*‘f‘l s posito | ——«—uon__I T/ g, erit
N R PB&—}—OBR-—-—;IR@O
Y+ =/ e

i
Iy

Jam definiatur R ita, ut Pox —,—'r—-QaR-——nR&O per Q flat divisi-
bile, vel quia QOR jam factorem habet @, ut fiatPoz ~- 71R8§,._- :
QTgx, prodibitque | d
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R OR 4~ Tox .
Yy —l— ()n "'_'".[ On 2 ‘S_eu

PB.:L‘__ | )R-—]—-Tax
a;{‘-_:’_"" 0-1 1 f ‘Qn

At semper functionem R ita definive licety wt Pa—nRJQ fac-
torem (2 -obtmeat, :quod -etsi in genere praestari mequit, tamen rem
in exemplis tentando, mox perspicietur megotium semper succedere,
Assumo autem hic P et Q esse funcfiones integras, ac ‘talis quoque
semper pro R ervi poterit. Si forte eveniat, ut R =+ T3z — 0,
formula proposita algebraicum habebit integrale , quod hoc modo
reperietur; <contza autem haee forma ulterivus veduci poterit in aliag; ubi
depominatoris -exponens confinuo unitate diminuatur; ac s n sit
numerus integer, megotium tandem reducitar ad hujusmodi formam
Xg—”, quae, sine dubio est simplicissima.  Quamebrem cum in hoe
capite vix quicquam amplius profersi possit, ad integrationem' formu-
larum irrationalium juvandam, methodum easdem mtegratlones per
series infinitas perfimendl exponamus. :

ADDITAMENTUM.

Problema;

Proposita._formula 9z y=[x+ vy U +zxx)dx, invenire
ejus mtegm[a.

Solutio,

Posito 2~ 1/(1 = 2v2) —u, fit z==""T2' o Dg =

85 (unt w7
nliunu -
_T{:T"]‘): unde formula nostra

0y ——iu™% Ju (uu - 1),

deoque ejus integrale

16
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it it

- +* Cdﬁst.

Y=~ 15“*‘2 7 — 1)

quod ergo semper est algebraicum nisi sit vel n=——i, vel nEZe——i.

Corollarium 1.

© Patet etiam hanc formam latius patentem

dy = [# 4+ / (4 )" Xow

hoc - modo integrari posse, dummodo X fuerit functio rationalis -

- . . + U — ’ . . '
ipsiug 2. Posito enim x ::—1,—-1;—’, pro X prodit functio rationa-

lis ipsius u, quae sit —— U, hineque fit

oy —iUw 2 ou(uu—-+ 1,
quae formula vel est rationalis, si n sit numerus integer, vel ad
vationalitatem facile reducitur, si 72 sit numerus fractus.

Corollariuvm 2.

Cum sit /(4 —-}-x:c)::“"'i-_—; posito 3/ (4 ~pza) v,

o
~etiam haec formula

dy=[z+y Utz Xo=
integrabitur , si X fuerit functio rationalis quaecunque quantitatuny

- U U — . . . .
x et v. Facto enim x —— nu—-—x, functio X abit in functionem

rationalem ipsius u, qua posita == U, habebitur ut ante dy =

310w du (uu 4 1.
| Exemplum,

Proposita sit formula

0y ==(az 4+ by (4 4 22)] [z 4~ V A -z 0.

BH =1 ﬁt

.Y

o u

Posito =z —

. ay:: (a(uupl)—l—b(uu—l-!)) % %.un—n du (uu_}_ f.:)::

2%

el

—————?

3
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ad

iz
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| CAPUT IL | s
Dy =105 Jula @l — 1) b @ - 2un - 1)

cujus integrale est:
___"i—i""é_ HNefomn 5 1 b....._L o
Y—ie+a" v +,_fm:_2) u"=2 ~{- Const,
quee est algebraica, misi sit vel == 2, vel nz= — 2, vel etiam

n.— 0.

s

St

L2




