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onfidero ‘hic -aequationes differentiales -primi gra«
dus, quae duas tantum variabiles involount , quas
propterea fub hac forma generali M dx -+ Ndy=o,
repraclentare licet , fi quidem M et N .denoteat fun-
&iones - quascungue binarum variabilium . et y. De-
. monfiratum autem eft , huinsmodi aequationemn femper
certam relationem inter variabiles x ety ‘exprimete ,
gua pro .quouis wvalore ¥nius certi valores pro -dltera
definiantur, Cum autem per integrationem ifta  relatio
finita inter ‘ambas varisbiles inueniri debeat, aequatio

integralis, i quidem ad omnem amplitndinem  exten-
datur , nonam quantitatem conflantem recipiet, quae,

duom penitus ab arbitrio nofiro  pendet , infinitas - quafi
aequationes integrales comple&itur , quae omnes aequa-
tioni differentiali aeque conueniant. o

2. Propofita’ igitur huiusmodi gequiatione differen-
tisli quacongue Mdx-~-Ndy—o, tota vis Analyfeos
in hoc confiftit, vt aeguatio finita intexr easdem varia-
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biles x et p- eliciatur, quae eandem inter illas relatio-
newy exprimat , atque ipf: differentialis , et quidemy la~
tifimo: fenfir, irn vt conftantem quompiany arbitrariam
quae in differentiali non ineft, contineat  Verum &
haec quaeftio: ita generaliffime proponatur, nulla plpe ad-
huc inuenta eft viax ad eius folotionem perweniendi; at-
que: ommes cafis, quos adhuc refoluere licuit , ad nu-
merum: perqram exiguum:- reduck poflunt, ity vt i
hac Analyfeos parte, perinde ac im reliquis, maxima ad~
hoc incrementa defiderentur;, neque: ob: hanc caufam: vi-
quam: plena omnium: hulus frientiae: arcanorum cogpitio
expedtari queat.

3. Quae quidem adhnc in hoc negotio fint prae-
flita ,, ea fere omnia ad hos cafus reférri poffint, qui-
bus aequatio differentialis M 4 2~ Ndp=—o,, vel {ponte
fepacationemy variabiliurm admittit, vel per idoneas fub-
flituriones ad: talem: formam reduci poteﬂ' Quodfi enimy -
lmroducendls loco x et p binis nouis variabilibus vet 2,
aequation differentialis propofita. in huiusmodi formam
Vdy—+Zdz—=o transmutari queat , i qua V fit fan-
&io: ipfivs w tantum,, et Z ipfius: 2 tantuny,, totun: ne-
gotinm erit confeGum ,, dum: acquanoa mtegrah& COm~
pleta: erit = ‘

NduA-[Zdz— Conff.
quae manifeltor illam conftantemy arbitrariam 5 pen' gcne-
ralem integrationems fmvectam: complectitor. Atque hue
_fere: redeunt: omnia artificia ,, quibus Analyftae: adhuc
i relplutione huiusmodii asquationums funt vii.

4. Nif&
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4. Nifi igitur sequatio propofita differentialis {ponte:
feparatronem varizbilium admittat , totum: negotinm in
hoc confumi eft {olitom, vt idoneac fubflitutiones, quae
ad feparationery viamy parent , imueffigantur , i quo
etiam: fepius ommam fagacitatery, quam: Geometrae ad
fcopom  obtinendomy  aghibuerunt , admirari  oportet.
Interitn tamen cumy nulla certr via pateat, huofusmodi
fubflitutiones nmreftigandi ; haec methodus minus. ad rei
matutam videtur accommodata , ex quo conffitod, alianm
methodum: merr novam quidery,, verum tamerr etiam~
nunc now fatis excultamy , accurativs perpendere, quae
vti fubfitotionibus o eget , ita etiamy naturae Aequa=
tionum magis confentanca videtur, dum: eius ratio im-.
doli differentialium. innititur ,, tum vero: etiam: priorens
methodune,, velut partery, in fe compleditur..

. 5. Aeqmtione differentiali ad hanc formame
Mdx 4 Ndy=— o perduéta , confideretur formuls
Mdx - Ndy fine refpe¢te abiter, quod ez ewanefeere
debeat , et examinetur, verumr ex fit differentiale cuins-
piam functionis ipfirum x et y, nec ne? Quemadimo=
dvm hoc examen fit inflitvenduny, janr pafim: abunde
et explicatum ;, vtramque fTilicet fanGionem M et N
differentiari oportet, et cum: earumr diferentialia huins~
modi rmam fing labitura = '

AM=pdx—gdy et AN=rdx-3-sdy
difpiciatur , vtrum: it g—s, mec ne ¥ Quodfi enine
fuerit ¢—r, hoc infallibile eff criterinny, formulam
Mdx—-Ndy efle integrabilemr: at i mom firerit G,
aeque certum eft, iffany formulimr ex nullivs finitae fine
Gionis ipfirmm & et # differentiatione ¢ffe ortamn. Ex
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quo tota quaeftio ad duos cafus reducitur , qUOFLD al-
ter locum habet , § fuetit g==r , alter VEI0, fi hae
quantitates ¢ et # non fuerint imter fe acquales.

6. Ad aequalitatem igitor , vel inaequalitater ,
quantiratum g et 7 agnofcendam , ne opus quidem eft,
~yt fin@iones M et N penitus = pet differentiationem
enolvagtur , fed fufficic in finétione M, que cum dx
eft coniunéta , quantjtatem X VL conflantera  {pectare ,
eamque -tantum  efus differentialis partem quaerere, quac
ex variabilitate ipfins y tantum nafcitur, fi quidem hoc
modo membrum gdy obtinetur, valorem autem ipfius g
fic erutum . hac fcriptione (%—'E) denotare foleo. Simili
modo altera finétio N, guae cum dy et coniun&ta, ita
differentietur , .Vt ¥ Pro. con{lante tradtetor ,” et eX va-

- giabilitate folins & impetretur differentialis pars 7dg,

. . . d : .
wbi valorem ipfius # parieer per (d—’fc ) exprimo. - Quodfi

exgo formula M X+ Ndy ita foerit comparata , ¥t fit

()= (5 ca eft integrabilis, eitsque integrale fe-

- guenti modo. inueniti poterit. Quo fdo , i hoc cri-
“gerium non locum habeat videamws .quomodo fit pro-
.cedendum. -

Problema 1. -
=, Si aequatio differentialis- Mdx 4~ Ndy—=o ita
Tuerit comparati, ve fit (%').z'(ﬁ—{i), inuenire eius ae-
‘quationem ‘integralem. - ' '
~_ Solutio.
- Si firerit (%—% Y= { Xy, tunc dator fun@io fini-
¢ binarum vatiabilium x et y , quae differentiata prac-
‘ bet
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bet Mdx-+Ndy. Sit V ifta fan&io, et cum fit
AV —Mdx-+ Ndy, erit Mgy - differentiale ipfins V,
§ tantum x variabile fumatur , et Ndy eius differentiale,
' fi tantum y variabile capiatur. Hinc ergo viciffim V
- reperictur , fi vel Mdx integretur, {pe@ata ¥ vt con.
flante , vel N4y integretur, fpectata x vt conflante ¢
ficque baec operatio reducitor ad integrationem for-
mulae differentialis vaicam variabilem innoluentis, quae
in hoc negotio, fiue algebraice fuccedat, fine quadraturas
cnruarum  requirat , concedi  poftulatur. Cum auftem
hac ratione quantitas 'V duplici modo inueniatur, et al-
tera integratio vice conftantis functionem quamcungue
ipfius y , altera vero ipius x affimat, ita vt fit
et V=/Mdz+Y, et V=/Ndy-+-X,
femper has funéiones Y ipfius g, et X ipfius x, ita de~—
finite licer , vt fiat fMdx—+-Y =fNdy--X, id quod
quouis cafun facile praeftatur. Quo  fifto .cum quantitas
V fit integrale formulze Mdx—-Ndy, enidens eft,
aequationis  propofitae Mxd-+Ndx=o integralem
aequationem fore y — Conft. eamque completam , pro-
pterea quod involnit conftantem quantitatem ab arbitrio
noftro pendentem. - 3 =
Coroll. 1.

8. In hoc problemate flatim continetur cafiis ae-
quationum feparatarum. Si enim fuerit M finétio ipfius
& tantum , et N fan&io ipfius y tantur , . erit vtique

aMy N y . . dM AN, L
(By=o e (Fz)=o0; ideoque (g5 )= (s ); qui
eft ergo cafis fimplicifimus , quera problema in e com=
pleétitur. ' > S
Coroll.
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Coroll, =

9. Quodi autem in aequatione differentiali Mdx
~-Ndy—o fuerit M fun&io folins x, et N folius y,
vtraque pars feorfim mtegrab.lhs exiftit, atque- aequatio
-integralis exit : '

[de-—}-—dey:Conﬁ
- Coroll,

10. Praeterea vero noftrum  problema refolutio-
pem infinitarum aliarum  aequationum  differentialinm
largitur ,, quarum omniom charadter communis in hoc
confiftit, vt fit ( = (3, earumque refolutio per in-
tegrationem f‘ormulamm , Vnicam variabilem continen-
tium , expediri poteft. |

Scholion =

11, Quoties ergo in aequationc differentiali
- Mdx-4-Ndy=o fuerit" {d 3) = = (3%, e¢ius  refolmio
nullam habet difficultatem, dommodo -integratio formu-
larnm  vnicam wariabilem inuoluentiumn - concedatur §
quam quidem iure poftulare licet. Interim tamen de-
terminatio fun&ionom. illarnm X et Y, quae loco con-
flantium' introduci debent, moleftiam quandam creare
videri poffet, quae autem fingulis cafibus mox eua-
nefcere .reperictur.h ‘Verum quo magis et haec operatio
contrahatur , ne duplici quidem. integratione eft opus,
Poftquam enim altera pars Mdx , fpe@ata y tanquam
conftanti, fuerit integrata, guod mtegrale fit =Q, fla-

“tuatar V—=Q--Y, pofito tantzspcr Y pro functiong.
inde~
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indefinita ipfins y, in quamn altera variabilis & prorfis
non ingrediatur. Tum differentictur denuo haec -quan-
titss Q=Y , tradtando x tanguam conflantem , et
quia differentinle prodiré debot —Ndy, ex hac . con-
ditione funQio Y ficillime definietur , quandoquidem
ex rei natura hinc {pontec eliminabitur quantitas &
Inuenta astem- ifta finéione Y, aequatio integralis erit
Q—+ Y =Conft. quam operationem fequentibns exem-
plis illnfirari conveniet,

Exemplum 1.
12. Integrare bane acquationem 4 ifferentiales :
2axydx—t-axxdy—ydy—gxyydy—o.
Comparata hac aequatione cum forma M dx -+ N dy=o,
erit ;
=2axy—y® et Nz=axx—3xyy.

Primumn igitur difpiciendum eft , vtrum  hic cafis in
problemate contineatur ? quem in ﬁnem _quaeramus
valores :

(dy)“'zaa-3_yy, Ct (dx)ZEL‘ZA? 3.}’y7

qui curn  fint aequales, operatio praeferipta néceffario

foccedet.  Reperietur autem , fumta y pro conﬁante :

JMdx—=axay—y x-|—Y
cunius formae fi differentiale fumatur poﬁta x conftante,
prodibit

axxdy—-g3yyxdy +—d¥ —=Ndy,

et pro N valorc flo axx -3 xyy reftituto, fiet dY = c,
ex quo maftitur Y=o, vel Y —conft. Quare aequa-
tio integralis quaefita habebuur

axxy—y'x==Confl,

Tom. VIII. Nou. Comm. "B Exem-
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‘Exemplum 2.
t3. Integrare hanc aequationem differentialen :

ydygwd 2 — :z_‘?daa — 05
' (5 —=ar |
Cornpfmta hac aequatione cum forma de+Nd y=0

erit :

:X.‘-n—z ’
M=F25% et N.._.(;:";c)?
Tam vt pateat, num haec acquatio im cafu problematis
contineatur , quaetantur valores differentiales: '

dM 2 — 2y
(G5) = ol @) = 525

qui cum fint aequales, negotium fuccedet.  Quare fe-
cundum regulam colligatur, fumto _yconﬁante integrale:

dx —ayd ' dx

fdewfx {y-x}g == "'“f:r—-»m f(; P
ac reperietur

Mdz=1y—x)~55+Y
coitis differentiale , fimto x conftante , producere debet
alteram acquatxoms propofitae partem N4y ; vnde
habebitur -

Ndy———@-- e it ” Lot-dY = 29T AV

Com igitur fit Ndy.ﬁ_u_d%”—ﬂ; et dY==o0, €t Y_of,;.

conftantern enim in ¥ negligere licet, quia am in
sequationerrs integralem introducitur, quippe quac ety

g~ )~ 525 = Contt.

Exemplum .y
x4. Inteyare banc aequationem differentialen :

yydex _ycly+ ydac-mo-dywmx—l*_’)'ﬁ')’

m+x&

g 3

COI:H-: :
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Comparata hac aequatione cum formd Mdx+Ndy=o,

habebimus : o (2x-2)
ocac—-i—-_‘)’y'*"ﬂ"‘”xz_""m €t N'—":z"_"acx —

M—
vide pro criterio explorando quacratyr :
aM V(mx—I—.’)’_’Jﬂ] A
( dj’)‘""'::c’ T I )‘+‘ acs-.!(:c;c-i—yw et
X 2 xm-.g_yy —_—
(dx)—-—m ~ T rxy(xx+92)

qui valores redué’h cum ﬁant aequales , fcilicet

ARy Y
( ay ) —_ ( dw - + ®E A (x & 4 )

refolutio erit in poteﬂate. Inueftigetur ergo , fumto y

conflante : B .
SMdg=Ix— 2% —-l—-yf 3V (xx-4-99)-

At per regulas integrandi , formilas vnicam variabilem

" inuoluentes , quia bhic y pro conftante habetur, re.

peritur :

fy”V(xx—l—jj)__"'Mﬂ”x"*'”)—l-" ZV(M-;-M)—.?

ita vt fit : ‘ : :

fMdJﬂ"—ix—;a wtxac+yy1+_;_z1f(§x‘4;w_)-;?+y

2 XX
At huius quantitatis differentiale, aflumto x pro conftan-
yady—dyvizzt-y9)

te , quia pracbere debet Ndy— — ery N
nancifcemur : o
dy _ dolaexd=yy) _ ovdy d,'v
Ney=%= sxa | sEavaEty) T2y V(xx-s—yy)"rdY
qua forma cum illa comparata fiet :
e __ Sy ¥oyy) yydy  , dy , +_ dy
dY =—-— 2% —+ -xm-\/(xac—]-yy}'—i'_ zy+zV{xx+y_g.-)

vbi termini, qui adhuc continent x, fponte fe deftruunt,
ita ve fit Y= et Y=3ly. Quo valore’ pro Y
inuento , obtmebnur aequatio integralis quaefita :
' 3y __y¥lxx—+y5)
In— =5 l(V(xx'i—J’J’)*J’JwCODﬁ
: B2 Sche-
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Scholion 2. -

r5. Ex his exemplis fatis perfpicitur , quemad-
modum_ perpetuo operatio praefcripta fit inflituenda, ita
vt hinc oulla amplivs difficultas moleftiam faceflat, nifi
quae ex integratione formularum, vnicam variabilem in-
voluentitm, quandoque relinquitur, dum integratio neque
algebraice abfolui, neque ad circuli hyperbolaene quadra-
turam reduci patitur.  Verum tum f{uperiores quadratu-

“ras fimili -modo tra@ari oportet, et fi quae difficulea-

tes relinquantor , eae non huoic methodo funt adfcriben-
dae. Quam ob rem hic affumere licet, quoties ae-
quatio differentialis Mdx -~ Ndy=—o ita fuerit - com.-
parata , vt jn ea fit (%’-i-) = g—mﬂ )y, toties integratio»
nem efle in nofira poteftate’;  vnde ad eas aequationes
Pergo ,- in quibus hoc. criterium non habet locum.

| Theorema, | |

16, Si in gequatione differentiali Mdx - Ndy=o0

. d d KT

non fuerit ( d—;-‘) = (5, femper dator multiplicator,
per guem formula M4x~~Ndy multiplicata fiat in-
tegrabilis. ‘

Demonftratio.
Cum non fit (% ) = (48, etiam formula

Mdx-4-Ndy non .erit integrabilis, feu nulla exiftit:
fin&io ipfarum % et y,. cuius -differentiale it Mdx
—+Ndy.. Verum -hic non tam formulae Mdx+Ndy,
quam aequationis Mdx —-Ndy = o, quacritur integrale ;
et cum eadem aequatio fubfiftac, fi per functionem

- ' quam-
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qumeunque L ipfarom x et y multiplicetor, ita vt
fit LMdx—-L Ndy=o, demonfirandum eft , femper
cinsmodi dari fin@&ionem L, vt formula LMdx+LNdy
fiat integrabilis, ~ Quo enim hoc eueniat, necefle eft,

vt fit:

d. dLM
()= (%%

vel fi ponatur /L =Pdx-+Qdy, cum fit (-,‘f—;‘-‘j:Q,

et (%£)y=P, functio L ira debet efle comparata, vt

fit : | _ | o
L(3¥)4+-MQ=L(z5 )4-NP.

Euidens autem eft , hanc conditionem f{ufficete ad defi-

niendam fon&ionem L, per quam fi formula Mdx+Ndy -
maltiplicetur , fiat “integrabilis.

Coroll. 1.

14, Invento -ergo tali multiplicatore L, qui red.
dat formulam Mdwx—4-Ndy integrabilem, aequatic
Mdx4-Ndy—o, in formam LMdx—+LNdy—o
translata, integrari poterit methodo in problemate prace

cedente expofita, | '
Coroll. 2.

18, Quaeratur fcilicet, fpectata y tanquam con-
ftante, integrale fL Mdx, ad quod adiiciatur talis fin-
Gio Y ipfius y, vt fi aggregatum fLMdx—-Y denuo -
differentietur , fpectata iam x vt conflante , prodeat
LNdy. Quo facto erit aequatio integralis fLMdx
- »4=Y == Contft. ' ‘

B 3. | 'Corqll;
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! : Coroll. 3.

Lo 1 9. -Multiplicator igitar L ita debet faﬁ'e.- con~_1~'-
: , patatus , vt pofito dL—=Pdx—-Qdy fatisfiat  huic
! aequationi : ] . | '
L(5) -+ MQ=L(z)+ NP

vel huic : o o :

‘ - P

o MERRE (T _-(EGE)_ . )

vinde manifeftum eft, 6 effet ( ;f,—):(ﬁ) ,~pro L
fumi pofle wnitatem, vel quantitatem conftantem quars-
cunque , dum fit P==0, et Q—o.

Scholion.

: 20. Si ergo hinc in genere muldplicator L inS
h : weniti poflet , haberetor voiverfalis refolutio omninm
aequationnm differentialinm primi gradus ; id quod ne
fperare quidemn licet. Contentos ergo nos efle oportet,
fi pro variis cafibus , pluribusque aequationum -differen-
' * tialivm generibus , huiusmodi factores inveftigare valea-
7 . © mus. Sunt antem duo aequationum genera, pro qui-
; .. ' bus tales factores commode erni poffint, gqiornm al-
! ' terum eas comprehendit aequationes, in quibus altera
variabilis nusquam vltra vnam dimenfionem exfingit ;.
alterum vero -genus eft aequationum homogenearum.
Praeter haec vero duo gemera plures alii exiftunt cafis,
] quibus inuentio talis factoris abfolui poteft, quos dili-
1 gentius cxaminaffe, vlu non carebit , com haec fola
: via patere videatur ad eam Analyfeos partem, quae
~ adhuc defideratur , excolendam ac perficiendam, Quam
‘ _ ob
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ob rem hic conflitui , plura zequationum genera -colli=
gere, quae per hujusmodi multiplicatorem ad mtegm-

bilitatem perduc1 poflunt.

Problema =2

2x. Cognito vno multiplicatore L, qui formu-
fam Mdx—-Ndy integrabilem reddit, inuenire infinitds
alios multiplicatores , qui idem officium praeftenc.

Solutio.

Cum formula L(Mdx~-Ndy) per bypothefin fie
integrabilis, fit cius integrale —z, ita vt fit 2 =L
(Mdx~~Ndy), exiftente 2 quapiam funéticne ipfa=
rum x et . Denotet iam Z functionem quamcungue
ipfius z, et quia formula Zdz eft etiam integrabilis ,
ob Zdz_.LZ(Mdm-}-Ndy), manifefum eft formu-
lam propofitam Mdx-~Ndy quoque fieri integrabi.
lem , i per LZ mukiplicetir.  Dato érgo vno mul-
tlphcatore L, qui formulam Mdx-Ndy mtcgrabl-
lem reddat, ex eo innumerabiles alii factores LZ in-
veniri poffunt, qui idemn fint prae[’c'tun , fumendo’ proe
Z fun&ionem quamcungue integralis fL(Mdx+ Ndy)s

Coroll. |
22. Propofita igitur formula differentiali “quacun-
que Mdx—+Ndy, non folum vous, fed etdm ~infi-
niti dantur muoltiplicatores , qoi eam mteg;abxlem red.
dant.  Quorum autem voom inuenifle {ifficit , . cuix
reliqui omnes per hunc determinentur. T
| : Corolk
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Coroll. 2. ‘
25. Si ergo habeatur aequatio diﬁren‘tial_is Mdx
+Ndy—o, ea infinitis modis ad integrabilitatem

perduci poteft. Sive autem capiatur multiplicator. L,
‘five alins quicunque LZ, aequatio integralis inunenta €o-
dem redit; fiquidem ille fackor L praebet z—= Conft.

hic vero jZdz==Conft. id quod conuenit cum fZ4z
et fit findtio ipfius 2. '

Exemplum 1.
a4. Inuenire omnes multiplicatores , qui reddant
bane formulam oydx -4 Bxdy integrabilen.
Vs multiplicator hoc praeftans in  promeu . eft T,
aydd-Bxdy

L adz 7

— e Ej‘!,' vnde integrando prodit 2—alx--@ly

.=Ix*sf.  Denotet iam Z fin&ionem quamcungue .

ipfius 2=1/x%P", hoc eft ipfius 2%, atque omres

multiplicatores quaefiti in hac forma generali 37 funét.

a%P continebuntur.

Simpliciores ergo multiplicatores reperientur , fi
loco fanctionis poteftas quaecunque ipfius x%y® capiatur;
ficque formula aydx—-PBxdy integrabilis redditur per

" bunc multiplicatorem latius patentem gon—ryPr—: G

magis compofiti defiderentur, plures huiusmodi vtcunque
jnter fe combinari poterunt, vt habeatur A 4% % == 181 — =
=B m—igPm—1 g, o

-

Exem-

S e

L

iz {3 e, i

=
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Exemplum - 2.

5. Inuenire omnes multiplicatores , gqui veddass
bane formulam differentialem ax® 'y dx— Bxty'dy
ingegrabilem. : | - :

. | r
Hic iternm flatim & offert vous multiplicator L:W_,
'qui praebet dz:“;;'?i“—;—ﬁj-”. , vade fit x—alx~Bly
=7x%® Pofito igitur Z pro functione quacunque ipfius %°,
omnes multiplicatores continebuntar in  hac expieflione

Z I . P
i — — - finé&. x%y8. Si loco ittins fon&ios
genﬁl‘ah 2y iy fiin X%y i loco iftivs finctio-

nis fimatur poteffas quaecunque x **»8% innumeri hinc
obtinebuntur multiplicatores, ¥nico termino conftantes x**
J**"; fomendo pro » numeros quoscungue.

Scholion,
' 26. Fieri igitur poteft, vt duae plaresve huiug<
miodi formule differentiales wy®—yYdum—- Baty*=rdy

- communem recipiaat multiplicatorems ;- quod i eveniat

acquatio  differentialis , ex huivsmodi formulis, tanquam
membris, compofita, integrabilis reddi -poterit, dum muol
tiplicator ifte communis adhibetur. . Quem cafum - iam
olim traGatum euoluamus.

Problema 3,
27. Propofita fit ifta aequatio differentialis .
ocydx-—}-ﬁx@+yw““’y”dx+é‘x“y*“’dy:@

cuius integralem inueniri oporteat. IR
Tom. VIII, Nou. Cornm, - C: Solutio,
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Solutio."

* Ad multiplicatorem idoneum inueniendum , quo haec:
aequatio reddatur mtegrablhs confideretur vtrumque merm-
brum feorfim. Ac prius quidemn membrum ¢y dx+Brdy
vidimus integrabile . reddi- hoc. mu]tlphcatorc F Rt
yPBr=r o poflerius - vero membrum  nxE Y4 &
-}—B‘x“y”"'dy hoc x¥™—#y¥"=v.  Quix nunc pro’
n et m numeros quoscunque accipere licet , hi duo fa-
’é’cores ad - aequahtatem reduci. poterunt ;. vnde fit

an—x._.fym M et ﬁn—L_Sm—V’

S vty |
1deoque p =R SR Bincque cbtmetur

uv-—Bp, nc+_{3 7v-6‘u-—?—+—3‘
m-= - s — B? . et ﬂ._..r 0'.5'-—-6__}‘: -

Hm valoribus pro = et m inuentis ,. ifte multiplicator
communis dabit hanc aequatiohern integralem ¥
Rt s S me_y§”:C0nﬁm

Coroll. 1.

28. Haec ergor aequatio mtegrahsn ﬁamper e&*-
algebraica,, fiquidem pro m et ¢ valores veri: reperiantur..
Ii igitur tantum cafs fisgulari reduétione indigeot , qui-
bus numeri # et # vel in infinitum. abeunt , vel eua-
nefcunt. o ' |
290. Infiniti autem euadunt ambo nomeri 7 et n,
U foerit db‘_.ﬁyl. Verum hoé caln ip@ aequatio
) dlﬂ;erennahs in duos ﬁ&orcs rcfolmtur, hancque formam

acquirit

(ay dx—+Bxdy)(x ~l—-m x!*""_y""")_o
ideoque
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ideoque erit vel aydx—prdy=o, vel 1—-zak™"
Y'~'=o, quarum refolitionum ueutra difficultate la-
borat.
Coroll. " 3.
g0. At fi fiat n—=o ,feu y(v—1)==d(pm-1),
confideretur numerus 7, vt valde paruus, etcum fit per
feriern conuergentem _

a7 1-banli-+ion’ () 4-etc ety

erit ' :
2328 =t g - Bly = Ix%gR .

piima parté %in conftantem inuolata. Hoc ergo cafii

erit aequatio integralis z '

JayP - 2 5™ 87 —=Conft,

":;_fﬁnﬁrq«gp’a’(m’—;—ctc.

Coroll 4 _
31. Statuatur €rgo pro hoc cafi p =% et
¥=8k—-x, vt habeatur ifta dequatio differentialis :
aydxtBrdy oy sVt i p g Savhbr gy — g
€t cum fit _m:'%]%:_—%%—k =k, erit aequatio intégralis.
Ja%yP 4 avyP k- Conth

Coroll. 3.

g2+ Simili modo fi fuerit 'm:;'.o . ‘féu_ alv—1)

= B(m—1) ob AV ™= 1Y%, fi pomatur wrak+ g

¢_=,'t p:ﬁk-—rjr, vnde fit #z= 1‘%{-‘_—%’-‘ =~k 3 €rit " ho-
jus' aequationis L

0y dn4 Prdy+ oy attybrrigp g § ekt B gy — o

, Csa2 - | intee
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mtegraus

Scholion.

33. Neque vero huiusmodi refolutio in membra;
quae per eundemy mualtiplicatoremy reddantur integrabiliz,
ad omnis generis aequationes- patet. Huenire enimn vti-
que poteft , vt tota aequatio per quampiam quantita-
temy mul:jplicata integrabilis enadat , cum tamen nulla
eius. pars inde feorfim integrabilis exiftit, ex guo huic

tractationi ,- quma hic fum wlus , non mimis  tribui

oportet. -
| Problema 4.

34. Si propofita fit aequatio differentialis
Pdr4- Qrdx—-Rdy=o

wi P, Q et R denotant fan@iones quascunque fpfius ;.
_ita vt akera variabilis y plus vnr dimeénfione non lha.

beat , inuenire multiplicatorear , qui eam.  reddac -inte~
grabilem..

SoJutio.
Comparata Inc aequatione cum forma Mdi-Nay—o
erit M __.P~+—Qy ee N=R, vnde fiet

)_—Qet( )--'dm. '
Statmtur iam: L. pro -multiplicatore quacfito , fitque

= pdx g q dyy ataue huie aequarion fatisfieri oportaa;a- '

Bp—Mg___ -~ dR — RPr (P Q9]
I-I- e N dx“HmL

Clarm,




‘ARQVATIONV'M DIFFERENTIALIVM. =x

Cum iam fit Q_—‘al-f} funétio ipfiss » tantum , pro L
quoque fin@io ipfius & tantum accipi petexit, ita vt fit
g=o, et dL—=pdx; vnde erit:

: _ RAL

Q-8B =" fen Qdx~dR="1"
ideoque 42 =2 _ ¥ Quarc integrando habebitut
JL= /% _IR, et fumto ¢ pro numero , cuius logs-
rithmus hyperbolicus eft vnitas , prodit

. Qdx ‘

L=—3¢ * o
Tnnento autem hoc multiplicatore erit asequatio inte-
gralis ¢ : :

feiz . [ods
rd . -
Pefe” R opye” R o= Confl.

Coroll. r.

35. Si sequatio habeat formam propofitim ; ea”
antequare: hoc mmodo tradtetur , diuidi poterit per R,
vt hanc formam indmat Pdr—-Qrda—-dy—o
fen flatim affumere licet R = 1, quo fao muliplicator
erit £/04% et aequatio integralis f&/ ¥ *Pdu-e/24%y_Conff,

Coroll. 2.

36. Si ponatur hoc: integrale [/ Py ofRdm—g
ita vt =z fit fanGtio quaepiam ambaram. variabiliom , tum
vero Z denotet fun@ionem quamicungue ipfius 2 omnes
multiplicatores , qui formulam: P da -4 Q ydx —-dy
reddunt integrabdem , in hac forma genemli fU*Z
continentug, '

C3 ‘  Proble=
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Problema s5.

87 Si propofita fit aequatio differentialis ;
P‘y"a’x—l-an’w-z—Rd]::o
vbi P, Q et R- denotent finctiones, quascunque JPﬁUS.&}
muenlrc multiplicatorem , qui eam . reddat’ mtegrab11em.

Solutio. - '
Erit ergo M=Py"+4-Qy et N=R, hmcque
(F)=nBr4-Q, et (F) =7

Quare pofito  multiplicatore quacfito L et dL=pds
-—}—qd_y, erit' ex ante inuentis :

Rp— Py" J
f Qq“—ﬂPf"‘ +Q— T

Fingatar L =5 n exiftente S fun@ione ipfius & tan-
g s ip ;

mdS - . _ |
tum , erit p-"'y d.x"'r.’ et ,g::’_ms_  J™E, Lquib,us valori-

* biss fubftitatis , prodibit
RdS

5 — mPy = mQ =Py “‘-l—Q——R" -
‘Quaé aequatio. vt fubfifters poffit, fami debet m—=—n,.

ac fiet =
RdS dR Y PP s -—n}Qdm dR
B = (1-m) QR S = T
Vode com integrando proueniat S =} e(“‘“)m‘dx erit, ob -

m—-n, multi'plicaaor quaefits : -
___._—__ [x -"Ude ‘
L K R
et aequatio integralis erit

‘yl—u de :
x__lg( =/ TR +j?dx e(l—ﬂ).[%___ C .

Coroll 1.
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Coroll. 1v |

98. Si n—=oy habermus cafum’ ante’ tradtatum’
aequationis Pdx - Q ydat Rdy=o, quae per multi-
3z > g .
plicatorem fe” integrabilis: redditur 5 et culns: A~
ginatio' integralis- eft-
Qdx L jeds
- Jﬂ R ___l_jl’_l%ﬁd e

Coroll. 2.
© go. At fit A==, vt acquatio’ differentialis fit's
" Pydi—+Qydxr--Rdy=0 - :
sanltiplicator; ob ¥ —7==0), et 3 > QO aequatio® rev
ducitur’ ad hanc formamy PEEERLE O

Y

R — Conft.

R = o', "cuius’
juregralis: manifefto’ eft JEFTIEE o Jy— Confl.

Schelion.
46. Caeterunt hoc problema: ext antecedente® fa- |
gile' deducitur.  Dividatug enini acquatio:differentialis: pros-
pofita: per 5% et habebitur = o
Pdr-i- Q" dx=Ryp=rdy=0
Ponatur y*~"= g, erit’ (¥—n)y~"dp==d2y ficque’ ag<
quatip’ tranfit in® hanc »
Pdr—+ Qzdi—4—sRdz=0

3 seall
quae’ cuni' aequatione’ problematis praecedentis’ conuenit.-
Cum' igitor hae® duae’ aequationes: referéndae’ fint” ad ca~
fum , quo’ alterat variabili$s nusquam wltra! vnam? dimien~ .
fionem' alcendit ;. hunc' metbodo’ hac: per’ muliplicato~
. ' ress
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res expedinimus, Pergo itaque ad alterum genus seqoa-
tionnm differentialinm hemogenearum , quas etiam hac
methodo tradtati poffe conflae.  Ad hoc autem lem-
ma , quo natura fun@jonum homogenearum continetur,
praemitti necefle eff, fi quidem operationemn ex primis
principiis petere velimus.

Lemma.
41. Si V fherit fin&io homogenca, in qua bi-

nae variabiles x et y vbigue # dimenfiones conflituant,,

eins differentiale dV=Pdx - Qdy ita erit compara-
ttm, vt fit Px--Qy—=nV.

Demonilratio.

Pomatur y—xz, et funcio V induet huinsmodi
formam x"Z, exiftente Z quapiam fonctione ipfius 2
tantum.  Hinc ergo erit AV —aa" Zdx -} x"dZ.

 Ad has duas variabiles x et z -etiam differentiale pro-
pofitum 4V =Pdx—+4-Qdy reducatur, et com fit

dy=gdr—-xdz, erit

AV=P—+4-Q2)dx+Qxdz
necefle igitur eft, vt fit #a™ Z=P--Qz, et per &
vtrinque  multiplicando : #x*Zz=pVe=ra-t- Qi 2
=Px—+-Qy: ita vt fit R—-Q y—aV.

Coroll. 1.

42. Quia ergo hibemus duas aequationes : .

EV=Pdx-+Qdy, et sV=Px+Qy
hinc




o
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‘hinc ‘ambae funétiones P et Q deﬁmn poterunt ; - 6«
perietur enim : .

r

—_—nvd ana:—-aacdv
P _‘.Tydrdvl?: ﬂxdy‘.'!’ et Q!__ ydx-’-”_—asd_? R
'Coroll o,

43. Quoties ergo V eft fun&io homngenea g/

dlmenﬁonum, toties ob P=( dm) et Q._.(dy) erit

24V —nVdy nVdx— =dv
(dx —*_;rdx-:cd_'y et( ) _'ydac—acd_'y

vbi notandum eft, in his ‘fractionibus differentialia f
mutno tollere , . fou virpmque numeratorem- fore Pcr
,ydx—xd_y dzmﬁbﬂem. : :

. Problema 6

44. Propofita aequitione ~ differentiali M 4

e

~4-Ndy—=o,in qua-M et N fint finctiones .homoge-

neae ipfacum x €t y eiusdem. ambae -dimenfionum = -
joeri , - inuenire multiplicatorem , quj €am aequanoncm
reddat integrabilem.

Sit » numerus dimenfionum , vtrique functioni

M et N conueniens, eritque per'§' praec.

) aMdx-~ de £ ( YA N—uNdy
-'_'ydx--xd;y :im)——_'yd.w—a.dy

iﬂeoquc
( ( AMdxge Nd) - 2 d M e v AN
a r.iac - . Ndme—xdy .
Iam f: u:de co]llgere licet, dari multiplicatorem, -qui ct:am
fit functio homogenea ipfarum & et y. Sitergo L talis
Nou. Comm. Tom, VIiL D . fan&io
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finctio, homngenea w: dlmen{" ouum. - Quate: fizin §:. 191

ponatur 4L = Pdx—-Qdy,, erit (42.)

i___ydL..-dey -deac—acd‘[,
b= ydx =Xy EtQ-' yd‘x—uxdy

hincque,, cum effe vporteat: per. § g
— dmy - id :
LENMO (M) ()
obtmebrtur vrrmque per y du~=¥dy mulhphcandm
i LNdye—mI Mdx d :
¢ Nl ““‘f“_., n(Mix-l—Nq’y), ngJde

1l,fnde eltcxtur PR

L3 ;Lx - (mepen) (M ac-l—Nﬂy)-xd Mepdly =~ "
== T M N\_'y !
quae: formulm manhifefio; it integrabilis. pofito-ms: e ¥,

quo. fico: erit- AL = —H{Ma—+ Ny); QJam ‘ob, tein
multiplicator, quaeﬁ;us, habiebiton L =g o550

o Caroll.

5 Pi'opo{‘ fta: dgitur aequatlone dx%xennah h@n

mogenf:a MAw -+ Ndp= 0, 'ea ficillitie: ad: integrabilita-.

1\1‘ dm -l N ~N d'ys &
w Ny

integrabilis., cuins integrale,, per:. methodum fupra, tradi-

tamy muentum ,, dabit; aequam)ncm mtegralem quacfitang..

Cor oll. 2.

46, Eo: caﬁ1 -tantun: mcomm@dum -gritur:, vBE
fit-M x4 Ny=3s,, veluth ewenit: in, atquatmne, jdx’
«-—-xrzy__,\o, ~quae; dinidi: deberet: per- Xp—xp=0X Y.
Sed; quia; | Tanins, diviforis. multjplume quoedtunque; aeque:

frisfit , divifor asgp Degotinm: conﬁcwr N quemad«

"

modnm Een fe: eﬁ Ee;fg:cuuma
" Sj‘:holibn‘a\
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- Scholion:

7. Notiffima ft ‘methodis, ‘qifa fagaciffimus
Iob. Bernoullius ‘olim ‘omtes acquationes -differcntiales
homogeness ad feparabilitatem - waFiabilivm perducere
docuit. Propofita {cilicet ~huinsmodi aequatione’ ‘M A%
-Ndy==o, in qua M et N fint fin&iohes homo-
geneae # dimenfionuin , ‘ponere dubet y=—ux, que
£fico functiones M.et N  hujusmodi’ foras induent
vt fit M—=x"U, et N—a"V, “exiftentibus U et V
fianGionibus ipfins % tantom.  Aequatio -ergo. propofita
per a* divifa abibit in hanc: Udx--Vdy=o: - Cuom
antem fit dy =udx=t-xdu, habebimus Udx-Vu dx
-V xdu==o, quae per w(U~-Va) dinifa - fit fepaia.
bilis, feu hatc forma C . S

w2 (’it} f:?;;m 2 integrabilis.

At & (U—Vi)dx A-Vardum = (Mdri-N4y).

et 2"(U+-V4)=M-+Nu Integrabilis ergo werit’ hiec
formiuta ¢ L o I
e = e ob ux=y.

Expoflitis igitur his duobus aequationum generibus y
quae per idoneos mnultiplicatores integrabiles reddi pos-
funt , videamus,ad quaenam alia genera eadem metho-
dus extendi poffit : ‘ac primo guidem oblerno, omnes
acquationes  differentiales , quae aliis methodis integrari
poffunt , etiam hac methodo per idoneum multiplicato-
rem tradtari poffe, id quod in fequente problemats
clarins  explicabitur, S L

D=2 ?roblc-a
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Problema 7.

. 48. Pmpoﬁta aequatione differentiali Ma’x—}—Nd‘y._@
fi muenu fuerit ejus integralis acquatio compieta .. affi-
gnare, omnes multiplicationes , qui aequatorem. diffe-
xentizlem zeddant mrcgrabﬂcm., e -

‘Solutio..

. Cmn aequatld ntegralis comipleta fooluat quant’xﬂ
titern  conflantem arbitrariam C, quae “in aequatione

differentiali non ineft , vtcunque ea fit implicqta,;

quacratur eivs Valor per refolationem aequationss, qui
it C=V, eritque V funétio iplarum x et .y, : quae
infisper conﬂranres aequationts * differentialis. in: fe. com-
pleGtetur. ~ Tum ifta acgpatio €=V :differentjetuir. ;
ficque prodibit o—d'V., Ac iam neceffe eft, vt 4V
diviforem habeat lpﬁm formulam differentialem propo[’ -
tam.’ " Sit “itaque dV=L(Mdx—+4 Ndy), - eritqe L

-multiplicator idoneus . qui aequitionem differentialens

propofitan - reddit integrabilem. Ieinide cum, dénotants |
Z fon&ionem quameunque ipfins V', fit etiam  formufa
ZaV==LZ(Mdr—4-Ndy) mtegrablhs exprefio LZ
omnes multiplicatores inclodet, quibus aequatio differen
tialis px:opoﬁta Md.ﬂ,»—’c-NdJ—-G ﬁt mtegmbﬂlﬁ, |

CorelL ne

49 Qﬂotlcs ergo - gequationis - differentialis M cf =

- Ndy=:o iitegraie completumn affignari poteft, toties
pon -folam vnus - fed plne: omines multiplicatores deﬁ—
pire licet, qmbus € acquatxo integrabilis reddatur.-
L C@mlh
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‘Coroll. 2.

50, Cuom ergo aliis methodis  plariun  zequatio-
oum  differentialium  integralia completa fint inventa,
hinc methodus hadenus tradita , quac ‘ad duo tantom
gequationum genera adhuc eft applicata y non mediocri=
ter amplificari poterit.

Scholion,

¢r. Interim tamen, nifi ad fpecialiffima eéxempla
defcendere velimul, déquitiones differentiales , quarum
integralia completa affigrare licet , ad exiglivin -nome=
fum redtcuntur,  Ac primo quidem occusrunt aequatios
fies differentiales primi grddus in hac. forma -contentae

dx(a—Bx—y " --dyd A-ex4-LN=0
quae quia facile ad homogeneas renocantur etiam hac
fnethodo per muitiplicatores tradari poterant. ~ Deinde
menuratu digna eft haec forma dy + Pydx—-Qyydx

— Rdx, cuins § confter vius valor fingularis {atisfa-

ciens, €x ¢o integrale completum elici poeft, ex
quo his cafibus muluplicatores idon€os afligriare  licebits
T.rtic etiam perpendi merentur eafus huius aequationis
dy —yydv = as™dx 5 ab inventore Riccatiana dictae ,

‘quibus ez ad fcparavilcatem reduei poteft.  Denigue

exi{tuit  eafus huius  aequationis ydy -Fydx=Qdx%,
qui cum fint integrabiles, ad multiplicatorum inueftigatio-

pem funt srcommodati.  Hinc noua parefiet via ex

data muoltipfica orum  firma eas aequationcs inueniendi 4
que per eor fiont intexrabiles, vode fortaffe haud fper-
nenda analyfeos incrementa baurire licebit.

D3 | | Proble-
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Problema 8.

52, Propoﬁta aequat:ome dlﬁ'cremlah ;prnm gra-
us
(“-F-Bx-i—w)dx—k-(@—i—ex—i- G)ay=o
inuenire multiplicatores, <ui eam reddant integrabilem.

Solutio. |
Reducatur haec aequatlo a1 “homogencitatem po-
fiendo : :
rx=t—4f ety'—u+g, vt prodeat
@+ ﬁf—l— L e OLL +(5+Ef——!—2fg+ﬁf
~+{u)du—o
quae po('to a+’[3f+~yg__o ot - 8+ef—{——€’g:@
vnde quantitates £ et g detcrmmantur, viique fit ho-
mogenea, fcilicet
(pt+=yu)di+(et+2a)iu:o
ideoque per multlphcatorem ey ToN G ey 7o mtcgm,
bilis redditur., Hinc inuentis - litteris - f et g -aequatio
propofita integrabilis evadet , fi dividatur per
B(x~f) +{'y+s)(x-f)(y—g)+é(y-g) »
feu per
rx —(y-te)x y+ZM {2 f+vg+eg)w
(288 -y fb-ef )y B ff (v te)fg+Lgg
Com antem fit f==%—2%, ¢ ¢ = = ,
prod1b1t dinifor quaefitas =
B — (e -t Ly 4 =B

-—zaris"_—e—ﬁw Bﬁs-a-ave—:—aee

a?ﬁ‘—aaf-}-aa‘e—-ﬁﬁ‘i’

Ye— (¢ X
—2ﬁ5§+me§—w§+'}'5‘s+wé‘
v =g Y.

In-
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Inuento. autem wno dinifiore, few multlphcatore ex. eo
repecientur, ficile: omnes. poffibiles..

Coroll. r
§5. Forma ergo diuifors, pet  quent aequatio’
differentialis.
(a4 Br—yy JdxA-(Stex -4y )y =0
redditur integrabilis,. eft:
Bax—-(y—s)pw-4-gpy--Ax4-By+C
vbi: conftantes. A, B, C fupra: funt: definitae:

Coroll.

s4. Curg, d1uxfor inuentus; etlam fatisficiat-, f '

per ye—fB4 multiplicetur,, patet, cafir, quo- B4 = v &
diniforem fore:

(aee—fde+Byd—aBat+-(yyd—ayd

+acf -Gy tay d-aal tade-35

qui pof' o J=mnf; y=nf;e=mg; {—ng;, abit in

i ag- 5f)(mg-f"f)x+ﬂ(ag-—é‘f (mg—nf)y

(ag Bj)(é‘m—-an)

Coro IT 7
55+ Quare: fi aequatio propofita fierit huinsmodi®:
(et-flmzyny)fde- (S +g(matay))dy=o .
en reddetur integrabilis-, {i. dividatur per'
(mg— nf)'(mx+ np) -8 m —
five: per mx—{-—n;zq—m’; —k At ﬁ f‘uent mg—nf=e,,
aequatio: propofita. iam. ipfa el integrabiliss.

Prob»-
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Problema 9.

56. Propofita hac aequatione differentiali s
dy-4-Pyda— Qyydx—+Rdx=0

wbi. P, Q et R fint . functiones ipfins x tantum, fi -

“conftst, huic aequationi fatisfacere y —w , exiftente . v
fop&ione ipfius x , inuenire multiplicatores , qui iftam
acquationem reddant intcgrabilem.

Solutio.
Cum aequationi fatisfaciat valor y =w , erit”

dv—Podx—~+ Quvdx+Rdx=—o0;
i ergo ponatur y—wo--%, habebitur

i
fine : |

- dg—(P-}2Qu)zdx—~Qdx=0 ,

quae integrabilis redditur per multiplicatorem

—J (P2 QuYde i 7 _
Hic ergo multiplicator per. zz multiplicatus conueniet
_ aequationi. propofise.  Cum ergo it 2= y—, mult-

T
plicator aequationem  propofitam integrabilem  reddens

et :
=7 e (PeQ0)da
Sit. breaitatis gratia g—/(P+:0"d= =5 Quia sequationis
dz—(P 4 2Qo)zdx—Qd¥==0 integrale -eff
Sz—fQsdx= Conft. B
omnes multiplicatares quachiti cortinebuntur in hac forma:

L

vhi
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vbi per hypothefin eft fin@io cognita ipfius ¥, ideo-
que etiam S.:e-f(P+-.-o.-::)dac

Coroll. 1.

s+. Multiplicator ergo, qui primum fe obétuht, oft
I—y-_—,s_ 53 , tum vero etiam multiplicator erit g5 i (y-) Ja sd=
qui etfi continet formulam .integralem fQS4x, {acpe nt-
mero illo Gmplicior euadere poteft.

Coroll, 2.

58. Si enim S eft quantitas exponentialis 5
feri poteft, vt fQSdx huismodi formam ST induag,
exiftente T fun@ione algebraica , quo caft multiplicator
erit

r — 7
YD {y =) 2T~ (y—vf 1 = Ty +-T2)
ideoque algebraicus, quod dn priori forma feri nequit.

Coroll. 3.

9. Com his duobus cafibus multiplicator fit fia-

&io , in cojus folum denominatorem variabilis ¥ ingre-

ditur , ibique vltra quadratum non afcendat , innumes-
rabiles alii huivsmodi multiplicatores exhiberi poffunt ;

. . ' . 5 .

Sit enim fQSdx==V, et ﬁaﬁlonlssmdcnognanatc;n
. ' - g . z

rem mult.xphcam hce_‘mt per A—ITB(F:,-V)—]—C == V),

ficque erit generalior multiplicatoris forma: o

_S ‘
?(_y—ww-«}-iﬁsu-—er--BV(y-—-'v)’-q—CSS~:CSV(y~v]+CVV@fv;’
e :

5

{ A—=EBV4-CVV)y*l s AD—~B5~2 BYVU4-2CSV 42

Nou. Comm. Tom. VI, E Coroll., 4.

CYVD 1 yamt 00— B SU~BYVDH- 85 =208 Vo-CY 305 ,
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Coroll. 4.

dy—-Pyvdoi-Qyydu-Rdaw
60. Quodfi ergo haec formula T oy iy N

fuerit integrabilis , denominator ita deber effe compara-
tus, vt fit
SL=A—-BV~4CVV,SM=8(B~2CV}
——2ru(A BV-CVV])
¢ SN=CSS5-So(B-2CV)+ovv(A-BV4HCVV)
exiftente dv+Podx+Quoudr+Rdx -0, zg/PiaQvids
et V—=/QSdx.

Problema 1o0.
61. Propofita aeguatione differentiali praecedente z
dy~+Pydx—-Q yydx+4-Rdx=o
invenire funétiones L, M et N ipfins x, vt ea per
formulam L gy —- M y+ N dinifa fiat 111tcgrab1hs

Solutio.
Cum igitur integrabilis effe debeat haee formula s

8y 4-dx{Py4-0 994 R)
Eyy =My N

per proprietatem genexalem eflé opportet, pof’cqnam per‘
(L gy~ My N) mukiplicanerimus :

_'yydl _ydmM AN _ "“QMJ’J’ 2RLy-+NP
dx Rz T d4r— “"PL?}»—]-“QIX}-RM
Vnde pro determinatione funé’cxonnm L, M et N hag
confequimur aequationes :
1. dL=PLdx—QMdnr
Il dM=2RLdx—2QNdx
UL N =R Mdx—PNdw,

€x
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ex quarum prima deducimus :

M= PL ar

— o g RL 4K
et ex fecunda: N—= g — ;Td=»
qui valores pro M et N in tertia {ubftituti , dant :
PdM Rd L

dN= 20 Q¢ ) ‘ .

Cum aotem fit, fumto differentiali 4x conftante,

__PdL A4-LdP PLdQ. ddr dQdL
dﬁl—-—- 8 - Qo Qdm+Q'de, Erlt

RL PcIL Ldp PLAQ. ddlL dddl
N'—'Q, :004dx z0Qdx *‘zQ?dx"i"z GO dxt " 203 4 &Y
PPAL. PLdP PPLdQ, PddL PdQ_dL RdL

et dN"‘ 2QQ.+ 00 208 —200dx T 2Q%dx"

quod ergo illins differentiali debet aequari, vnde fit s

0=QQd'L~3Q4QddL-PPQQALIx -2 QQdede
+34Q dL+ 2PQAQdL dx~QdL4dQ+4Q°RdLAA

—PQQLAPIX+PPQLAQAY —QQLdxddP
"'l“'PQLdJu ddQ

- 3 QLAPAQdx — 3 PLAQ dx -+ 2Q°L4Rdx"
—2Q'RLAQdx

Haec autem aeqmtlo ﬁ pet éf multiplicetur , integrari

poterit , eritque cins integralis

COI]ﬁ :L_é_‘l_(_;i:g__l.dl.dQ. drz Ir"l’LLd:?c2 LLdejc

Qf"—i_ 2QQR 2 Q0 Qe -

PLLAQdx 2RLILdgs

quae in hanc formam abit :

2 BQ 42" =2 QLAdL -2 LIdL4Q-QdL" PPQLLJx
-2QLLAPdx+2PLLAQ7x +4QQRLL 42"

Qundfi ponatur L == 2 2, aequatio induet han¢ formam:

:EQ—K_‘!_’EE___ +Qddz—-4.de3 Z(PPQd.’X‘ »i-?.Qde.’X-‘

"—2PdQdx—4QQR dx")
E 2 Coroll. z.
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Coroll. 1.

62. Quoties ergo per problema praecedens, valor
ipfius L affignari poteft, toties aequatio differentialis
tertii ordinis hic insenta, et ea fecundi ordinis, ad
quam illam reduxi, generaliter refolui poterit: qme
refolutio , ‘cum. alias foret: difficillima, probe eft notanda.

Coroll, o,

63. Scilicet fi o fuerit eftsmodi fncio ipfios &,
quie loco y pofita, fatisfaciat aequationi dy - Pydx
~+Qrydx+Rdy—o, capiatur S — g—J(P+:Qv)da
fatnatorque V=/Q Sdx, quo fao erit pro noftra
acquatione differentiali tertii ordinis L — A=2Y+CVV
qui valor cuin tres conflantes arbitrarias compleGatur B

adeo erit ¢ius aequationis; differentale completum.:

. Coroll. 3,

© 63. S8ifit P—o, Q== et R fincio quae~
eunque ipfius ¥, aequatio - differentialis tertii gradus haog
accipiet formam

0=d' L4 4RdLAs"42LdRdIx

Pro cuius ergo differentiali completo inueniendo, quie-
ratur primo fin@io ipfius x , quae fit = », quae fatiss
faciat  huic aequationi dw -l-wopdx-+-Rdxr— o=
tm ponatur V == fe—z:J/vdz g4 %, eritque L— (A~ BV
A CVV )eraiviz, .

Coroll, 4.
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, '
Coroll. 4.

64. ldem ergo integrale fatisfaciet huic aequatioe
ni differentiali fecundi gradus :
de':"...2L|:z’dL---a’L‘—{--ai.I{L]Lai.:l:2
et, pofito 1. = % 2, etiam huic*
248 —ddz+Rzda®
pro qua itaque eft o= gt VA Y (A~ BV A4-CV V).

Scholiomn.

-

65. Omnino animaduerti meretut haec integratio,
quippe quac ex  aliis principiis vix quidem praeftari
poteft. Hnc autem adipifcimut  integrationem com-
pletan  fequentis aequationis diffetentio - differentialis fa=
tis late patentis =

ddztSdrdz 4+ Tzda =5 5
Primo nempe quaeratur valor iplus o e% hac aequa--
tione differentialt primi gradus s ‘

dot-vvdx+~Svdx-+Tdx=o0
qno- inueato. ponatur: breuitatis- exgo V.= J grifvdnafSax g o
eritque:

2=l Y (A4+BV-CVV),
fi modo conftantes arbitrarine A, B. C ira accipian-

“qur, vt it AC—3BB =K, ficque adhac duse con-

flantes arbitrio noftro relinquuntur, vti natora integratioe
nis completae poftulat.

Eas Exeny
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Exemplum 1. |
. 66. Propofita fit baec a.egmzt;’o‘ differentiaiis

dy +ydx -—1—-3/]53;\,-—‘1;:0
cuius multiplicatores , qui eam reddaﬂt mtegmézlem , d-
wefligari oporteat.

Erit ergo, Problema ¢. lwc transferendo, P — 1”,
Q=1 et R—=~—, et quia acquationi fatisfacit valor

ok, Critw K Quare fiet S-—e—f{:—i- }dx._: e‘”

et multiplicator,qui primum fé offert, habebitur = &5,

Hunc avtem porro multiplicare licet per fun&mnem'

quamcunque huivs formae ;=% __ e d“ dr; cum

————

oo 2 e 1)

vero-haec forma integrari nequeat , alii multlphcatores
idonei affignari nequeunt. Ob primum ergo intégrabi=
lis eft hacc forma:

e gy W -y d—-yyda—ig)

xy—;

cuius, fi & capitur conflans, mtegmle <ft.
— B"""x
quae differendata, pofito y conflante , praebet
e~ dx(xxyt-a2xy—x—1)
Ax(ay—1)

~-dX

quod aequari debet alteri membro ny 7 o yde-tyy d.ﬂ:—‘-fx)
e~ dx . _—xax , a
T2(ip-1 ) XLJY~2X)43 )78 TH

o

ynde it 4X=°

ficque

|
|
|
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ficque integrale completum nofttae acquationis eft’
—

X
— —~— Conft.
~+/e P

._..8"""'
x(xy—1)

Exemplum 2.
6+, Inuenire multiplicatores ldoneos, q{ll Iﬂd*
dant hanc aequationem integrabilem :

adzx
dy 1y d % ~GrpzyeE = O
Cafus fingularis huic acquationi fatisfaciens eft

Bty
.}'-—-'ac-i-{im-q_'yvcx —

exiftente k=13 +V(iBR—ay-t+4)-

Cum nunc fit P—=o, et Q—x, erit
zkdx-—l—-z'}’xdx
S-—e G BEAYRX

vel pofito breuitatis gratia —- Y (:8 ﬁ oy —a)y=in

ent
nd o

X 8._ Py c PR MOV

S = ixBsrves
: nd x

e [Sdn=—ye d T
Multiplicator ergo primum inuentus eft

j’ ndx
m+-£3x-l—'}r.acac =B =y
((ad-gr—t-Yxx)y g —yx)?

qui porre duci potelt in functionemn quamcunque huius
quantitatis

(4

ndx

—f—ﬁx-i—')’xx(

Dincator ergo in

g; .
oc+[3x+'ymx}_;u_-k—-fyx K)-"‘

ndx
ej;;—-i—(-’vm—l—'y:cx {@d-Bxe Yxx}y —k—1
(G - KoY K] J ol R e Y5,
ac
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ac prOdlblt multiplicator algebraicus :
- gp-Bat-yrE -
(a P ag-yrmy—K=¥a) (a-=Fr--Y 2%}y +n—k-Yz)

..gui reducitur ad hanc formam :

. U
) Y-V PPy st), 2 ¥ BV (BB ayedota}
-(“"'ﬁx'F'Yx’")( P i |

Agquationis antem integrale .completum eft

ndxe
f &t X i iy ({a-Pryrx) y4n—k—e __
£ {a+ﬁx+'yxx) Yt ryx_p‘ Conﬂ:
—-I-— n

exifteate 2 ="V(S— 4a7 - 44) et k="
Ex quo aequatio integralis completa erit
—_— f ndx :
P o Brivax * alegPrgye) o —B—atyat ___ C
' St By y——p—ya — Conft.
cuins indoles eft manifefta, dummodo 2= V(B R~ 409
4 4a) fit pumesus tealis. o

Quodfi autem walor jipfius # fit imaginarius, puta
a—mV—1, ob ¥ iz=cofip—-V —1finp , aequatio
integralis ita ad realitatem perduci  poteft. Su: :

b8 .
- [ rryas =D 8t 2{e+ B x+yax)y-B-2yr=y,
eritque €a: - o R
(cof.p+7V -1 fin.p). ¢ = —Conft. - A4BY-x

hinc £it:

gcof. p—mfin. p+(mcofp+gﬁn p)V—:::Ag—;—Bm
| ~+(Bg—Am)V —1

aequentur feorfim membra realia et jmaginaria :
geolp—mln.p—Ag-+ Bm; meol pglinp=Bg-Am

quae duae aequationes ‘.n:on‘gruunt, fi capiatur AA+4-BB=1.
Sit
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Sit itaque conftans arbitraria A-—coll$, vt fit B—fin.0
et cafn, quo V(BR—4ay—+4a)=m¥ —1, aequatio
realis erit
] K {ﬁn-f:—i-ﬁ?t-@}
geof-p—mfin.p—geol.0-+miinh fevn ¢ ===z
—mcot. —

Quare acquationis differentialis
(mm—4-BR—cayda

dy +yyde— S pigvaay —O
pofito p—f ﬁgwﬁi—x;, aequatio integralis comple~
ta eft _ | |
(a4 pPrt-ryar)y—[3-+2 yj—;—vrzcot,g—:‘f-ﬁ
(e j___ﬁ;p-lr—q/x—}-;mcot.?-"—jf
i Bx-tryxx

%ﬁ—l—yx—}—;mtang.é'l‘__.?
R a—+ Br—-ryax

Hoc autem caln notandum eft , integrale fpeciale, ex
quo haec omnia deduximus, fieri imaginarium, quo
tamen non obftante inde integrale completum in forma
reali exhibere licuit.

Vel fit # =1 80°-J,et habebitur y =

Exemplum 3.

68. Propofita aequatione Riccatiana dy—4-yydx
~aX"AXT=0, pro cafibus exponentis ™, quibus eam
Jeparare liet | inuenire multiplicatores idoneos.

Sit y=— o valor acquationi fatisfaciens, et cum

fit P—o, Q=1, et R=~—ax™, crit primus mult-
plicator, acquationer integrabilem reddens,
(¥ —p :

Tom. VIII. Nou. Comm. E per
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per quem fi aequatio multiplicetur, cum integrale com=
pletum fit |

p—2Ivd® 1 [o—2lvd%]y — Conft.

N =
Quare fi 7 denotet fun@ionem guamcunque huius quan.
titaris , omnes maltiplicatores; continebuntur i hac
forina : :

—fud
. ( j_,vjﬁ..

¢
Hine fi ponatar fe—>/"?*Jx—=V, omnes multiplica~
totes in hac forma W—?-W contenti obtinebuntury,
fi capiaturs:
L—e* ?42(A BV CVV)
M—=B—2CV—zae/?d*(A-BV--CVV)
N=Ce— /v 4% o B-2CV)+ve>/ 4% A.BVA-CVVy .
Verum hic valor ipfins L fimul eft integrale comple-
tum hnius sequationis differentialis tertii gradus: ‘
o=d*L—4ax™dL.dx*~2mal.a™ — dx*
hincque etiam huius. fecundi gradus:
Edx*—=2LddL—4qL*—4aLLx™dx>
 exiftente E—4AC—-BB. :

Scholion. |
69. Re attentius perpenfa aequationem differen-
tialem tertii ordinis etiam methodo dire@a refolui,

einsque integrale completum idem, quod hic eft afigna~
tum , elici pofle deprehendi, Sit enim propofita haec

aeq-uatio:
d_’L ~—=4RdLdx* 4+ aLdRdx*=0
' ’ vbi
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¥bi R fit funio quaecunque ipfius &, famto  differen«
tinli dx conftante.  Jam quacro fundtmnem ipfius %
per quam ifta aequatio muln_phcata euadat integrabilis.
Sit S ifta fun&io , et aequationis

Sd’L-—}-—Ai-SRdeJL —+~2SLdex"—o

integrale erit
SddL— deL+L(ddS+4.SRd,x)~*sza.‘

«ummodo it
@ S—4-2SdR dx* —1——~4-Rd5da,='—~o ‘
Sufficit fcilicet quemuis valorem particulariter fatisfacien-
tem fumfiffe. At haec aequatio, per S multiplicata, ne-
gleta conftante, dat integrale :
SddS —1dS*4-2SSRdx*—o.
Ponatur S:—e=¥?%% eritque
sdvt+zvvdy-t-2Rdy—o0
vnde negotium huc redit, vt pro @ faltem wvalor paps
ticularis invefigetur, qui fatisfaciat huic aequationi diffe-
rentiali primi gradus: dvt-ovdx—+Rdxr—o, quem
igitor tanquam conceflum affumo.  Hiac nofira aequa-
tio femel integrata erit, ob S—g2/24%
ddL - zrvdde-{—L(qu)dx+4.vvdx’+.q-Rdx=)—2Ce"’f”-’d”dp,%
Cum igitur,ob R dx—=~dv—vwvdx, habeamus
ddl—2vwdxdl—2Ldxdvo=—2Ce™>/"2% 43
cius integrale manifefto eft:
AL —a2lodx=Bdxr4-2Cdxfe— ﬁf-”‘”‘(fx
et per e—=/"9% denno multiplicando integrale, prodibit
e~ L—A+Bfe—" dxta D[ gy ) a7
F 2 Quare
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Quare fi Dreuitatis gmtia ponatut fe—2Ivd*dy =V,
habebimus

- L—efviz(A 1BV A4-CVYV)
prorfus vti ante inuenimus,

Problema 2. |
wo. Propofita aequatione Riccatiana dy—-pydsx
== gx™dx, inuenire eins integralia particularia , cafibus,
quibus ea feparabilis exiftit.

Solutio.
Ponendo a=—¢c, et m——=—4H, tnbuatur aequa-
tioni ifta forma:
dy 4-yydx—cex—*"dx=o.
Cum enim quaeftio circa integralia parti'culari:i verfetur,
nihil intereft, vorum ea fint realia , nec ne, Quo au-
tem facilius, et vna quafi 0pcratione hos cafus, quibus.

y per fin@ionem ipfis x exprimere licet, eliciarus :

— d
flathamus y==e¢x ™" *® ~} 745, et fumto da: conflan~

te, nancifcemur hanc sequationem differentialem fecandi
gradus :

dds  2cx—""dsz
2dx —t =
ddz 2cdz 2803

e

guivs valor fingatur :
AL +BA3"‘*+Cx5“*’+Dx”‘"+ Exe™ 4.1 etc,

—anex " "dyx - =0, feu

guo
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quo debite fubftituto obtinebimus : ‘
o—= n(n—1)Ax"*—-(gn—-1)(gn—2)Br" - (3n—2)(5 #—3)Cxs" 4t~ ety
YancAx— 4 2(5n-1)¢ B2 (51— 2)0C - 2(7n-3,cD
~ancA—2ncB — 2ncC— 21D

vnde coefficientes fiéti ita determinantur :

- — ——— ‘F i
2(2n—1)¢B~4-n(n—1)Az=o; B——“——,_(‘fft':._ ,;f
len—yYan—) B
2(4#—2 ) C-H{(3m~1)(gn-2)B—0; C= 755
: —(si—2)(50-5)C

2(6n-3)D-(5n-2)(5n-3)C=0; D="z"5¢

Statim igitur atque vous coefficiens evanefcit, fequentes
fimul omnes euancfcunt , id quod cuenit his cafibuss

— . —_—T e X, -
R0 A3, B=%; n=§; efc.

——— »  —t— 2 — g o v
RI, NI, BTTgy BT €IC

PDenotante ]gltl.llf z'rnu.mcrum i_n{egrum qucmclmque-;

quoties fuerit #=— 7=, toties refolutio aequationis
- G - d :
exhiberi poteft. Erit enim y=—ecx™" 4 75, exiflente
3 Ax" Bt - Cas" 2Dy - Ex5"* - tC,
Proneniet ergo Iic valor particularis ipfins y

ﬂAxn#’—"}.-(B.n"If) Bxsn—-z__}_(s‘m_g ).stn_gr )
o —lt2 § .. o N i e

Coroll. 1.

71. Quodfi- ergo ifte valor particufaris ipfius g -
yocetur ——w, erit aequationis propofiie multiplicator

idonecus .':.:g-:fwd*x. (_E-i“é)i' Ac fi ponaturfé"’“f'”d"dx

E 3 =V,
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=V, fumtis A—o, ¢t C—=o0 , erit aliys factor fim:
plicior '
X '
:Ez_:ﬁ?'d,x Viy-{1+2 w_gajm,‘d )y @ +!L’£Je.’jﬁmv..

Co roll. 2.

+-I(A " —'i—'Baﬁ""“'

92, At eft fodx—

- C s 2 - etC.
24 T

i fUd —
wnde fit & ¥ =y . -
. .g(zn .igxsﬂ \(Ax"+Bx3”"+Cx5“‘*+etc;}"

¢
an-1)xn

€xX quo porro inuenir poteft valor ipfius V =[e g g
qui fi fuerit huiusmodi £—27 vd2T, exiftente T functio.

ne algebraica, erit foperior soultiplicator algebraicus.

Coroll. 3.

73, Tnuento walore w , fen integrali particulard
aequationis propofitac , inde flatim habebitur integrale
completum einzdem , quippe quod “erit :

e fodx ‘

—

y—v

— fe— 275 p— Confl.

Cafus 1. quo #=0.

»4. Pro hac ergo aequatione dy-+yydx=cedx,
ob B=o, C==o etc. erit valor particularis y =73

Quare
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: gt g QP Y — [ p=rfrds
Quare pofito w=c, erit e~ */P = et V=fe
dx—— 2= ¢ %, vynde integrale completum eft

—2C
£ x*

- 2 g—22% = Conft:.
. ‘J} — 2 C
feu e ) :

y-(:y;—l = Conft.
Porro, ob £2/Ve*V =~ , et w=¢, erit mukiplicator
algebrajcus : '

¥

btV iie ot 13 .
qui reducitur ad j5——r5 » vt per & eft peri:picqum;
Cafus 2. quo n=1.
~5. Pro hac ergo aequatione dy‘+}'jdx:°;f”
ob B——o, C=o etc. erit: valor particularis y= = -1

—x i x
ac

e 822
Quare pofito v—_L %, erite 2fvds—" % ot V:“'fé‘ :

WX

z &
e *. [Hinc integrale completum eff

| Y. 2

X - x
___ £ ._M_-J—‘_;‘r—f — Conft.
XXy —x—¢

a g
feu ¢* TZy—x4-¢— Conft
Yxoay —g—e *
Potro, ob /742 V = — 22 etw—
tiplicator algebraicus :
I x
xEyy—=2xy—41—27 (Ay—1)y-Z%
% /-

£

x

five

< habebitur mul.




v
):‘
!

r

43 DE INTEGRATIQONE

fiue aeqmtlo propofita dy—}——yydx— 4% —o fit inte-.

grabibs , fi dinidatnr per (xy—1) — o

Cafus 3. quo 7 ="1.

w6, Pro hac ergo aequatione gy-}J ydx ~CCX "’a’x""@

et B—=—~2, C=o, etc. vade integrale particulare
—z 1—1
—z cx G s¢ccx
y=cx A, ==Y
3¢x° gex’ :
’ X
et g-.—:zj'vdx-—-e-scacs Conﬂ e_scx“;' I____
(x'“’-—’— i (3ex"-1)

BE

' t dx e"“xé 36&»“%-—!—-1
hincque V = Je— e

I I
(3ex’—1) 186" (gex*—1)
Quare integrale completum eft -
— cms e GONT ( ,.s 1
USSR L )— Conft.

(3cx —-1)_}1—-3@09: ’(3(:.7?-—-1) 1867 364°—1)

:—-60333 ,3 "'.5-
five ¢ y(r—}—am )+'3cm '’ — Conft

5.
3

_y(:——gcs WHgecn
Tum, 0b "4V =1 — 9ccx , prodibit dinifor aequa-

18¢°
tionem integrabilem reddens ;

(y4-8¢6x ¥y —9cewyy

Cafis
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2
Cafus 4. quo 7 =j;.
-7, Pro hac ergo aequatione dy gy dx-66x *drzo
eft B=-%, C=oetc. vade integrale particulare :

—t —_ =L
_gecx “Hgex’+I —a

— 1
y=cx ‘Hocx “Fr
Zj-a 2
:g,z:s\c’ml 3cx X
—T
B P L .——: €X quo porro elicitur:
(3cx’=-x) '
-1 -_K z .
v-——feﬁcx Tlx _ascs? 3(30-?!?!"37)_ .

(3 cx%——l—x)’ 18¢°(g¢a° + %)

Quare integrale complerum  erit :

J—
3

P 1 -
es® 3 (x—gea”)y—x—-gcx -gcex ® .
= Conft.

-2

(x+3ex°)y—1 — 50x -36cx°

fesd
XX —QCcx .,
Tum ob ¢/ ¥V =———>s— prodit diuifor alge-
braicus aequationem propofitam integrabilem reddens :

((x4 360" ) y-1- 86 *—g0cx N(x-8ex")y~1-+ 308 *-3cex F).

Cafus 5. quo # = 3.

48, Pro hac ergo aequatione dy+yydx-ccx *dx=o
— 2. D—oetc. ideo-

—3z A, - B
Y C= s¢ — z50C ?

erit B = 7%,
Tom. VIIL. Nou. Comm.

G - que
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que integrale particulare:
— s -

y=ex iy -LEn T TEeN S rocex -8k

Sec —

..
-4 ..g 4

- 3 3
Fog 25 40K =1 prany
X 'E -+;“_ ‘5 5 o,
e A

a8 ¢3x - §eox. T . _
fen y=—=- > T e, Vnde: integrale, coms

25 cca:’—-xsm +3
plettn . OXityr, 3

-

.._.1oc:;cs k3 .\s s ' i
&7 (3+Ism +250m )y+scm +25€L—-C0nﬁ’

(3 =15 cx°—-25000° )_y—{-scm —250% 7
Et fi. hmus fractionis ponatur,

bt 8
- numegatog, - (3-FT50% »—1—2 5cm*")y+5mc S250%% 32 P,et:

denominator-{g3—3 5m’+25€cx’)y+5gm PARYYE 32Q,,
erit . divifor, agquationem .prgggﬁ_tam,_ inte grjabﬂem, reddens..
=PQ..

Cafis- 62 quo.m=%+

9. Prohac engo aeqnatlone dytyydx-ce X dx-@
exit B__scA s et C—2 e ;z—fg, D=0 ete. hmcque
integrale particulare prodit : .

— } —-.E‘
J:ﬁ@h.-‘—-‘h 15 ca;axz-?-—hma@:: e

z o
BSCCE 1508 -3 8

P

25¢° x ‘——!—soccx —}—zgcr f_;..g

25ccx —;-«xsci: g A

.
=
g

yade




AEQVATIONFM “Di FEERENTIALIVM. ‘st

-vade integrale complctum ~obtinetir :
-1 R y :

ez § I5cx *=3006K "2 c'x
¢ {zx- rscx +25cm }y -3+15 3 § -"C’o;ﬁ

-1

] "

(3x+xsax +zscm F)y—3-150x ‘~3om:= —~250x‘

]
Ac negleto fatrore "exponentiali ¢°¢* %, produftnm ex
numeratore et denominatore praebebit diuiforem , per
quem aequatio propofita divifa -evadit -integrabilis.

Problema 12,
80, Denotaite ‘4 pumetfum quemcingue “infe.
gram , exhibere refolutionem hujus -aequationis :

—
dy tyydx—cext+rdx—=0o.
Solutio.
Cum igitur fit n= Z , reperietur
({1 )i
B__2(21+1}CA
(l-—!—z)f?—!—r)?(z—t
C"‘"-"+ 24(2!-—{-1}’02 )A
(i4-3){i4-= - —
Dz Ul (o i)z )

e U e )0 e ) e 2 (i e 1) (o V(B 2} )
E._"+ Zeda GaB(22ep=1 )t A

€tC.
tum vero integrale partlcu]arc crit :
- :;- -—l- --?- 'z -7-3 -"7—4'-
— a2 ] —— ) A
y=cx + IR ‘B.xz"*' —i—; e Cxﬂ'*"—l— e D;r”'*"-}« ete.
Z—-l 2-—2 '

AA,’H" +B&ﬂ+: +Cl‘z_""’ +Dxa;_r., + EfC.
G2 quiod




- Tum vero dinifor, aequatlonem pmpoﬁtam reddens in-

dr—o coefficiens & fuerit quantitas negativa, vi pofito

s2 . DE INTEGRATIONE

quod vt ad cundem denominatorem reducatar, ftatnanus: -
%[ = L'A : - 2
B=-tzis o
E _ + [’*‘l“z:):((f :;-l)lgz;—' 2) A
D—»- (t-i—‘z)[z-J«- 1(!-:)(:——9)(_1_3)A

20 e 5(21—!-1)3’3” ‘

Ltc.’
vnde fiet: *
i -T-—t -z-—-t —I.—-;
y = it o P Pt - et
i—1 1——z fame 2

2[%"‘*“—5—%%*”"’*%@93”'"‘ ’rgh“"“ - €tc.
Ponamus porro brevitatis gratia :

1-——: T-—-x 1-._.3
Axn-g-. ,_l_BJh!H—’ —-{-—Cx”*“ +szf+x_+ ete. — B '
1—-—-1 1—-—2 1—-3
szl-l,—s — sz:-a-: __i__,cxzi-!-r —D rﬂ—-i-l ~-etc. :Q
=i —i-2 —i—z
2[;:,21+“+ B+ -8 27 4 Dt ete. =P
-—-‘!-r —1-5; --l-—g

— \ z.+-: [ 2 e ZiT o™
2[3,1 - P - a4 Ry g+ —ere, =)
dtque integrale com pletum erit

_z(2z+1)cx“+' Qy-— D:'__
e PJ’ al Conﬁ.
tegrabilem, erit = (Py— WrQy - Q

| Comll | |

.—4_:'

‘81, Quodfi ergo in dequatione dy-{—yydnf_‘_ax:z—i-x

o=
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«——cc, fit ¢ quantitas realis, integrale completum
hic inuentum formam habet realem , ‘et guouis caful
facile exhiberi poteft, pariter ac divifor, qui aequatio-
nem integrabilem reddit. |

) Coroll 2.

g2. At fi « fuerit quantitas pofitina, putd e=az,

—_— 4t

vt habeator haec aequatio: dy --yydx+aax™ ¥ dx =0,
erit ¢—aV—1, et cocfficientes B, D, F etc. et
9, €, & etc. fieot imaginasii ; vnde valores particu-

lares y— et y:(% prodibunt imaginaril.

Coroll. 3.

! 83. Hoc tamen cafu, quo ¢=aV-1 et cc=-ag,
fient P Q et -+ &} quantitates reales, at, P—Q
et )~} imaginarize. Quodfi ergo ponaur
P4-Q=2R; P-Q=2SV—1; P-+-D—2R
. e P-D—=2 SV 1
eront R, S, N et & quantitates reales , et ob
P=R-+SV-1; Q=R-SV—r1; P=R+SV-1;
., 0= R-S V-1
fiet dinifor , reddens aequationem integrabilem, |

(KR—Jf.—SS)yy-—z(Rm-*I—S@)]—I-Eﬁm'f SS

ideoque  realis,

Gy © Coroll, Aes

Py
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Coroll. 4.

84 At codem cala ¢=aY-z, ob e~ =cofp

L
21 md=1

. . =22t 23 Y <1 o
=Y -xfin.p,erit e (2641) cofis(eia
=Y —1,fing(2i 4-1)g a2 vnde pofito . breuitatis

I

gratia 2 (2i-+-1)ae*’ 1 =p, et integrale comple~

famee .

(cofp =V~ fin.p). e — ?ﬂ:%t%%ﬁ:—i —.Conft.

quae forma -eft inmginaria.

Coroll. 3.

g9, Tribnatur autem conftanti -talis forma: o—8

Y/ —1, et mequatione integrdli enoluta, -erit :

Ry ~R)cof. p— (Ry—R) fin. pV — 1 ~(Sy— &)
col pV—1—(Sy— S fin. p='(Ry~NR1a—(Ry—=xR)
BY —1 4-(Sy —SeV—a {8y —)B-

Tam aequentur Teorfim partes reales et -imaginariae
4R y- R} cof. p-(Sy-&) fin. p=a({Ry-N)+-F(Sr-S)
(Ry-3R)fin. p-(S y-&) cof p=BRy-R) (57 -S)

quae duae aequationes conueniunt , 'fi modo fit aot+pf
»—s. Sit ergo a—cof.{, et B—=fin.g, prodibitque €X -

ytragque .
Ry — % __finpanfinel L f
Sy =6 — @hp—sf¢ — €Ok T

Coroll. ©.




AEQVATIONYL DIFFERENTLALIFIA:.
Coroll, 6.

86. Sumto ergo pro ¢ angulo quocunque, fi fit"

s=a¥ —1, erit integrale completum .acquationis: pro«
pofitae

Ry=R_ S~
5}’ @._..COt —_— g
feuy__mﬁn T = Sl E

Rﬁl‘l.é’_“‘ﬁ.l'j — Scol. S’,__—__E,’ﬁ ’
.. P
exifténte pr=2 (i rjaxs i+

Problema .13

8%. Denotante 7 numerum quemcunque. integrum;,
exhibere refolutionem huius aequationis :

.-._.4.1

d]ﬂ—‘.}’}’dx-—ccx“'— ‘dx —0C.-.

Solutio..
g_‘uia eft #n= 5= , haec refolutio. detiuiari-pot--
eft ‘ex folutione praccedentis. problematis , ponendo —j ¢
loco: 1. Quare tribuantuy- httens B, C, D, etc. lequen=
tes valores :
i — r] ‘
B + 2(ai—1je A N
C— ___'__(I—I—I)!U—-l)(i—-z)A‘

2 4{ 1_,__,1}252

D_.__ +(1+ a)(?—}-;)z(z__,)‘;_.aj(;_s)A

2o 4, 627w 1)Tc¥

€tc,

Tum::
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Tam vero alterarnm literarum 9, B, €, D ete.

‘determinatio ita fe habebit :

N —=cA

P =+ o A

€ =+ AR

Q) oz - Gelli s iinmiE=n g
etc.

Quibus valoribus conftitutis, ponatur brevitatis gratia:

-1 J o igs e han
Aa.”“‘—-}—Bx“""—i—Cx“—’~+-Da:“_"+ctc =P
+z +1—+-t -I-T-l-z - -i—z-r—;
Ayt — By i—t -Cari— 1 -Da T -ete. -——Q
o =iz ...1.4..5 )
Q[au””‘*}"%xz“’—i—@:x“_‘—i—g ST pete, =
et ) S cttaon el 4 ) —?—l-s

P C T D e =0
atque hinc flatim ‘habentur duae integrationes parti.
colares : - . , S '
_® _o &
Jy=%, et IL '
Tum vero aequ.1t;o mtegrahs completa erit:

© a2 ““1)“? s QJ -ﬂ-'—:: Conft.
e — P
et dinifor aequationem: propoﬁtam integrabilem reddens,

fiet =(Py—9)( Q_;y——D,
Coroll,
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Coroll.
88. Quodfi autem aequatio propofita ferft -
insmodi : '

—ad
dy—+-yydx—-aax’— ' dx=0

vt fit cc—=—aa, €t ce=aV—1, integrationes partict-

lares cxhibitae fient imaginarise:, ob B, D, F, etc.

jtem 9f, €, & etc. imaginarias,, dum reliquarum. lig:
terarum valores fnt reales.

Coroll. 2.

8¢9. At {i ponatur: :

P4-Q=2R; P—Q=25V—1; P +N—2 N

gt P—Q=2&V—1

quantitates R, S, IR et & nihilo minus fient, vt ante,

reales , et dinifor aequationem reddens integrabilem

erit : .
(RR+-S5S)77—2 (RA+SS)y+-RAR+SS.
Coroll. 3.

~90. Tum wero, i ponatur brenitatis canfa 2(2i-1)’

4x* "= —p, aequatio integralis completa erit:
Ry=R _ .. akp
Sy—S 77" 2
vide clicitur:
y= ﬁﬁn.@—@cof.g%f
T Rfn.{2—3, cof. {2

vbi angulus £ vicem gerit conflantis arbitrariae.
Tom. V1II, Nou. Comm. H Schelion.
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. | | Scholion,

91. Solutiones horum duorum - pofiremorum proe
blematum ron tam per accuratam analyfin funt euo-
luae , quam per indu@iomem ex cafibus particularibus
fupra expeditis derinatae , quandoquidern progreffio ab
his cafibus ad fequentes fatis erat manifefla.  Funda-
mentum gutem bargm foluionum in hoc potifimuny
¢ft fitom , quod folutio particularis , vnde omnia fine.
dedufta, re vera eft geminata, cum quantitas ¢, cuins
quadratum tantum in aequatione differentiali occurrit ,,
aeque negating, ac pofiline, accipi poffit. Quoties au-
tem hpiusmodi aequationum binae folutiones particulares
fint coguirae, ex iis multo facilins folatio generalis, in-
' ' ' df:que multiplicatores, eas integrabiles reddentes, erni pose

funt , id quod operae pretiunr erit clarius cxpofu1ifea,

Problema 14. |
‘o2, Datis duabus folationibus  particufaribus  fies
fnsmodi gequationis
dy - Pydx—+-Qyydx—4- Rz ==
L inuenire eivs folutionem generalem., et multiplicatoremy,
" qui earn integrabilemn reddat..

Solutio.

Sint M et N huinsmodi finctiones ipfius x, quae:
loco y fubfitatae , ambae aequationi Eropoﬁtae {atiafae
giant , ira vt fir v

dM—A4-PMdg - QMdx+Rdr=oc
e dN--PNdy --QN*dx+Rdr=o.
Porataz
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Nz &
Ponatur y___N__ z, fen y = ,"—T , erit
M~ sz-,t-Mdz-Ndz-—sz-;—zsz

dy = T—°
quibus valoribus in aequatione propofita fubftitutis, et tota
aequatione per (1-—z) multiplicata, prodibit
(1-2)dM-2(1-2)dN-+H{M-N)dz+-P(1 -2)Mdx-P(x-2)Nady

-+ QMMdx-2QMNzdr—-QNNzzdx-+ R{x-z)dx=0.
Iam pro dM et 4N fubftitnantur valores ex binis fu-
perioribus aequationibus differentialibus orivndi @
— P(1—2) Mdr—Q (1 —2)M*dx—R (1—2)dx
+Pa(x—2)Ndx+Qz(1-2) N*dw-+Ra(1-2)dv+-(M-N)dz=o
AP (1—2)Mdr+QM2dx ~ R {(x—&)ydx
—Pz(1—2)Ndr—2QMNzdx
- QNzzdx
qua aequatione in ordinem redadta, orietur :
QzMdx - QazNdx—2QMN zdr—-(M~N)dz=c

feu Q(M—-—N)d:r—}-d_}:: o, ita vt fit ;

2z — Celom-Nis
vade aequatio integrata generalis erit:

pJeM—N)dz

2=% = Conft.

Fro multiplicatote autern inucniendo , notetur aequat10=-
nem propofitarn, fata fubftitutione primum per(i-z)
effe multiplicatam , tum vero dinifam per z(M —Ny)

. . 1e—z)%
cuafiffe integrabilem.  Statim ergo per (M—%z multl-

plicata ﬁet integrabilis " ex quo fadtor erit EM— N;z. qui

ob 2==3= _,,_N hanc induet formam ;
__M-N
(y-8){y-~N)

H =2 ' ‘Proble.
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Problema i15. |
9. Propofita aeguations 94y 4= Pyde-Qdi=a,
inuemire condinones fundtionum P et Q, vt huinsmodi
matiplicatos y - M)* eam reddac integrabilom.

Solutio.
FEx nators erzo differentialium effé opostet :

doyly+ MNP =g5d Py4-Q1(y+ M)
vode com M fit-fun&io ipfius -& tantum, erit
e p-M) T =P - MY n(Ry Q)+ M)
quae divifa per {y—+ M abit in hanc . :
2248 — (4t 1) Py PM—4-7Q
vnde necefle eft fit:
S Th ! — Ty _ MaM
P ———— .("-"-i.-‘ ;ﬁ;c et Q —— Tl - - f?'l—‘“pj_lm
His igitur valorbus fubfbitutis aequatio
rdy - =0

fit integrabilis, i maldiplicetnr per (y—-+M)%

Coroll. =

g4. Quir hiec zequatior eft homogenes, ea quo--

que fit iutegrabilie, fi dividarur per (- 1) yy—-ny M
—MM =y 4 M){(m—4-1) p—M). - Neque -ergo hine
nouae dequationes merhodo hac tractabiles obtinenmr. -

Coroll. 2. |
o5. Quoniam avtem habemus duos multiplicatos

n T
res (M) et 5oy ==m: O alter per alre-
xum
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qum diuidatur., quoties copftariti arbitrariae dequatus
L. . nydM
dabit integrale completum. Quare aequatio Y i

~ :_H —= o gencraliter integrata pracbet :

(i == MY+ (- 1) g — M) = Contt.
Problema 16.

96. Piopofita aequatione ydy+Pydx+Qdx=o,
inuenite conditiones fim@ionum P et Q, vt huiusmodi
multiplicator {7y - My -+ N)* eam Teddat integrabi-
lem. :

Solutio. |

Ex natora differentialiom fit necefle eft:
A+ My Ny = 54 By +Q [y + My + Ny
Cum igitur M, N, P et Q fint per hypothefin fin-
ciones ipfius x, erit, facta euolutione =
1y ( 3y My - Ny={y 0 +75) = P{py+ My+N)*

4 #(Py—+Q) 2y~ M) (py -+ My--NJ—*
et poft divifionern per (yy—-My—+N)y—*
fyy 3‘% +nﬂ'{§:(z. n4-1)Pyy—- (- 1)PMy—+-PN
) o —4-21Qy -+ uQM
Hinc fiere' oportet 2

Y. ndM={2n41)Pdx

II. ndN=(n—+1)PMdx-i~ 2nQdx

111. oc=PN—+4-zQM

: ndM y . -PN
Prima dat P:(_—zn-*.;)_diy et vitima Q_'—_‘_ R

H 3 feu
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fen Q::{—,;F_}f-%;%; , qui valozes. in thedia fibflituti praes
bept ; ' : :

NS L |
(28 1)MAN—+ 2 NM = (n-+ 1) MMM
- ot Lok i Ry
quae multiplicata: per- M **+* gt integrata prachet:
= ' Mia
¢(ﬁ.n+ z ) M=+t Nz Conft, 4= {n4 1 )f M+ g ]
. 2 - . L s

fen (2n-t-1)M+7 N = Conft. -2ttty B s

-

vode fit Ne—g M =1 M%,

Com ergo fit
= Hmg - «
ndM . aM:'"-*-:dM MAdM
P o et Q= e~ o)
ifta aequatio differentialis ; '
Co m-aM—E

ya’y»}—-wdm‘— MAM P Mm-dM;o

2Nt Hen-1)" snx
integrabilis redditar , i multiplicetur per

(274 My~ M - a My,
COTO]I. 1.

=~y .‘ 271..'.3_ . — .. . ) -yt
o7. Si fuerit 1 F =1, fen.n=—7 ; aequa

tio differentialis eft homogenea, et % _fiﬂif:@

fen ne—~%, primi gradus. Vtrogue autem cafu nully
eft difficulras, cum acquatio facile uadtari pofiit.

Coroll.
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Coroll. 2.
98. Magis ergo abftrufi erunt caftss , qmbus exw

ponens —5=* neque eft o, neque 1. Sit ergo -~ oo
M- g

vode fit 2p—=~—, > et acquatio differentialis

ydy+i{my3)yd M+ i (m+ 1)VMdN+; amt1 ) MmN =0
integrabilis reddetur per multiplicatorem ‘

— M-y

Uy =~ Mg £ MM A My T

Coroll. 3.

99. Quod i jam pro M functiones quaecunque
1pﬁus x (ubflituantar , aequationes tam complicatze for-
mari poterunt , quas quomodo aliis methodis tractari
oporteat , vix hiquet , cum tamen hac methodo earum
refolutio fit in promtu,

Scholion..
t00. Si quis haec veftigia vlterius profequi wo=
fuerit , dubium eff nullum , quin haec methodus mox
multo muiora fit acceptura mcrementa, quibus vninerfa
Analyfis non mediocriter promoneatur.  Speciming etiam
hic euoluta ita fuat comparata, vt viam ad inueftiga~

tiones profundiores parare wideantur, praccipue {i infuper

alia aequationnm differentialium genera {imili modo. per~

tractentur.  Verum- haec, quae haéenus protuli, fufficere:

videntur animis Geometrarmm  ad  ampliorem.  huius
methodi enucleationem incitandis , quem fcopum mihi
equidem potiffimum propofiicram.




