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NOVA METHODUS
* Inveniendi Traje@orias reciprocas
Algebraicas, |

1.

Tibute, If1. 8 } iginti abhine annis & quod excurrie, hoc problems

dc.mje&oriis reciprocis primem s Nieolso Berno-
. ullio Johannis Filio non folum eft propofitam; fed
ctiim tam varie & elepantes folutiones jam eo tempore

fefta. Tanto practeres ftudio hoc problema illo ¢er
4 pluribus Geometris fuje pertraltatum, vt etiam§. 2d folzm

2. Hanc igitur quattionem maxime famofim d
‘aggred'nor, non quo aliorum folutiones minus idonn:'::;
mfufﬁcl:cntes cenfeam: fed quoniam tum temporis carve
algebra:::m, quibus praecipns problematis vis continetnr
non levi labore a¢ PEr operofas invegrationes fume crutar’
neque omnes in formulis generalibus comprehend; pomc:
funt; explicabo hic methodum fingularem, cujus ope non
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folum curvae Mlgebraicee, quibus ptoblema folvitur, faciti
negotio, & quidem quod maxime - paradoxon videatur, fI-
ne ulla integratione inveniri, fed etiam omnes fimul fini-
tis formulis contentze reprafentar queant.  Quangquam

tutem hac methodo jam feepius in aliis quzeftionibus folven- .

dis fum ufs, tamen eam nusquam adhuc expofui; ejusque

* applicatio ad praefens negotium peculisre requirit artificium,

quod in aliis cafibus haud parum utilicatis afferre poteric,

3. Problems antem hoc fequenti modo propc;ni eft
folitum: - S ' ¥

v Circa dattm. axem ACB deferibere ejusmodi ‘lineam _

weurvam ECF, guew cirea axem in Situ inverfo e CF conflitusa, ae
wfecundum divestionem axis moty fi5i paralielo promotn, tnguovis
nfitw <L’ priorem curvam ECF fub dato engulo i1 M interfices,
Solutio vero fequenti modo a Celeb, Joh. Bemnoullio
ed Anzlyfin eff perdufta, Cum angulus EMes ubique de-
best effe date magnitudinis, erit js axqualis anguio ECe,
ideoque duplus anguli ECA.  Per M ducatur recta MP
axi AB parllels; eritque EMP - o/MP— ECe; at ob
motum parallelum eft angulus &/MP —enP; & ob fieum
inverfum fi ducatur QN .axi AB paralicla, ab eoque aqui-
diftans ac re®2 PM, erit anp: ENQ-—enP. Quare re-
quiritor, ur duftis binis quibusque reftis MP & NQ axi
parallelis ab eoque #quidiftantibus, fumma angulorum
EMP -4~ ENQ fit ubique eadem stque aequalis duplo 0.
guli RCA, .

4. Com !g!mr‘mtur: qureltionis ad unam lineam
survam de revocars, ducatur ad axem AB redis GH, qua

tum co faclst angulum CAH qualem duplo sngulo ECA
feu
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few ipfl angulo interfottionis propofito zquslem, Yn hae.
que refla capisntur utrinque abfeife AP, AQ, qu= ob *eque.
les applicatarum PM & QN 1b axe AB diftantiss erume e
quales; eritque EMP i ENQ==CAH. Dubtis sutem
utrinque applicaris infinice propinquis pm & gu, reftzque
GH paratteis Mudiny; ob snguium Mum— N~ GAC
crit: Mmpg—— mMp — ANY o Nyy = CAH ~— EMP
~+ENQ. At Mmu— EMP & sNy— ENQ, unde fe.
quitur fore mMp == 4 Ny & Nav=— Mmg, Frone ergo
trisvgula Mmy & Nny Equiznguls 1¢ propeeres fimiliag
eX quo habebitur hac proportio ma: Mu — ay. N v,
. ideoque haep xqualitzamg, Ny =Mp. ay, qua niturs
problematis continerur,

&. Vocemus shicifam AP ==, efque refpondes.

tem spplicztam PM ~—J; erit 1bfeiflz ex alpery parte fom-

feu ex valore ipfius ¥ prodibit valor ipfius 2, filoco « ubit.
que feribator «— v Hig pofitis erit Pp = My — dr: pm
=4y Qe=wr="—dr, & Ny =—dz;

e acguog-
tio modo inventa mp, Ny — M B x¥ dabie ﬂmm
.8 dy dx — -
== dydz = e A2 fo det o= L.

d d
Ponatur Zz =M, & 2:- =N, eritque N talis fan&iin

ipfiug = X, qualis M eft ipfius —-'-—.t', feu ex fonétione M
proveniet funfltio N, § loco x PONAtUr —e y, Quocirca ad
problema refolveridum ejusmodi funftinneg pro M invefti-
gari oporter, ut fiat MN— , . hocque fago erje dy=—=Mdsr,
. QUE xqustio paturam cyrvae exprimet,

6. Que.
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6. Quxflio itanue hue eft perdufts, ne pro M efus-
modi inveltizeter fan@io ipfius x, que, fi loco x ponrear
—~ &y cheat in N, ita ut fir MN— y. Manifeftam anesm
eft huig conditioni fatisfecere hujusmodi valores M —
A x3 ‘
¢ 3 M= s, fimilesque alioss fed cum curvas sipebrateas
requirames, hufnsmodi velores exponencisies excludiopor.
tet.  Sit igitur P funftio par ipfius x, quz fcilicet eundem

. valorem retinezt, polito — . joco ~~x; deinde fic Q .

fanftio impsar ipfias v, quae abese jn e Q.fi loro x pomsenr
— &2 hincgie evidens <t conditionem problematis imple.

—— g £+ Q - P—Q

ri, f ponargr ‘M-~ P—Q’ fiet enim N — PG ideo.

qte MN=y, Ponstur %-"_":s,utﬁtl fonltio guececqne
ey -y

ipfius.ximpar; exquoerit M— e & dy = o {.r,

fquz 2quatio folutionem prablemstis in lstisfimo fenfu com.
Plectitur, dummodo fub Litrera = omnes fun@tioncs ipfius
+ & comprehendantur, ’ ‘

7. Quamguam hzec 2quitio jam eft generafis omusy.
que folutiones includic, tamen ex ez sliz formari pocant,
qux latius pacere videntur; & qua in inventiote carva-
T ngepraicarum ufum commodiorem praftane, Hujas-

. o b |
modi eft ifta formola M — (' i

) 5 Qquicunque cnim nw-

1—

| e
merus pro exponente naffamater,erit rempcrN":.(l—;—;) y .
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idecque MN =1, Quure fi fumsrar pro fanftione fqo.
cunque impari ipflus &, vaturs curva trajefori reciproess

, f4u®
cufuseunque hac exprimerur aqastione: n'y:“...(;--—-;') dr,

Monifeftum autem e, fi proy fumantur sumeri frofti, facity
ejosmoudi curvas obtineri, qua ex priori forms difficolrer

erui queant, etiamfi revera in es continesntur,

8. Tametfi funftiones irrationsles ob smhiguivsren
neque funflionibus prribos neque imparibus proprie snny-

merari queant: ramen in hoc negotio hujusmodi expreffin-
nes V(i+ux) pro funftionibus paribus haberi poffime, .

dummodo nx fic funéiio par neque ex ( 1+ wn) radix qua-
drata 26tu extrahi queat, At fi w fit funfile ipfius x impaer,
erit um s¢ propterea (14v%) cjusdem x funétin per.

Quo notaro facile patet, hunc valorem M:::.’V(l-i»u} _
+x qozfito fatisfacere debere 5 fiet en'm inde N—

V(t+um)— u, tdeoque MN =<1, JIdem evenie, fi ftrens.

n - -
tur M:(V{t-#—nt)-i-u) s qui:ﬂtN::(V(r+m)--) &
MN—-y. Hincergo duze novae Tquationes generales pro

.trajeoriis reciprocis oriuntor:

d'y:'..":(V(!-!-ﬂ) +x)dr &
Fy = {V(14w) 44) dr

9. Poteft etiam nova quadtm variabilis ¢ introduci,
2 qu2 X i3 pendeat, ut Pofito — ¢ loco ¢, abfeify o+ 2heae
0 ~—2; feufitx funBio impar ipfies r.  Ponatgr dx—
vdt, eritque v fun&tio Paripfius ¢; ftatustur sutem gy tntey

. .funftio
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fen®io fmpar ipflus 1. His pofitts, 8 fisg M = 77

de
e

—, evadet detmo N — 1 =¥

‘ ;::},idﬁmmﬂ?!ﬂn’:::'t
Hancobrem- problematt fatisfiee, fumacar:

de=vdr & dy— i vdt

] ——n
Simili modo problems folvetur his formutis genersiibug

: "
dr—ed & dy-._-_-(:"") vil
——y
jromeue his ex frestiomalibus orts:
dr==ydt & dy =~ (V(|+n)+u)rd: stque

o vt & dy :"(V(l-!-itl)-!-i)'fd‘.

Quzemnque satem formute ex his sffumantur, neceffe eft ue
inde folutio problemstis generalis obtineatur,

10. Si jam curvax algebraice defiderentur, totum
segotiom buc redie, ut qoalitas funBionis %, & in his po-
fterioribes binsrum funBtionum w & determinetur, qua
hie formule integr biles reddentur. Plures sutem imo in.
finita: h.jusmodi funiiones, cum 2 Celeb. Bernoultio, tum
8 me fant nowese, quae cu-vas slgebraicas prabeant: fed
hic modus -maxime eft particularis, neque omnes curvas
sigebraices fatisfacientes in e comple@itur.  Deinge af-
funtic ifliusmodi fun&tionibus idoreis, invegratio harum
fo mularum demum a8tu infticed debet; ficque Pro au.vis
€un . m ginere peculisri ope atjone eft opus, quz fxpe
non fine molefto calculo ab'olvitur,  Cui incommodo ita
| H 2 octur-
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occurram, ut not folum formulas penerales pro omnibug
. eurvis a'scbraicis fim exhibituruy; fod etiam quz fine prae.
via integratione folutionem fupneditent.  Quin etiam has

ipfas formulas slpebraicay ex fuperioribus differentialibug

fine a&vali integrations fum derivatarus, id quod plerisque
maxime paradoxon videbieur, Methodum autem mezm

ad fingulas formulas differentisles ante inventas feorfim
accommodabo. -

L. Modus inveniend; trajectorias
- reciprocas algebraicas ex formula

1+
d_, S e
Yoy -

1. Quaritur ergo hic, non folum gquslis fimfliy

ipflus & debeat effe u, ge formula -;-:—'-E ar integrationem
admittae, fed etiam qunam ipfa fit faturs intepratiy for.
mi.  Cum tutem « fit fun6io impar ipflus &, erie vicif.
fim x fun&lo impar ipfius a2 hincque inveftigabo, qualis
funftio quantitzs x effe debese ipfiusw, ue quote ¢ per
fan&tionem algebraicam ipfius o exprimi queat.

- - - - - ’ - ! + ‘
vettigationem ita inftitug: quiz eft y == -

J T
notam integraltum tedoltionem ¢
T 4 % xdn

e Tl Y AL

dx,ericper

| xdu . ‘
Superet ergo, ut formuls f(r__:-;-)-; reddatat integrabi’

lis,

Soregnd3can
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E |
B Y
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] xdn
o (1=
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. 2.xdy
enjos sequatic
menfiones, ali
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13. O
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Bs, in quo nolta foret difficultas, nifi x deberet effe fonftio
impar ipfing w, ‘ '

12. Denotetp funftionem quamcunque parem, & g
fonftionem imparem ipfins 4, ftarvaturques .
xdu . (prg) (v +w)
/Ty L

duas fcilicet novas quantitates p & g Introduco, ut on fo-
lum int~grabilitas procurerur, fed-etiam funftioni prac-

feripta propriceas inducarur.  Sumtis erpo differentialibus,
erits

(1—u)*— L & (1~—u)’
multiplicationéque per (Y — u)* inftitats orietor:
. gadn == (1 —nu) dp-+-(1 —-'m)d;.-{- 2 pdu 4 2 gdu
tujus requationis alii terminf pares ipfivs n continebune di-
menfiones, tlii impares : quamobrem necefle eft ut cermiis

~ tam parium quam imparium dimenfionum feorfim inter fo

wquentur,

13. Quia vero peft fundtia par ipflus o, reliquee
vero quantituces g & x funétiones imparcs, earumque dif-
ferentinlis esndem naturan: fequuntur, erit axdv fun&io
pers (1—m)dp pary (1-—w)dg impary 2 pde impar;
& 2 gdu par.  Equatis ergo paribus & imparibus feorfim
fequentes dure orientur mquationes: :

2t == (Ve tttt) dp e 3 U
& 2pdi A~ (1 ~wu)dg = o,

2xde  (dprdg)(1+u) +. olptg)d . °

H 4 Potlte-
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Potterior s%ueelo fatim deﬁn;& P ( T o i) ! '«

| | 3dy
hinc enim ob ¢ funtionem Impsrem Hiftos w £er p fon ity
one deducitur:

gdy =4 cul TR refondebls

. o Vu “(,4-;)(%*
Ty = e )

par. . Cognito jam walore gt yis s €X priore mqueti.

x> S

14. Si bic pro . vator saee twventus fubticuster, fn.

venlstors
. (1+uyap 14w |
) A~ 2de
y— (142 4p -_-_:_—(14-3)'11 __gir-ilfxlﬂ)'
2du = sds

Quocires bhine pineifcinmug

gulam generalem pr
Inveniendis tra }c&o%?s reci?rocispro
Rlgebraicis:

~ Swmerer q finmi WMIWM-
wru; tndigne mmfrup:-(’m)ﬁ
e invwnls srit cavons gotfitor: Mo

abfcifa APy gt (_I._'."'m’
| 3dn |
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zﬂ walores [empey fumt algebraict, £ quldem g furrlt fanttie alpe.
braies ipfus @ ro
15. Si ipflus y alia fumseur faniio impar ¢, ex ea-

) §
que capistar p/ = S%“—r)mf,hbeﬁmﬂnﬁﬁmodo:
(1—wm)dp/ (dp/+ 4 (14w
sy ff - —— At sttt
A Ty = 2ds
d .
Atque cum hine seque fat ZE = :+----:: manffeftum eft
fi ex quapiam ipfias g hypothef; inventam fuerfe:

r= X &y-Y
ex alia autem hypothefi prodierit » = X7 & y=Y,
problemati quoque fatisfieri his vatoribus:

F =X 4 X &y Y Y
atque generslids etiam, fi ponatur:

*r = aX X1 & y— aY - BgXs |
ficque ex dusbus curvis algebraicis jam inventis innumers.
biles novee inveniri poterunt.  Sin auctem praterea ter 2
fuerit inventa x = X# & y == Y#, erit quoque x ==
&X ~p- BRI i wXié &y=a¥ - LY/ - yX¥ fic.
que pofro. |

. ' A
16. Ponatur ut 1d exempls defcendamus §g=3
exiftente a numero quocunque impari, five integro five
frafto, cujus tam numerator quam denominator fic impar:

eritque
. dq "—-u-‘l b | A ¥
7y — Mu &p=="tAs 4+ Am  hincque

porro dp

Socresn3can
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At
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Ex formuta dy= (1%

ormula  dy (1 “._.) de

- 17, Quia ut ante oftenfum eft, abfeiffs x debes ety
funftio impar ipfius v, querstur qualiseffs debest, ur ap-
plicata y prodeatalgebraice exprefia. It hune flnem pona-
tors '

n " .

o gl b _ . o xds ygw’

,__NI(I““;)dk_f,I::h),x-—ZHJTH_“GT__)
Sumtisque p funQione pari & ¢ funflione impari ipfinys
ftatoatur: _ i |

Twn y xdu T4 g

I = = e =)

ex qus diferentistione inftituts habebitor:

xdu e dy dy+ ﬁs(p-#,)du
’ ] — MU I~ un

2Au S (Noe ) dp b (1 me wu ) g+ 2 Mpefitt- g mgdy

18. Difcerpatur heec in duns swequationes, quarom
strera continear funftiones parfum, shers vero imparium
dunenflonum, flcque flec:

¥du (p i) dp 4 2nyde

Zo=(t1—nu)dg 4 2npdu

Fuleri Qpurents Tom. 1. I qua-

feu
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| (1wi)dp ,

x:’"'+ T dw
| Praeterea autem ex fipra a2 hypothsioriedr 1
;;"?4 + '(*' ck ; l#-il’”‘.'hl'm)(dp-l-lq)
s AT St 2 NP e 2R gy -
'} YA ' q) (!“’) e

snpbinan
o 1

| (dp+dg)( " | -

. __(dp+dy ) .
fdn g — - A% i Sumts ergopro ¢ fanBio-
- M-wa'ufl--l)f ) T
e quacunque imparium Sinenfiomym ipflas o, ke formu.

lk‘_przbebum carvrs alpebraicas, que erane trijeQorie
raciprocze,

,
19. Hinc ergo adepti fumess

Secundam regulam peneralem
n pro inveniendis trajeftoriig reciprocis
 algebraicis,
. Sumarnr q funstio gueacwrgue impariem dimenfonmm

_ ipfias ©, denotanteqme v metierym qeemcunyue, guere.
ur inde itar P —_— - (.l--n-.'ll){ 7
' - ' gndn

3 Aine
orit cwrvae quoelimes
Abiciffa AP = x—2uq 4 (3w )f‘f -

dn
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Ubi Jeerum notsndom ef, fi pro « & sfinwoe inven
ti faerint valores X & Y, X/ & Y, ﬁm Yi, &e.
problemati quoque f:ﬁsﬁcﬂ # c:pizmr

rTa X+ BX2 4y X1 &, &y a¥ 4 BVI4yYO 80

20. Sit'A numerns quimqﬁe fmper se &t&:mr-
— A - " F S . I
§2ne, erit;; T=2nkn , ideoque pr— ) g '
A43

dp
*-l-h.n ; nwde Btpnmm --**1(;,....,).

-H.(h-}-!):. Ex his ﬂlm‘bm coﬂ?q!mg-

XT4m -—l(?\.—wr)n +zn.a —h N e 1).’“&
Ay At Tt |
y=—(MA—1)2 —2aky D +t}-) (4s)
) . - . (r -I)
{eu mrutacis fgnis, fumtisqwe !'emm’bm erfe
x::"“'" (E'g}f}'! + lo‘-"‘-l) -
_ ,' .

a7 " (A 1)em (1 40)
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Hine ergo erie:

; .
FA=1: .v"""u--*{t-f-:!lll}n‘ y=—(n+ )( 4*?1_...1
| (1-4)
A s s * 4
=~ 3t e 2% (3-=(04-2mYu +6%): &
EOMN
Y= 3u(t At gy —L-t! |
J ,__.) —1
3 S PR ﬁ_.u(to--(r.3'+un)a +15% ). &
n-+y
y=35u (2--!!#“3“:) ((-;-i!-; Nt
—
&e.
21. Sit porro m numerns quicanque, 2
A cpmm-
Q:Mul(t-—u).erit-g 2'7\;_1 |
| y du— (I-—-’ﬁ)
A-+i g §
— g N (x-...n) ¢ propreres
Away Lz 8 | A~y
p._—-hs (!&sa) - 29 (l-——tu}F‘ctit:quc
“1@*')' Y
(1----) +2h(u+:)a (r-u)
-+
. . ‘.:M(R-H)n (x- u)
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Simili autem modo hic ita sdjungi poteflt eafus A == ma—y,
ut pofito .7=7 fist x=w, arque pari modo, gnousque ki
buerit, progredi licee, |

35. Ex reliquis formulis €. o exhibitle, in quibos
fam ¥ quam y per tertiam variabilem £, cujus x eft funtio
impar, # vero funftio par, exprimiter, in genere formule

tigebraicae commode eruvi non poffunt: fin 2utem in his for-
I

mulis dx'.i_"vdf&a‘yf: (—:—--—’-; od? ponatury—— l-—a;,
& WI=1, ut fiae dr== (1— w2\dk & d (5 - )" d, quae
formulz non obftsnte hac determnatione fune maxime ge-
zerales, ] Comigitur hincfiez L

¥ b fiwdt G y =2t e 2 fudt Y fundt ’

perfpicrum eft curvas algebraices prodire, i tam i quam
Jwude faerie integrabile. LAd hoe utrumque praeftandum
: 3 | in




20-JAN-2005 23:28

g '

' fubfHitutionfbus retro fiiverit ¢ ~ 497

& s%oB

gh=m—rh | ﬁla-—-_-_-:’; mnt;: ? _—
. u
ubi, quis seft funBlio impar ipfius v, neceffe eft ot e p

ﬁfngtio par.  Jam hic valor ipfius ¢ jn siters formula 7ub-
fticuatur, erlque

—y g e O | .
fids = tux v 3 frudu = ',:’ 2 fid :%?-—mr-{-
sfpdu .

— L —
ponttur fod=q, we fit p== 2Tt erturme  Fantiio tmper

dpfius w; & fomto 4z confhante Ret dp— %{ ltque

. du®
s~ P08 awdy I

37. His ;u!on'bus fubtiicueis habebimus
Quartam Regulam pro inveniendis
- .stmje&oms reciprocis algebraicis:

wmorr q fonttio quaccunguy tmpar ipfizsr 0, pof
3 a4l f
quetfitor

 slermenes Od onfiamte ¢11; curver
Abfciffa AP::-: “ﬁ(",'?"‘) . twdg
i . dus w2y
. . ’ ‘
APplianPM:;y‘—-' ddy(1~ x) 2dy(1 - o)
T T = T ey
Portmus 52w , éxiftebie A“mamero impari; et
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38.  Ex his formulis vasisbilis » non difficalrer efi-
minatur, fi enim altera per alteram dividator, erit

MA— Iy = I A g } 2 W e (A e § J(A = ’)'E;"
(r—+yy=o |
Pt ) et o vt DA e / B
(N—1)(A—2 )(r~3) *

kineque gw
inveniturque _ ,

[
= NA~2)r=*PR(A=2}((A-1) yy-x2)

. AN (A2 (x—y)
qui valor & in sltera xquatione, velin fummz smborom
A

-3 .
r-f-y="oha (A-1—}-(h-2)x) fidftitustar, orietor
zquatio inter r & y, qua femel tantem gusdratis famien-
dis ad rationalitatem reducetor. Quatvor sutem hifce re-
gulis pro inventione trajeQoriarum reciprocsrum sigebrai-

- carum traditis, quicquid in folutione hujis problematis
adhuc defiderari porerst, hic abunde prasftitife
' mibi. videor. .
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