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fun&ione ipfarum x, 5, ., 9,7, &c. five determinata five indeter-
minata. Functio autem determinata nobis eft, que, fialicubi dentur
valores litterarum x, y, 2, 9, » &c. ipfa affignari poteft , five algebrai-
ce five tranfcendenter. Fun@&io autem indeterminata eft,que per da-
tos iftarum litterarum valores, quos uno in loco obrinent, affignari
nequit , fed omnes valores pracedentes fimul involvit, quemad-
modum hoc evenit, fi figna integralia occurrant. In Capite
igitur fecundo Methodum tradidimus omnia Problemata refol-
vendi, in quibus Z eft functio determinata; in tertio vero hoc
Capite perfecuti fumus eas formulas, in quibus z, vel ipfa cf
funétio indefinita, vel talium unam plurefve involvit; fimulque
Mecthodum exhibuimus pro iis cafibus, quibus functio illa inde-
finita nequidem per formulas integrales repracfentari poteft, ve-
rum refolutionem aquationis differentialis requirit.  Nunc igi-
tur eos cafus evolvamus, in quibus expreflio, qux maximum
minimumve efle debet, non fimplex eft formula integralis, uti
haétenus pofuimus, fed ex pluribus ejufmodi formulis utcun-
que compofita : atque fimul Methodum aperiemus plura alia

Problemata, qux non ad coordinatas orthogonales fpectant , ex-
. A o F 5
pedite refolvendi.

CAPUT 1IV.
De Ufn Methodsi haltenus tradite in vefolutione

Varii generis qmﬁionum.

Prorositio I. PROBLEMA,

1. INwm're aquationem inter binas variabiles X &y, 1taut ypre
dato ipfins X valore, puta pofito X ==a, formnula {Zdx ob-
tineat maximum minimumve valorem , exiffente L functione ipfarnm
X5V, P> Q> s &c. five determinata five indeterminata.
S oL U TTI O

Ex quacunque confideratione variabiles « & y fint nate, ex
Euleri De Max. & Min. R fempex
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femper tanquam coordinata orthogonales cujufpiam curva ¢oha
fiderari poflunt : atque hanc ob rem quaftio propofita huc revos
catur , ut determinetur curva abfciffam habens =— x & appli-
catam ==y, in qua valor /Zdx, fi ad abfciffam date magnis
tudinis , puta x==4, applicetur, fiat omnium maximus vel mi-
nimus.  Quod fi autem Problema hoc modo proponatur , tum
ejus folutio in precedentibus Capitibus fatis fuperque eft tradi-
ta.  Quamobrem formule propofite /" Z dx, fecundum Metho-
dos ante expofitas, capi oportet valorem differentialem, qui
date abfciffx x ==« conveniat, ifque nihilo aqualis pofitus da-
bit aquationem inter ¥ & y defideratam, quae pro data abfciff
x ==4a, producet formule /Zdx maximum minimumve valo-

rem. Q. E. L
Cororri L

2. Methodus ergo ante tradita multo latius patet ; quamad
xquationes inter coordinatas curvarum inveniendas, ur ques
piam expreflio /' Z 4 x fiat maximum minimumve. Extenditur
icilicer ad binas quafcunque variabiles, five e ad curvam ali-
quam pertineant quomodocunque, fivein fola analytica abftrace
tione verfentur,

Coror1i: IL

3. Inter binas autem variabiles propofitas difcrimen ingens
intercedit , eo quod propofita formula fZ4x pro determinato
quodam alterius variabilis valore maximum minimumve obtine-
re debeat.  Ifthanc ergo variabilem conftanter litera », alteram
vero littera y denotari convenit.

Corovruw IIIL

4. Litteris igitur x & y debito modo [binis quantitatibus

- “ew . . . L d T’J
variabilibus impofitis, erit p == j—i »§ = ‘éj—i%: r== ;fz ?
| o s 5=
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d" . oy . . . - . .
== == &ec. His fcilicet lirteris diffgrentialia cujufcun que

gradus, quz forte in maximi minimive formula iafint, tolit
poterunt , ita ut Z futura fit fundtio licerarum v, 3. 2, 7.7, &c.

CororL1i IV.

5. Cum ergo maximi minimive formula ad talem formam
[ Zdx fuerit redudta, in qua Z fit fundtio ipfaram ~, 5, 2.
g, 7, &c.five definita five indefinita, tum cx {fupcrioribus prec-
ceptis formule [Z4 x valor diffcrentialis o refpondens toti abf-
ciffe propofita x — a, debet inveftigari , qui nihilo xqualis
pofitus prabebit @quationem inter ¥ & j quatitan.

CoroLrLL V.

6. Si Zcft fun&io definita ipfarum x, y, p, g, ¢, &C. tum
valor differentialis formule /24 x non pendet a praferipto abf-
cifle valore ¥ = «; & hanc ob rem xquatio inter x & y in-

wenta pro qualibet abfciffa prabebit maximum vel minimum
formulae /2 d x.

S CHOL1I 0 N L~

». Quia in hocnegotio valores differentiales, quos ante pro
omni genere formularum fparfim eruimus, in promtu cfle opar-
tet, cos hic conjun&im in confpectum producemus, ut fit wi-
de, quovis cafu oblato, valores differentiales, quibus opus fucrit,
conquiri 2c depromi queant. Exhibebimus igitur formule/"2dx
pro varia fun&ionis Z indole valorem differentialem qui perpe=
tuo determinate variabilis ¥ quantitati, putax ==4, refpondeat,
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L

Maximi minimive formula’
[Zdx,
dZ=Mdx+4 Ndy +~ Pdp+ Qda + Rdr + &e.
Valor differentialis erit

dP | ddQ__

. d PR, d*S
”V'dx\N da—c + dx? ‘21;_"‘*" ﬂ;' &C-)

qui valor differentialis pro omni variabilis ¥ magnitudine @que

valet.
IL

Maximi minimive formula
S Zdx.
dZ=Ldn-+ Mdx 4+ Ndy +Pdp+ Q dq + &c
&n=/[Z1dx
exiftente
d[Z]=[M]dx+([Nldy+ [Pldp+[Q 1d9+[R] dr 4 &&
Jam pofito poft integrationem x = 4, fit/L d x == H, po-
naturque H— fLdx = I,
Valor differentialis erit

onde(N+IN1W— 2EELID) 24 (o4 [0]7)

& (RH[RIV) | d*(SH[S17)
ot At = & )

IT11

Maximi minimive formula
[Zdx. .

AZ=Ldn 4+ Mdx + Ndy 4+ Pdp -+ Qdg + & "
& n=/[2Z]dx
d[Z)=[L]dr+[M]dx+[N}dy+[P]dp+[ Q Jdg+ &c.
&r=/[z]dx
dz]==[m]dx+[ »]dy +[pldp+[91d g9+ [)dr 4+ &c.

Sit iterum, pofito poft in_tegratiqqgm % == autante, /Ldx

Shm——
b—
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== H, acponatur H— (L dx==V, Jamintegretur / [L]V dx,
fitque integrale, eo calu quo x ==« ponitur, = G, ac po-
natur G— (L) Vdx =[V]=G ——f[L]a’x(Hme;{v),
His pofitis, Valor differentialis erit

> A /
pvd s (N+[ NV +[#1[ V] — B2+ D)

dx

+ dA(Q+ [l v+l ___ & (RHRIV+[1VD
dx*

d x}
+ d*.(S+[Sle++[‘”V])-— &c. )

unde fimul lex progreffionis patet , fi adhuc plura integralia
involvantur.

LV.

Maximli minimive formula

[Zdx.
d2Z—=Ldn 4+ Mdx+ Ndy+4+Pdp + Q4 g -+ &c.
&n=—=/f4dx
Abeat, pofito ¥ == 4, hxc expreffio L% 00 H, denotinte
¢ numerum cujus logarithmus eft = 1, fitque H e/ de:.—_-V :
Valor differentialis erit

m.dx(NV__dPV_*_d:{ixQV d’&V_l_ "3 * V&)

V.

Maximi minimive formula

[Zdx,

dZz=Ldn+Mdx+Ndy + Pdp + Qdq + Rdr + &c.

& n=/[Z]dx
[Z]==[L1do +[ M Jds-+{N]dy+[ Plap+HQdg+{R1dr + &c.
it , fi ponatur x==4«, poft integrationem

[e ARILLE s H
atque ponatur

@
wy
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e-....f[L]dx (waef[L]d dex) —
Valor differentialis eric

d.(P Py dd ( rolr
2y, d_;(ATF[N] V~_ ( "ZDE ] )+ Q;‘;}Q] )

S ARAE[RIV) | W (SH[ID) gy,

d a3 RE dx*

In his igitur quinque cafibus continentur omnes regule, quas in
Capitibus precedentibus  invenimus. lique tam late patent,
ut omnes cafus qui quidem occurrere queant, in iis vel atu
contineantur , velfaltem per cos non difficulter refolvi poffint.
lis igicur hic in compendium redactis, corum ufum monftrabis
mus, in rcfolvendis queftionibus, in quibus ¥ & y non deno«
tant coordinatas orthogonalcs.

ExeEMmrzrum L

8. Ex duto centro C dutis radiis CA, CM, invenive Liveamn
AM, gue inter omues alias lineas imra angnlum A CM conten-
vas fit breviffima.

Pater quidem hanc lineam quafitam eflfereGam: interim tamen
hanc quattionem fecundum praecepta data refoivi conveniet, ut
confenfus Methodi cum verirate luculentivs perfpiciarur,.Cum igitur
longitudo lince A M pro dato angulo A C M debear clie minimas
ponamus angulum hunc A CM efle == «; feu centro C, radio
CB==1, defcribamus circulum, firque arcus BS = ». Tum
fit radins CM altera variabilis === ¥, ®quatione enim inter has
variabiles x & y inventa, innorefcet natura linez qu.ctie A M.
Jam auwtem duco radio proximo C m erit Ss = /», & mn
= dy, fumto Cn=CM : ob triangula vero fimilia CSs
& CMn crit 1: dx =CMTly]1: Mn[ydx]. Ex his ita-
que crit Mm =4/ (dy* 4+ y*dx*); & quia perpetvo poni-
mus dy ==pdx, crit Mm = dx ¥V (yy42p); unde linex
A M longitudo erit == fdxy/ (yy+pp), qur debet effe mi-
nima pro dato ipfius x valore, puta x ==4, Atquia hxc for-

- mula



IN RESOLVENDIS QUESTIONIBUS. 135
mula ad cafurd primum pertinet, linea fatisfaciens erit pro quos

vis valore ipfius x minima, Cum igitur fit 2=y (354 pp),
. [Zy p (lP M N .
dZ — Y & 1n cafu prim
erit Vo) T VGrrm primo fiet

— - “—“42—*—", P = -—r —
Jk[—ﬁ—-O) N ~/<ﬁy'+'PP> v Coy=tpp) 3 (2 O

R==o0, &c. ideoquc dZ =Ndy - Pdp. Habcbitr crco
ifte valor differentialis #v.dx( N~ é.\ ) indeque pro folus

7
. . : — ol an RN L,
tione ifta xquatio, o =N — o+ qua, muldiplicataper pd

==dy, dat Ndy == p dP; quo inaquationc 42 == Ny -\- Pdp
fubftituto , prodibit dZ —= Pdp +de , & intcgr;mdo z4-C
=PFp, feu C+v(y+pp) = ““(P_]_)F“) Quocirea Crit\;.—-; yil'{ -

NANDTN Ve W
= Conff. ==b. Atclt Mm [dxv (yy+pp)1: Mn [ydx|
=MC [3]: =——2%—; qux quarta proportionalis prabet

. [y] Vo) 4 .q prop ) !

perpendiculum CP, quod ex C in tangentem lince quefita
MP demittitur.  Cum igitur hoc perpendiculum CP fic conf-
tans , intelligitur Lncam quafitam cfle reftam : & quia , in -
quatione inventa prima Ndx =4 P, dux infunt potentia conf-
tantes arbitrarie , conditio heec quaftioni eft addenda , ut linca
quxfita per data duo puncta tranfeat; tum igitur linca reca per
illa duo puncta ducta quafito fatisfacict.

ExeMPrrumMm 11

0. Super ace AD conflruere lineam BM, ita comparatam, us,
abfeiffa area ABMP date magnitudinis, arcus curve BM ill

areg refpondews ﬁt OIRALUIE MINIINUS,

Quia pro data area ABMP minima longitudo arcus BM
requiritur , arca A BMP nobis defignanda erit variabili » : al-
tera variabili y autem indicemus applicatam curve PM. Jam

fic ablcifla AP ==, crit ¥ =/jdr, idcoque dr = i—'“:atquc

arcus



Fig. g,
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arcus BM longitudo erit =/ (4y* - i ). Dofito ergo

dx
JJ
Uy==pdx, _minimum effe debet hxc formula /4 x v/( ;; + )

=f dx/(1tpypp), Erit iraque z="Y{! tyﬂ)l)),&

J
d pdp ,
A7 — — VA 2 : unde M=o
y9 V(1497 )+y\/(1+9‘p‘) '
Ne — —!  Poe 2P —o &¢, Pet~
sy v (149%%) V(1 +y‘p‘)’Q‘ ©

tinet ergo hec quzftio ad cafum primum, ac folutio prabebit
lineam curvam , que pro area quacunque AP M B abfciffe erit
breviffima., Pervenictur autem , uti in precedente Exemplo ,
ad ®quationem hanc Z== C+ Pp, atque curva queflita per

data duo pun@a defcribi poterit, Erit itaque v +y” rr)

= LA N = cvelb=
C+\/(1+yypp)’ feu 1 = Cyy (x1+4yypp): vel

yV (1 +yypp)s hinc fit 66 = yy + y*pr, & p ==
h=p) 404 g dx = ydr, Erit igitur d¢

yy —-Q_oc——yd;’
— ‘m%%'—y—)’ & t=c+ v (bb—yy). Quare linca

quafita erit Circulus, centto alicubi in axe AP, puta in C,
affumto : ifque inter omnes alias curvas per eadem duo quacun-
que punéta dudas, pro data refeta area ABM P, habebit ar+
cum BM brevifimum,

ExeMreprouowm IIL

vo0. Eduitis ex puncto fixo C radiis CA’, CM ; intra eos
defiribere curvam AM, gue pro dato [patio ACM habeas arcum
AM breviffimum.

Quia arcus AM minimus efle debet, fi fpatium A CM da-
e magnitudinis abfcindatur; ponatur area hec ACM=x,

atque radius CM defignetur altera variabili .  Jam ponatur
arcus
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arcus BS, radio CB = 1 delcriptus, ==1¢; crit, ut ante vidi-
mus, Mn=ydz, & arca MCm==1!yydr==dx, unde fit
dt== %—‘3 Quia porro et M m == /( 4y 4 ;*d¢" ) =

vV (dy* + -4%5 ; fit dy = pdx, minimumque cife deber
f’i——-x\/(4+1v}>yy). Cum igitur fit Z= Lﬁ—j—)z—‘) , erit

—_ e 4 —_ Va4
M=o,N= V4t )’ &F Vgt )?
Q == o, &c. Hinc refulear ifta zquatio Z==C+- P p; proptcrea

. /(4 + 5%*) PP
quod fit M ==o: ideoquc Aol =C 2L
y v 41"
feu 4 =CyvV (4+yypp) vel 26 ==yv (4 4yypp); hincque

Wb —y) _dy__2dy g4 dr__ .
? 3 T dx T yyde’ v —yy) ’
itemque integrando #=—= A fin, ‘Z— <+ A fin. %— = A fin.

W bb —cc) o/ b — i i
5 cc -z-b v W)‘ In AC ex S demittatur perpendicus=

lum QS = fin. A, erit Q5 = W=+ /b —2) 4

ex xquatione ¢+ Con = A fin. -%- colligitur curva quefita
efle Circulus AME per pun&um fixum C tranfiens.  Deferiba-

tur enim fuper diametro quacunque CE in C terminata Circu-
lus CAME, arcus A M interceptus inter radios ACM pro
daraarca A CM erit minimus. Scilicet {1 alia quecunque curva
per duo quazcunque puné&a in hoc Circulo fira defcribarur , bi-
nifque radiis ex C duétis area 2qualis arce A CM ablcindatur,
arcus illius curve refpondens perpetuo mijor crit quam arcas
A M. Quod ut appareat, ducatur ex C ad CE normualic CD,
in eamque ex S perpendiculum SQQ demittatur @ erit rizngu-

lum S C Q_fimile triangulo CEM, hincque CE: CM [y]
=CS[1]: SQfeu SQ = —C-ZE—:.ﬁn.A. DBS, vel DBS
Euleti de Max. & Min. S =
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= A fin. C!E Pofita ergo diametro CE =14, & quia eft

DBS=BS+BD = s+ Conf. erit r+ Conff. — Afin.%- :

que eft ipfa illa proprictas, qua curvam quaefitam praditam cfie
oportere invenimus,

Exemerpruwm [V.

1. In fuperficie guacwngue, five “convexa five concava , ducere
lineam, qua fit intra fwos terminos omninm breviffima.

Sumatur planum quodcunque ad quod fuperficies referatur;
AP Q, in eoque capiatur re®ta AP pro axe. Jam ex linex
quefitz {ingulis punctis concipiantur perpendicula in hoc planum
demitti, quibus defcribatur linea A Q, qua erit projeétio linez
breviflimz in hoc planum; qua cognita, fimul ipfa linea brevif-
fima in {uperficie propofita innotefcet. Vocetur AP=x ,
P Q ==y; atque cum natura fuperficici detur, ex datis AP =—=x
& P M =y definiti poterit longitudo perpendicularis Q M in
planum AP Q,, donec fuperficiem in M fecet. Quod fi ergo
ponatur QM ===z, longitudo hujus linex = dabitur per » &
¥, ita ut z fit funétio definita ipfarum » & y. Cum igitur fit
z functio ipfarum x & y, que ex mquatione locali ad fuperfi-
ciem datur , ponamus efle z="Tdx+4V dy; cruntque T &
V" cjufmodi fun&tiones ipfarum x &y, ut Tdx + Vdy fie for-
mula differentialis definita : pofito nempe dT = FEdx + EFdy,
crit dV = Fdx 4 Gdy, exiftente littera F utrique differentia-
li communi. Nunc elementum line in fuperficie dutte eft ==
V(dx* +dy +dat) ==y (dx* +dy* 4-( Tdx + Vdy)*).
Pofito ergo 4y == pdx, minimum efle debet hazc formula
[dx (1 +p"+T" 4+ 2TVp+4Vp*); ita ut fit Z==
V(14 + T +2TVp 4 V*p* ), unde fit
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4+ TEdx +Tde + pdp
' l + VEpds 4+ VFpdy 4+ T Vdp
A= { + TFpdx + TGpdy + V*pdp
l + VFp*dx 4- VGppdy
LVvQtep + T+ 2 TVp+ V' p*)

Quz formula cum ad cafum primum pertineat, proveniet ifta

zquatio inter x & y;

TFdx 4 VFpdx 4 TGpdx 4 VGppdx -
V(14 +TF2TVp + 7 p°) _

pHTV+ Vo .
J'\/(I+PP+T’+2TVP+V’P‘) . EftveroFdx+Gpdx

. _ . FAV4VpdV
= Fdx-+4 Gdy = 4V, unde erit O TE7 5.
42TV VI

VaFrp+(T+7p)*)

[+ dp(1 4T 0")

| +4T(V—Tp)

= {l + dNTH-T 43T Vp + 3TV p* -1 p 2 Vp+-Vp ")
L

i

Crdpp+(T+Vp )22

Aquatione autem ordinata, refultabic hac dp(1+T* 4 V*)
FdT(V—Tp) +dV(Vp —-—Tpp)—_—-o,fcu dp

— (Tp—V)UTHrpdV) d .
__ddy (1dy—Vdx) (dxdT 3= dydV)

== —Z; hincque fiet dx ddy =

147147
quz eft @quatio differentio - differentialis pro projectione A Q
linez breviffime in fuperficie quafita; ideoque indicat, eam per
duo quzque pun&a duci poffe. Aquatio hac inventa in varias
formas tranfinutari poteft, que fepius majore commodo ufur-
pari poterunr.  Ac primo quidem expedict eliminari differentia-
lia dT & 4V': cum enim fit dx = Tdx + Vdy, critddz
= dxdT + dydV 4 Vddy; ideoque dxdT +dydV ==
S =2 ddz
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ddz — Pddy, quo valore fubfiituto prodibit ifta zquatio
dxddy 4 T* deddy4 U? dxddy=Tdyddz—Vdxdds
— T'Vdyddy + p: dxddy, fen dxddy 4+ Tdzddy =—
Tdydde—Vdxddz; hincque ddy:dda = Tdy— V' dx:
dx + Tdz. Multiplicetur @quatio inventa per 4z, acin pri-
mo termino fcribatur T"d x + Vdyloco 4z, erit Tdx* ddy
+ Vdxdyddy+ Td? ddy = Tdydzdd z — Vixdzddz...
Addatur utrimque T'dy* ddy — Vidx dyddy, erit Tddy
(dx* ddy* +d2*) = (dodd= +dyddy)(Tdy — Vdx)
dy ddy+doddn ___ Tddy . Tdd=z
ADFdytdt T Tdy — Pdx 4 x4+ Tdz Vel mul-
tiplicetur aquatia per 4, ac loco T 4x feribatur 4z — Vay,
obtinebitur 4 x*d dy+ d2*ddy — Vdydzddy = dydzdd=
— Vdy'dds — pax*dds. Addanur utiimque dy* ddy
~Vdz*ddz, erit ddy(dx? +dy +dz*) — Vdz
(dyddj+d=zdd=z) =—=dy(dyddy+ dzddz) —
Vddz(dx* 4 dy* +dz*); idcoque diﬁ?g,?iif
igf—;f—;}% 5 qua wquationes omnes in fequenti exifefﬁong
. dyddy+tdzddz __  Tddy - Tddxs ___
continentur ;iv\-z +dy‘+d?," —' Td) — Vdx de-l-’!"dz -
~———--—dj; i I;/‘i,‘iz. Hic notandum eft, quia quantitatum T & I diffe-
rentialia nufquam occurrunt, perinde effe, five in T'& ¥ contineattir
<, five minus. Quovis igitur cafu oblato, conveniet eam xqua-
tionem aflumere, que facillime integrationem admittat. Velu-
ti fi fuperficies propofita fit folidi rotandi converfione cujufcun-
que figure circa axem A P nari, erit ¥y -+ 2 z == quadraro func-
tionis ipfivs x, qua fit = X, eftque appiicata illius curvae
genitricis abciffe x refpondens. Erit itaque 2dz == XdX —

¥4y, & dz = XdX __ydy unde fiet T = %) &V=
’ ' 2 zdx

(2

%
—— -

—— Sumatur 1am , commod; ergo, ®quatio in qua T" non

OCCUr-
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. dyddy 4+ dzdd ddy Vddz
occutrit, hac -K;i A da 7’;:%7:1*? , que , ob
-~ . d)d{f’*’+ dz2ddz 2ddy — 1d 2
vV — =2 ranfit in hanc s ) e VLAY T AR
: 2> e dx’dy* +dz? 2dy — ydz

cujus integrale cft [V (dx*+-dy* +-dz* )= EI_’.;;__‘W , feu
zdy—ydz=1by (dx* 4+ dy* 4 dz*). Quoniam nunc cft
z ==y (X*—y*), ponatur dX = vdvx, crit dg == XL 9D

V(XE— %)
\ *do — Xyvd .
& zdy—-jdz:X :{fw()&z __:7913 = » & y/( dx*4-dy*+dz*)
. V(X*dx® — 9%dx* A Xy = XPo*da* — 2 Xvudxdy)

V(AP —>*) |

Ergo X*dy*— 2X’yvdxdy + X'y v'dx* = bb X?d x* - -
bbydx* 4-66X°dy* + 02X dx* — 2 b’ Xyvdxdy, feady
2 —X* ) Xyvdxdy4-A"y o dnt—bP X P AP by A —b P X vt
‘— X' (bb—XX) >
qu, extradtaradice, prebet 4y :-’f;f + LLZL{/QE'Z';Z’;)EZJEX;‘J
Quod fi ponatur y == Xr, ut fit dy—=—= Xdt + tvdx, fier
- de o bkdx vV Fvv) . DX
Viri—1) —Xv (i — xx)} in qua zquationc, quia
& v funt fun&iones iplius x, variabiles 7 & x a fc invicem funt
feparata, :

ExeEMPprLuMm V.

12, Super axe AP N conftrucre curvam AM ejufinodi , ut , b

ciffa per normalem MN-arca ANM dute magnitudinis , arcus
AM fit minimus.

Quia , pro definita aree A MN magnitudine, arcus A M
minimus efle debet, ponatur area AMN ==s4x, pofitoque
x =a, quo cafu arca’ AMN fit =44, fiat arcus AM mi-
nimus. Ponatur porro applicata orthogonalis MP =y, abfci(-
fa AP=1+, & fubnormalis PN = u; -erit «x = [y dr +

d .
tuy, &u :%;y : elementum vero arcus A M erit =

S 3 4y
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dyv(yy-un)
}i . Porro’cu-m fit adx =ydt+ } Cudy+ yduw)

d .
& d::-?.u_.’,, ctit andx ==yydy-+ Lundy4 Lyudu, & 44
— 2adx 2yd d .
== _Zul_..‘i__’_, Jam ponatur dy ==pdx, mini-

. ds'yf
mum effe debebit /7<% ‘/% ytuu) atque # eft quantitas cu-

jus valor ex hac ®quatione du =dx ( 2% 230 ___up ) de<
. ® Y . . * y “
finiri debet. Pertinet itaque hec quaftio ad Cafum quintuzn ; cum
quo-fi comparatio inftituatur , fit # == n & Z — 2¥(»+10? 5
n

undeL,:—:ML; M:O, N:‘“—if——— &
nv(yy +n*)?
- . Decinde cum fit n=/dx(%’—%?.
— ip . r ___.211 2 . . .
; ) fit[ 2] = —#—-%’, & differentiando erit
2. St
[L]:—I—f;p————f; [M]=o, [N]:——-yi;’_..z_lf".;.fﬁ
)7
. —-2 g .
&[P] = “‘,’Z“‘% Jam entf[L]dxzf“_Tf.iZ —_—

[L]dx  (Jo%:mm

= s atelt Ldv= 2D _ -

o n*v(yy+nm) >

- flL]dx poan .,

unde fiet [e 1 Ldx—— fzf‘ 737 F n‘fg » cujus valor

pofito x =4, fiat = H, fitque P==¢ —[2042: oo, H
€f2 7dy cHOn d

+/— Ty 5o ) His preparatis, erit 2quatio fatisfa-

ciens (N+ [ N]V)dx=d.(P4[P1V), five fubfitutioni.

bus faétis, 24y —2aVdx__2Vdy nmrdy __
mv(yy+nm) 5y I vy

e V(yy+nm)
II

ty, & el

2V
"""“!*"'-‘I_I‘VZ). At eft 24dx :]dll

I
+
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29949 4 ndy; unde erit 922 _Vdn__4Vdy
+=7 t 4y T nVGy+a B Il

— V(y+n*) __ 2Vy 0¥ ydy

_T_T :H v(yy 4+ n?)
__opdn__2Vdy 2pdv 2l npdv ydn
n* V(94 n*) I n o’ y )

nvdyy. g _yydu 2Vl | 2dV  2Vydn
+ T s hincque TVl 1) =+ = =
+I—1—;—Z J— 1_13%‘—13 =—o. Verum, eft generaliter 4V =—— Ldx
—_ ; ; 994y __2Vydy
V[L]dx; unde erit V= THACTE ) 2,
vdy . yydn dvdn o Vydn
— e oo o
+=,7 5 hineq mVGoyFam) 4y m
: r 7 7
Vduo, quo fubftituto oritur avdm_ 2] 2l nay

—

dy
dy I + 11 + 9
dn 2dy ndy ___ ydV ,dn 2dy ndyy .
— V(4 224 "y =" (—+ == —£7Y;
(J+H+J.7) dylca IH-*:IJ))
qua zquatio, cum fir divifibilis per 5—;3 -+ -2-;;’ + I—Iy—;", dupli-

. . .4V d
cem dat folutionem. Quarum prima erit —- == 22 que pra-

bet ¥ ==cy: quoniam vero ¥ evanefcerc debet in cafu mi-

nimi, codem cafu erit y = o; fcilicer pofito x = & fict
—o. Cum nunc fit V==r¢y, fata fubftitutione in ®quatione

7 J q

IV e — 394y 2V dy L} ydy
4 n*v(y* 4n?*) n* + y ent n*v(y ' 4o*)

== ?ig ) 4 hincque vel y==o, vel 4y =0, quo cafu pro-

dit linea re&a axi parallelas vel 1 ==o0, quo cafu prodit linea
reGa ad axem normalis: vel etiam V(yy+1un ) =MN=
Conff. quz zquatio dat Circulum ; atque integer {emicirculus, ob-

y==o0 in cafu minimi, quafito fatisfacict. Secunda folutio pro-

dit cx divifore %IZ + 2dy + ndy o, feu nd4 nrdy

Kl 5y

-
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+ 2ydy ==o0, qua multiplicata per 57, fit yynda4nrydy

+23°dy==o, cujus incgrale cft n°y* +y* ==0C, hincque
V(b* —9*) . .

== 5 qua Tquatio, quia non pendet ab V, pro

quocunque valore ipfius x facisfacier. Erit autem introducaabf-
. d . . vd
ciifa AP— z, ob # =—n = 2ay 5 1ifta xquatio P S

d: dt
V(o —5") dy L
s unde 4z = -V—('*if‘::;@ , ex qua quartionc intel-
ligitur Elafticam reftangulam quafito fatisfacere; ita ut pro area
ANM inter normales AN & MN arcus curve A M fit bre-

viffimus. Hac autem curva per data duo punéta, [iquidem
axis AP fit pofitione datus, defcribi poteft.

SCHOLI1ON IL

r3. Ex his Excmplis eximius ufus, quem habet noftra Me-
thodus in Problematis etiam diverfi generis refolvendis, abun-
de patet; inprimis autem ultimum Exemplum nonnullas nota-
tu maxime dignas fuppeditat circumftantias, ex quibus natura
folutionis illuftrari poterit. Quoniam enim duplex axquatio ob
factores duos nata cft, duplex quoque folutio prodiit; quarum prior
lineam fatisfacientem abfolute determinat, ita ut ea per data duo
puncta duci nequear : dat enim vel lincam rectam, vel f{emicir-
culum. Lineareéta duplici modo quaftionem folvit, dum eft vel
normalis ad axem AP, vel cidem parallela; & quemadmodum
utraque fatistaciat manifeftum eft: nam in ea, qua cft normalis
ad axem, portio quz cum axe & normali datum fpatium com~
prehendit perpetuo eft infinite parva, ideoque révera minima:
altera reta axi parallela aliquanto latius patet, cum ca per da-
tum pun@tum duci poffit; & quia ipfe applicatx ad cam funt
normales , ac fpatium abfciffum fit ut ipfa ablifla, cjus refpec-
tu linca illa refia utique erit breviffima.  Semicirculus deinde,
qui ex prima folutione prodiit, ita abfolute fatisfacit, ut, pro-
pofita fpatii abfcindendi quantitate , ipfe femircirculus determi-
netur ,
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netur , ejus enim area efle debet = #4.  Secunda autem folutios
que curvam Elafticam rectangulam prabuit, latius patet : nam
per data duo quacunque puncta ejulmodi curva traduci poteft,
caque, inter omnes alias curvas per eadem pun&ta tranfeuntes ,
hac gaudebit prerogativa, utfi, in omnibus curvis, per norma-
les , arex @quales abfcindantur, arcus Elaftice futurus fit om-
nium minimus. His igitur expofitis pergamus ad ufum Metho-
di tradit® oftendendum, in iis maximi minimive inveftigationi-
bus , in quibus maximi minimive formula non eft talis expref-
fio integralis fimplex /Zdx, qualem formam haenus perpetuo
tractavimus ; verum eft compofita ex duabus pluribufve hujufmo-
di formulis quomodocunque. Ac primo quidem , fi maxi-
mum minimumve effe debeat aggregatum duarum pluriumve
formularum integralium, puta [ Zdx + /T dx — [Xdx,
operatio nulla difficultate laborat: quia enim formula maximi
minimive eft fdx (Z+4 T — X ), hxc tanquam fimplex
formula integralis tractari, ejufque valor differentialis affignari
poterit.  Operatio autem eo redibit, ut pro fingulis formulis
Szdx, [Tdx & [ Xdx, earum valores differentiales quaran-
tur ; earumque loco in formula [Zdx 4+ [T dx — fXdx
fubftituantur; & quod oritur nihilo &quale ponatur: ficque ha-
bebitur @quatio quafito fatisfaciens.

ProrosiTIio Il PROBLEMA.

14. Isvenire equationem inter x & v, ur, pofito x==2a, flat
hac expreffio {7 dx < {Y dx, que ¢ff productum ex duabus formu-
bs integratibus (L d x & (Y dx, maximum vel minimum.

SOLUTTIO.

Ponamus iftam xzquationem inter » & y jam effe inventam ,
foreque ex ea, pofito ¥ == «, valorem Formule /Zdx=— A,
& [Tdx == B; erunt he quantitates 4 & B conftantes ; at-
que earum productum A4 B maximum ye! minimum.  Jam po-
natur apud valorem indefinitum » variabilem y augeri particula

Euleri De Mux. ¢+ Min.

ny,
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nr, ex ea uttaque quantitas 4 & B incrementum accipiet, unas
quzque fcilicet augebitur valore differentiali ex pracedentibus
definiendo. Sit igitur 4.4 valor differentialis ipfius A4, qui ref-
pondet formule integrali /'Z 4x, pofito x = «, fimilique mo-
do fit 4B valor differentialis ipfius B oriundus ex formula /T4x,
pofito x == 4. Cum ergo, ex adje®a particula ny variabili
y, abeat Ain A+ dA, & B in B+4+d B, produttum 4B
tran{mutabitur in 4B 4+ AdB + BdA + d AdB; quare
cum A Befle debeat maximum vel minimum, oportebit efle
AB — AB + AdB + BdA 4+ d.AdB. ldeoque o ==
AdB+ BdA, ob evanefcentem terminum .44 B pre reli-
quis. Ex his itaque oritur fequens Problematis folutio; Qjue-
ratur formule /"Z 4 x valor differentialis qui fit 44, fitque 4
valor formule /Zd4dx, quem obtinet pofito ¥ ==4 Deinde
queratur formule [T Jx valor differentialis, quifit 4B, ac B
denotet valorem formule /1dx, quem recipit pofito x ==4:
quibus fadtis habebitur ifta zquatio o = A4 B + BdA , iy
qua relatio fatisfaciens inter » & y continebitur, Q. E. I,

Cororr L

v5. Quanquam in aquatione o== A4 B 4 Bd.A infunt
quantitates conftantes 4 & B, tamen ex non funt arbitrarie,
fed utraque per ipfam hanc zquationem definietur.  Scilicet fi
ex hac zquatione eliciantur valores fZdx & [Ydx, ponatur
que ¥ ==, prodire debent ille quantitates 4 & B; unde hz
determinabuntur per 2, & per reliquas conftantes arbitrarias
quz per integrationem ingredientur.

CororeL.lIL

16, Si Z & T fuerint fun&iones determinat® quantitatum
x, 9, p. 9, v, &c. tum valores differentiales 4 4 & 4 B non
pendebunt ab «; interim tamen quantitas « ingreditur inequa-
tionem o = A4dB 4 Bd.A: ex quo curva inventa, tantum
pro definito abciffe » valore x == «, quafito fatisfacict.

Co-
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CorovLrL IIL

17. Ex xquatione autem o == A4 B + Bd A particula
nvy omnino egredictur : nam quia uterque valor differentialis
d A & dB per ny multiplicatus prodiit , iterum n, per divi-
fionem exterminabitur : hocque modo quatiointer x & y atque
conftantes nafcetur, qua Problemati fatisfiet.

S CHOLTION LI

18. Neminem hic forma zquationis o =44 B 4 BdA in-
vente offendat, eo quod fpeciem formulz differentialis defini~
tx prz fe ferat, neque hinc etiam quifquam concludat xquatio-
nis. o = A4 B +4- Bd A integralem fumi pofle hanc, Conf.
== AB. . Jam enim fignificationes explicavimus, quas tribui-
mus cum litteris 4 & B, tum etiam formis differentialibus 4.4
& 4B: ex quo intelligere licet, vulgarem notandi modum hic
non locum habere. Ideo autem hunc notandi modum , etfi
a confueto diffentientem, hic adhibere vifum eft, ut nexus xqua-
tionis 0 =— A4B + B4 A cum formula maximi minimive
[ 2Zdx. [Tdx melius perfpiciatur. Cum enim maximum mi-
nimumve refpondere debeat valori ¥ == #; ponamus hoc cafu
abire /Zdx in A & [Tdx in B; quo fatto, maximum mini-
mumve erit 4B. Hinc autem fponte nafcitur 2quatio inventa
o=AdB + BdA, fiquidem 4B, litteris 4 & B tan-
quam variabilibus fpectatis, differentiectur. Quod cum fuerit
fa&um, in memoriam revocari oportet , pro differentialibus 4.4
& 4 B accipiendos effe valores differentiales eos, qui conve-
niunt formulis integralibus /Z dx & [ Tdx, ex quibus ipfe
quantitates 4 & B conftantes prodiere. Hunc nexum ideo an-
notafle juvabit, quod infra eundem ad quemcunque compofi-
tionis modum, quo formula maximi minimive ex formulis in-
tegralibus compofita fuerit, eque patere; fimilique modo ex ipfa
maximi minimive expreffione per differentiationem ®quationem
quzfitam obtineri oftendemus. 3

T 2 | 'EXEM-
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ExeEmrruwm L

19. Invenire aguationem inter x &y, #t, pofito x ==a, flat
ifta expreffio {ydxx{xdy maximum.

-Fiat fydx = A, & fxdy = B, pofito x—=a, & quz-
rantur formularum [ydx & [xdy, feu fxpdx, valores dif-
ferentiales : ac formulx /ydx valor differentialis eft #y, dx. 1,

formule autem /x dy, feu [xpdx, el nodx (~— = d. &)

= —unndx. Ertegodd=—nv.dx, &dB = —n.
dx: unde @quatio o = A 4B + Bd.A abibit in hanc o =
~— A. nv.dx 4 B. nv.dx, feu A= B. Quafito ergo
omnes =quationes inter ¥ & y ®que fatisfaciunt, dummodo, ca-
fux = &, fuerit [ydx = [xdy; hoc eft area curve =%« 7.

ExemMmrerruwm IL

20. Invenire equationem inter X & y,ut, cafu X==1,flat mis
nimum hac expreffio {ydxx{dx vV (14pp).

Cafu x==a, fiat [ydx —=A, & [dxy (1+pp)=—DB.
Porro fumendis valoribus differentialibus erit 4. A== ny. dx. 1,

1 P —_— P

&dB-._er.dx( P d. \/(l+PP))——- ”y'd"/(]-l—p_p)
M ~ b4 b ' e — . r P

Hinc prodit fequens zquatio o = — A, #v.d Ti+77)

~+ B. #v.dx, feu Bdx— A d. V_("ﬁ—_i?)‘ Quzx integraty.

Ap . A . :
dat x b— __“F , ubi — denotat rationhem, quam
+ By (1 +p)° B 9

tenet [y dx ad fdxy (1+pp) wum cum fit ¥==«. Sit bre-
vitatis gratia —gi- =, etit (x+b6) vV (14pp) = cp, &

v (cc— (x—{r—-b)‘)_“ dx’

?:

Integrata ergo hac zqua-
tione,
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totie , refultabit y=F=+ v (cc— (x+8)*), ia ut fit
G—f) F(x+8&) = ¢* , unde patet curvam fatisfacien-
tem effe Circulum, radio ¢ deferiptum, axe ubicunque accep-
to. Hujufmodi vero Circuli non quivis arcus fatisfaciet, ve-
rum is tantum qui per ¢ radiom Circuli multiplicatus produc.t
aream ; eft enim A4 ==B¢. Ergo vel radius Circulic pro lubi-
tu accipi poteft, ex eoque definietur illa abfciffe » magnitudo
determinata «; vel {i 4 detur, ut pofiimus , inde viciffim radius
¢ determinabitur. Perfpicuum autem eft arcum Circuli, qui fa-
tisfacit, convexitate fua axem refpicere debere; hoc enim ca-
{1 area fit minor , ideoque productum cx area in arcum mini-
mum.

Exemeruounm LIL

o 1. Invenire curvam ., in qua, pro daia abfsiffa X ==Qa, minimum

Sfiat hac expreffo fyx dxx{xdx v (14 Ppp)-
Pofito ¥ ==«, fiat [yxdx=—=24A, & fxdx (14pp)

e—B. Frit astem d A==ny. dx.x & dB=—m.dx. Z’I&

d. ‘7-(—1%’_75 ; unde obtinchitur ifta xquatio Bxdx ==

A d. 7(‘?‘37}7)’ que integrata datx x 4 bb== E"\/Z(/i ’_’:7;) =

V_(}%’ pofito %::. Hinc p = 7 (4“:)‘2*—;;:%)1)

== % , ideoque pro curva habebitur hxc quatio ,_; =
(xxbb) dx

v (geexn— (xx+ b)) De qua flotandum et, fi fiac

b=—o, tum prodire aquationem pro Circuloy== xdx

. ) v (gec—xx}
cujus radius fit 2 ¢. -

T 3 SCHo.
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SCHOLION I

22. Eadem hac Exempla omnia quoque refolvi poffunt per
Methodum fupra jam traditam;; quare cum utraque via cadem
folutio obtineatur, juvabit folutionem per alteram viam uno
Exemplo exhiberi. Sumamus igitur tertium Exemplum, in quo
maximi minimive formula fy x dx xfxd xv (1 4+pp), diffe-
rentiando iterumque integrando per partes, reducitur ad hanc
formam fyx dx fxdx v (14-pp) + [xdxy (14 pp) fixds;
cujus utrumque membrum in Cafu fecundo fupra §. 7. expofito
continetur. Queratur itaque utriufque valor differentialis, eo-
rum enim fumma, pofita ==o, dabit @quationem pro curva
quafita. Formula autem fyxdx fxdxy (14pp) cum Cafu
fecundo collata, dabit m =/xdxv (14pp) & Z==yxI;
unde fit L =-yx; M-—=yn, N—=xn, P=o0, &c. De-
indecrit [ Z]=x v (1+pp); indeque [ M]= v (1 +pp),
[N]=0, & [P] = \ﬁ%p—;}‘ Porro eﬁ[L d x == [jxdx,
cujus valor , pofito ¥ =z, quem generaliter pofuimus H;
hic in folutione Exempli eft A; itaut it V= A —[yxd .
‘Quare hujus formule valor differentialis erit == #v. d¥ (xm

— La “&':-"/%q{?f;‘)&)):m.dx(;vfxdxv(x+pp)

—— ﬁ _xr I xpfyxdx ' ;
dx d. \/< I 4 PP ) + d x d‘ V(I +-——PP) )- Altera formu
la fxdx v (1+4pp) fyxdx, cum Cafu fecundo §. 7. colla-

ta, dat 1 = fjxdx & Z=xny (14pp), unde erit L
=X \/(I+[’P)3 M:'—H\/(I+PP)3 N:C’: & P =

‘—/-(T—I:;—P-}; hincque fLdx == fxdxy ( 14pp): quare cum
H fic valor ipfius fL dx, pofito x = 4, erit H=—=B, & V

=B—/xdxy(14pp). Porroelt[ Z]=1y x, hincque [M]
=y, [N]=x, & [ P]=o0. Ex his prodit valor diffe-
rcptialis =unndx (Bx — xfxdxy (1 +pp) — d—I; X

‘ d'
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) %) His igitur valoribus differentialibus ambobus

additis, emerget hujus expreffionis compofite [y xdx fx dx
V(14pp)+ frdx /(1 +pp)[yxdx, feuhujus /3 x dx <
Sxdxy (14pp), quz in Exemplo erat propofita , valor dif-

. qs A4
ferentialis = #v, dx (Bx — = 4. ——L— ), ex quo

V(ttrp)
. . — ___xp_‘_
pto curva equatio erit hec Bxdx =—=Ad. {157y Quam

eandem in folutione Exempli invenimus. Similis autem con-
fenfus in genere deprehendetur, fi quis expreflionem /' Z 4 x %
ST dx eodem modo tractare voluerit.

Prorositro III,L, PrRoBLEMA.

23, Invenire eguationem inter X &'y cjus conditionis, ut, pofite
. . A7 d~ . . ..
x==a, ifla fractio 73— obtineat maximum minimumve valorem :

exiffentibus L & Y functionibus quibufeungue ipfaram X, Y, Ps
q, 'y & five deserminatis, frve indeterminatis. '

SOLUTIoO.

Cafu quo fit x==¢, fit fZdx = A, atque [Tdx—=— B:

eritque = maximum vel minimum , fiquidem relatio intex
x & y rete fuerit affignata.  Erit igitur fradio i;! zqualis ei-

dem huic frattioni %%: , cafu quo x ==u, £i alicubi una ap-

plicata y augeatur particula nv. Tum vero fiet /Z4x aqualis
ipfi 4, una cum valore differentiali formule /Z4x, qui fic
== d A; fimilique modo /' T 4x abibit in B au&um valore dif-
ferentiali formule [Yd4x, qui fit == 4B; ficque ex adje&a

particula ny ad applicatam y, cafu quo x==«, tranfibit frac-

. Zdx . A=+dA . . .
tio ’}T_d;: in hanc —B—':i-_—-ﬁ ; quz zqualis efle debet fraGioni

A
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;;1 5 unde nafcitur ifta 2quatio Bd A= A4 B; qua prxbebit
xquationem inter x & y quafitam. Q. E. I.

CoRrRorLr L

24. Ad hanc igitur @quationem inter x & y inveniendam ,
effici debet ut valores differentiales \(pfarum /'zdx & [Tdx
proportionales fiant ipfis harum formularum valoribus, quos obti-
nent pofito x=— 4.

Cororrr IL

25. Quanquam, in hac axquatione inventa B4 A4 =— A 4B,
duz inefle videantur conflantes incognitz 4 & B, tamen am-
. . : . A :

bas in unam compingere licet. Pofito enim 5 = C, erit
dA= CdB; inventaque @quationc, ex valore « loco x fubf~

tituto determinabitur valor ipfius C.
S CHOULTION.

26. Si hujus & pracedentis Problematis folutiones inter fe
conferantur , ingens in iis deprehendetur confenfus. Nam fi
maximum minimumve effe debeat faQum /" Zdxx/Tdx , orta

eft ifta xquatio o == 44 B + Bd.A; fin autem quotus ffjj’;

debeat effe vel maximus vel minimus, inventa eft iffa aquatio
o=AdB — BdA; utroque autem cafu littere 4, B &
dA, dB cofdem retinent valores. Quare cum 4 & B fint
quantitates conftantes, ambz zquationes tantum rationc figni

. .4 o
conftantis differunt ; pofito enim - = C, priore cafu habe-

tut 44 = — CdBjy pofteriore vero d A =—+ Cd4B. Ex
quo pro utroque cafu etiam cadem fere prodibit folutio; quia
totum difcrimen tantum in figno quantitatis conftartis C fitum
erit.  Quod f{i ergo xqudtio inter x & g fuerit inventa , que

conti-
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S

COn:;ﬂ at, pro X /== 4, f'l&u:"l /‘7d )(/fq’ x IT!Z‘I—(I[I‘UV‘. ‘(:1 n'-z

Fll W > Cdd(-m CC’HJ“UO, ICVI "Gv‘iu"1 I‘qht‘_tylorc ‘n—-ul \:\\':i“:.‘
[Zdx

nebit quotum ' 7-— maximum  vel minimum.  Perfpicuum
[Tdx 1
autem cft, five J—f;[, debeat effe maximum vel miniwum ,
five -f—l Z: , utroque cafu eandem plane eflc prodituram xqua-
tionecm. Hanc vero convenientiam ipfa rei natura poftulat:
nam {1 f:jx eft maximum, tumn co ipfo erit f”{ii mini-

mum & vicifim; unde utrique quaftioni eandem folut.oncm

fatisfacere necefle eft.  Caeterum hune quoque nexum obferval
Zdx

fe juvabit inter maximi minimive formulam 4 252 qux, po-

[0 dx

fito x== 4, abit in & inter zquationem inventam BdA

A

-

— AdB =o: hzc enim xquatio oritur ex differcntiationc
A .. ) cn. .

formule =, ponendo ejus differentiale == o ; iftiufmodi au-
z> P

tem nexum perpetuo locum habere in fequente Propofitione de-
monftrabimus.

ExeEgEmMrrum L

27. Invenive curvam , cujus area coordinatis orthogonalibus abf-
ciffa ad arcum curva maximam tencas ratiomems , [i abfciffe daius
wvalor a tribuatur,

Pofita curve quefite ablciffa==x, applicata == y; crit arca
= [ydx, & arcus = fdxy (14 pp); polito dy = pdx:
. [ydx
maximum ergo effe dcbet EITICETD.
x¥ == 4. Sitigitur, cafu x = 4. valor fon mu!&‘f] dx, fcu area
=—=A, & fdxy(1+4pp) feu arcus ablciffa « rdpondcns = B.
Deirde formulz f5 4 x valor difierentiaiis 4 A erit = #y. dx,

Euleri de Max. ¢ Mis. A" 1,

, cafu quo ponitur
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1, & formule [dxy C14pp) feu dB = nv. dx ( — 2_‘;

d—F N ? . Alari
\/(I_.{_p],)) 7y, d, CETTIR Quibus vélori

bus in xquatione BdA = 44 B fubttitutis, prodibit pro cur-
va quafita fequens xquatio : Bdx == — Adv — T,
1 1 1 v (1 4pp)

A . .
Ponatur 5~ ¢> itaut, pro abfciffa x = 4, arca curve fiat

>

xqualis producto ex arcu in hanc conflantem ¢, Erit ergo

ds == -—¢d PV integr = —
x ) ¢ CERTIR & integrando
c . .
wﬁﬁb’f““==<ﬁ’““(“+”>’“m“
- _— - bi . - .
P = Aoy T I Erit ergo y = .. . .

T s =V (¢ — =)
(y —F)*+ (6 — x)* = cc; unde conftat curvam quefi=
tam efle Circulum radio ¢ defcriptum, ad ream quamcun-
que tanquam axem relatum.  Hujus autem Circuli ea rantum
portio quarfito fatisfacit, qua refpondet abfcifle =4, a quo
valore pendet ¢, ita ut fumpta abfciffa = «, area xqualis fat
producto ex arcu in radium Circuli multiplicato. Quod fi ergo
vicifim radius ¢ detur , tanta in axe ablciffa abfcindi debet, ut
arcus per radium multiplicatus prabeat aream. Infinitis igitur
modis qufito fatisfieri poteft ; quzftio autem erit determinata,
fi duo prafcribantur pun&ta , per que curva quafita fit tran-
feunda. = Sumamus igitur radium ¢ tanquam cognitum , eo-
que defcribamus Circulum BMD centro C.  Porro fumatut
linca quecunque. AP D pro axe, in eaque A pro origine abf-
ciffaram.  Hoc jam fa&o, quaftioni fatisfier i applicata P M
tantum fpatium AB M P abfcindatur, ur id it xquale produc-
to ex arcu B Min radium Circuli BC. Quia autem feétor
BCM et =L BM. BC, oportet aream AB MP effe du-
plo majorem fetore BCM.,  Apparet gutem, fumto pro lu-

‘ bitu,
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bitu, cum axc, tum ejus initio , fepe-rumero conditionem
ptafcriptam ncquidem impleri poffe. Nam fi axis AD per
centrn tranfeat, tum area A B MP perpeto minor erit quam
duplum fectoris B CM; niii, arcu BM infinite parvo, pri-
ma applicata B A fimul per centrum eranfcar : fin autem  axis
A D fupra certrum tranfiret, tum nollo modo conditiori in-
ventz fatisfieri poteft. Quare necefle eft, ut axis AD infra
centrum C ducatur, qua de re multe egregix obfcrvationes
geometricz fieri voffent , fi ratio inftituti id permicteret.  Ca-
terum §i hec Solutio cum Exemplo fecundo praced.  Prop. §.
20 comparetur ; apparebit candem prorfus xquationem cile
inventam, five [ydxxfdxy (1+pp) debeat efle minimum,
(vdx

five maximum. Difcrimen tamen in hoc con-
Jdxy (1 +pp)

. . . . A - .
fiftit ; quod radius Circuli ¢ = T altero cafu affirmative, alte-

ro negative debeat accipi. Scilicet fi Sydx < /dx V(1+pp)
debeat effe minimum , arcus BM  convexitate fua fpatium
ABMP; altero autem cafu , concavitate claudere debet.

ExeEMmMmprumMm IL

28. Intra datum angulwn ACM ; curvam A M conjirucre
sta comparatam , ut area ACM per arcwn A M divifa fir om-
ninm maximd.

Ponatur angulus A CM, feu arcus circuli BS radio CB
— 1 defcriptus == x, quiin cafu propofito fiat == 4, quo

AACMM fieri debet maximum. Ponatur porro CM =y, fit-

que dy== pdx, erit Mn = ydx, & arca ACM ==
¢ [yydx : arcus autem AM x'cperitur:fdx¢(yy+pp);

Lo Jyydx
unde hac fraétio sTia s Gy +10) s
[ydx

Tdx ¥ Gytrr) debebit effe maximum,  Sit, cafu quox==4
V 2 eft ,

feu cjus duplum
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b [r3de m=A, & [dxy/ (554 pp)=B; erit, i x=a,
ard ACM ="' A4, & arcus AM — B. Jam formulze
3 dx == A valor dificrentialis 44 et = 2y, dx. 2y, &
tormule fdx o/ (yy-=pp) valor diffcrentialis 4B eft == 7.

gx

J ' a 4
( ‘ el —— Y, Juare cum
VGoytpp)  dx T Vigdrp) - Q
gOOCTZLIT iuvenermus yro curva hanc equationem BdA—

4 4B, civ divifione per n, inftituta, 2 By d x = CTET))

..... A(l’. —_ ? LR T d :d,
Vgt Muldiplicetur ea per p, ob pdx =14dy

it 2 Bydy == A (-0 4P N Ar
s Ere (V(7J+pp) 74 v’(yj+1>1’))

ft 4. —_ 24y pdr
HEVOIn = T o )
Jay

2% 4 _— P
v Qy4rr) 4V +rp) v(yy—+ pp )

s fiet 2 Bvdy — , —d L2 N
de fiet 2 Bydy=4a(d.v (yy+pp) STy 2

? dp —FL —— g p P
Ob‘pds/(;vy+pp)+ P\/'\w+p1)) ? v (yy+rp)

— Py . : A __
= 4. N ICTETS Quare integrando habebitur, fi 5 ;;c
Cc

dp; un-

‘_ oo, bh—— __crp

ponatur, ifta xquatio 5y + ¢ (59 -H?/P)\z oy p)

= Y fey p 2V ()T BB dy

v (9y+rp) PEERY dx ’
(o9 + bb)dy

hincque dx == : €X qua zquatio-

oV (9 — (o3t bb)")
ne facile deduci poteft, fi fit c¢ 4 464 quantitas pofitiva,
conftructionem per quadraturam Circuli ablolvi poffe. At idem
fac:lins patebit, fi loco dx, vel p, introducamus perpendicu-
jum CP, ex C in tangentem M P demiffum. Quod £i au-
¢’m hoc perpendiculum C P ponatur == u, erit y: » =

. . eau JJ —y ;
XV (yy+pp):ydx, hineque ECTEwYS #; quamo

brem
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Cyj

'\} + 1)
conftat cffe aquationem ad xyium Circilom.  Hoc ut oflenda-
mus, fumatur Circulus quicunque, contro O, tadio OM =7
de{crlptus , puncumaue C fumtum fit in €, ka ue it O C —=4,
Jiun dufta redta C M- =y, & CP==4, perpendiculari in rap-
geatem M P, erit CD p.{*m cla radio O M. Ex M dacatus
diametro EF parallcia MR, crit MR ==C O=1/; CI ="
OM=g, &PR==n— ¢: quiaigiturcit MK === MP*+
PR? —“CM —~CP PR, erit A 5 —}—(u—g

==y’ — 284 + g : hincque 3y +¢¢ —-—///J — 2¢4 ; quX com-
parata cum inveuta yy -+ + bb==cu, fict g == Le, & +bb—=
Sec—bh, feu bh = Lce Fbb Erit itaque curva queflita
Circulus, radio == "¢ c?cﬁuptus , pun&to C ubi libuerit ac-
cepto.  In tali Circulo quatito fatisfacice arcus A M, fi fuerit

%\I}; = {1/ == ¢==radio OM; hoceft fi fucrit area ACM

== arc. AM. A O = duplici fe¢tori AOM. Hoc autem
fieri nequit, nifi punétum C extra Circulum accipiatur ; quo cafu
hxc conditio infinitis modis adimpleri poteft; atque adeo efhi-
¢i ut curva fatisfaciens per data duo puncta tranfcat.

brem cum eflet yy - bb = erit yy + bb==rx, quam

ExemrrumMm IIL

29. Invenive curvam D AD ad axem AC relatam, in qua Fi

pro data abfeiffi AC=—=a, fit r’;‘;tgé: i;lp% minimum.

Si ponatur abfciffa indeﬁnita AP =ux, applicata PM =y,
/(1 4 pp)

f‘d)s. \/\I —+pp)
tis curve M AM, tanquam unxfor:mter gravis {fpectatz a punc-
to infimo A; quz ergo diftantia, wranflaco P in C, debet efle
minima. Ad hoc inv emcndum pofto x==a, {it fedsey/ (1-+pp)
==d, & fdxv(+pp)==75: formule autemﬁdx\/( 1+pp)
v 2 rcPr‘uw

& dy=pdx;s exprnm diftantiam centri gravita-

;_ .
ot I;‘
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repericir valor differemiali =y d, L -

per ifferemialis & 4 #y. d NCEDL & for

mule /Zxy/(14pp) valor differentialis 43 == —— . d. = stl-)p) ;
quibus in aquatione Bd A — Ad4B fubftitutis, prodibft
xp P . A . xp

== Ad, —— , & to ——¢, eritd. ———

Vi) v (i)’ poito 3 £ (epp)

—_— p . . M ,__.,___O,C, R_____‘_ —

d. vty unde integrando oritur V(i 477

7) . .
‘7—1—%_75——5 feuty(14pp)==(c—x)p; hincque eli-
b —
V((¢c—x,*—3%bs) ~ dx’

ES

S Ge—7=73

citur p == Erit ergo y ==

75 qua aquatio indicat curvam quafitam efle

Catenariam , initio abfciffarum pro x in loco axis A C quocun.
que accepto : quin etiam pro axe {umi poteft recta quecunque dia-
metro Catenariz A C parallela, in eaque punctum quodcunque
pro axis initio. Quomodocunque autem axis, ejufque initium
conftituatur , quiftioni fatisfiet ea tantum curvE portio, ubi fit
Srxdx (1 4pp)=cfdx V(1 +pp). Ponamus pro axe ip-
fam diametrum A C, & verticem A pro initio abfciffarum acci-

- . . . d ~
pi. Quiain A, ubieftx =o, ﬁtfj{; ==p = o0, necefle eft

ut fit cc —éb=o, ideoque 6=¢. Verum hoc caflu fit

cdax . . L
henssuund et e l 2 r
y f\\xx 2wy que curva furfum dire®a fit imaginaria ,

donec fiat x =26, Sit ergo x = 2¢ 4 #, erit # == ablcillz AP,

- cdt
&y=PM=/rmirn

dinaria. Quo autem appareat guanta ejus portio quaftioni fa-

; curvaque DAD erit catenaria or-

tisfaciat , notandum cft, ob dx=—4ds, eﬂ“e[,:v\ = ;+”J i
& v (1+pp) = :/“’(‘z‘cc“?-;}'t_—t—;y hincque f/dxv/ (1 +pp) =
f(E + )4t ‘ Srde V(1 4pp)

P = / . 1 —
a7 == ¢/(2ct+#). At ipla <:'xprcﬁ'1oﬂl“/(l +P%)
t
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fit — 2¢ + f’—%%) » que ipfi ¢ xqualis fieri nullo mo-
do poteft. Ex quo concluditur nullam curva hujus portionetn
quefito pre reliquis magis fatisfacere. . Q1amobrem initium ab/-
ciffarum non fumi poteft in vertice A. Sumatur ergo in alio
quocunque puncto, pofitaque AP == ¢, ficri debet 267 -1- 74
—(c— x)*—bb; undefit, vel b4-r=—=x—¢, vel b 4-
t =c¢—x. Prier ®quatio x =4-6+4 ¢ locum habere ne-

. . . At oy =)

5 quia, ob dx ==d¢ f;i..).___“/_ .
quits quia, A ), fieri non poteft VGET feu

tV(rpp

btc +77 =Y ==¢. Ergoflatx=—=¢—b—1, quo

o+ f*_fdtv(_r+pp)) . & . q
cafu ablciffe ab aliquo pun@o axis A C fuperiori deorfum def-
. cdx V (1=op) Jede v (14 p)

cendent : fierique deberer XEVCA oy Sl (s
9 ) Jdxv (r ~+rp) ¢ Jdt v (4 +“5
==c¢, quod pariter fieri nequit; ex quo concludendum cft
nullam portionem magis quam aliam quamvis fatisfacere. Hoc
autem inde venire videtur, quod Catenaria duas habet partes
conjugatas veluti Hyperbola conica, hincque femper fieri po-

{l—“ ‘// ’ M o . .
teft W; ==o0, qui eft valor minimus. Hoc clarius

. . b
confirmari poteft ex valore invento p == Ve —n, =% *
C— X —_— —_— -
unde fit ‘/<1+PP>‘“"“‘;((C x,° bz)_‘(" x)r; po
. . . I Y
fito brevitatis gratia r = o= =) Oporteret ergo

in cafu quafito efle f}g:_xj ;C:;; = ¢ feu f{¢c — x)*rdx

==o0, quod cum cafu ¥ == o evanefcere debeat, alio infuper ca-
, e Neg g g (c—x dx

fu evanefcere deberet. Ateft f(e—x)*rdx=—=/ T = 9
e GO (N By R i sl

2 ¢tV (t—15%)
+-1e vV (e —é*), que expreflio, cumfemel fuit =o', poft,

ob(¢——x)* perpetuo affirmativum , continuo crefcet neque de-
nUe -
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nuo fieri poteft ==o. Quamobrem ambos terminos integra-
.. (e—x 2dx .
tionis formule /7 —" %/ inter fe congruere oportet ;

v c——;)’——-b’)
quod evenit {i fuerit x-—¢: quo calu curva fatisfaci_ens abit i.n
lineam reftam axi normalem, que utique centrum fuum gravi-
tatis a fe minime habet remotum.

Exemerprum IV.

30. Invenire curvam, in gua, pro data abfiiffa x ==a , fit has
{yxdx
expre
7 v Cr )

Polito x =4, fict fyxdx =A, & [dx v(1+pp)=B.
Jam formule fyxdx valor differentialis eft 4.4 == 7,.dx.x —
#y.xdx, & formule /dx V(14pp) valor differentialis eft

dB =—ny. d. Quare cum fit B4 A —.A44B,

maximum vel minimum.

P
V(t4pp)

. . e P
habebitur ifta xquatio Bx dx — d. MTESTIL

__r — B¢ i ine-
—ccd. NEEST) pofito /== B ¢*. Unde integrando obtine

feu xdx —=

. 2ccp . - bc-—xx

bitur xx__——C—-~—-~————-V(I+FP), hincque p = NPTy ——
dy . (b¢~—-xx)dx

—_— 2—:;:; qux Prxbct y——-——f»,<4b_4 (bc xx)Z), qux eﬁ:

xquatio generalis pro curva Elaftica: cujus hxc proprietas ,
quod radius ofculi ubique abfciffe x fit reciproce proportiona-

o one s dsm—scd, P
lis: }d quod patet ex @quatione ¥ dx ==— ¢ 4. ICEST

qua abit ir; "".Pd,’“__ :__f_xi , eﬁqu; —dx
VEFD VD
3.2

et _SPP P)__ radivs ofculi in curva. Hujus autem curve

tanta portie ab initio computando fatisfacit , in qua erit fyx dx
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— ——n* dx ‘ -
__r.cfa’.x V(i4pp)=2¢ f\/(4c*—-—(bc—-xx)')’ qua dc

terminatio eo revocatur, ut effici debeat fdxy/(4¢*—(bc—xx)*)
= (aa—b¢ >fx/( 4:1:02_6(:_1”3& ) fipoft integrationem

utramque ponatur x =4. Hoc itaque modo conftans illa ¢
per 4 determinabitur.

Prorositro IV. PROBLEMA.

31. Invenire aquasionem inter binas wvariabiles x &y ita com-
paratam, ut, pofita variabili x ==2a, maximum minimumve fat
axpreffio V', que [it funclio quacunque formularnm integralinm
{Zdx, {Ydx, {Xdx, d&r. in guibus dewotens Z,Y , X .

functiones quafcungue ipfarumx, y, p, q, &c. five, detecrminatas,
[five indeterminatas.

S OLUTTIO

Ponamus idoneam aquationem inter x & y jam efle invens
tam, pofitoque x==u, ficri fZdx=—=A; [Tdx=—=B; [Xdx
== C &c. hisque valoribusin expreflione I f{ubftitutis, habe-
bitur revera maximum vel minimum. Quod fi igitur altera va-
riabilis y in uno loco particula nv augeri ponatur, atque nalcen-
tes hinc mutationes in fingulis formulis [Zdx, [Tdx, [Xdx
&c. introducantur, idem pro I valor prodire debet. At ab
illa particula nv formule [Zdx, [Tdx, & /X dx &c. queque
fuis valoribus differentialibus augebuntur.  Si ergo ponatur for-
mule [Zdx valor differentialis =4 A, formule /'Tdx —d B,
formule /Xdx =dC, &c. loco quantitatum 4, B, C, &c.
orientur a particula nv ifte auée A+ 44, B+4B, C+4C
&c. quz in W fubflitute eundem valorem producere debent ,
quem ipfe 4, B, C, &c. Ponamus, A+dA4, B+ dB, C+
dC &c.loco f2dx, [Tdx, [Xdx &c. fubftitutis, prodire I¥
+dW; eritque W+d W =W, ideoque 4 W =—=0o. Hic
autem valor IV, ut ex differentiationis natura liquet, inveni-

Euleri De Max. ¢ Min, X tur,
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tur, fiquantitas 77, pofiquam in illa, loco formularum integta-

linm, litera 4, B, C &c. funt fubfitute , differentietur, his ipfis
lieris 4. B, C, &c. tanquam variabilibus tra&atis; in hoc-
cuc differentiali, 742, 4B, d4C &c. valores differentiales formu-
larum refpondentium fZdx, [T dx, [Xdx &e. defignent. Hac
igitur fignificatione fumptum differentiale quantitatis propofita
W, fi id nibilo aquale ponatur, dabit &quationem inter » &
7 quzefitam. Q. E. L

Cororti L

- 32. Si ergo propofita fuerit ejufmodi expreffio V" functio for=
mularum integraliom fZdx, fTdx, [Xdx &c. quz , pro de-
terminato ipfius x valore =4, debeat effe maximum vel mi-
nimum: tum loco formularum /' Zdx, [Tdx, [Xdx &c. {cri-
bantur litere 4, B, C, &c. quo falto, expreflio IV diffe-
rentictur hislitteris 4, B. C, &c. folis tanquawm variabilibus trac-
tatis , atque differentiale ponatur ==c,

Corortr IL

33. In hoc difierentiali, in quo inerunt littere 4, B, O
&c. cum {uis differentialibus 44, 4B, dC &c. litterz A, B,C
&c. denotabunt refpe@ive valores formularum SZdx, [Tdx ,
fXdx &c. quos induunt pofito ¥ ==x; at differentialia 4.4,
4B, dC, &c. exprimunt valorcs differentiales carundem for-
mularum integralium abfciffe x ==« refpondentes,

CororLrw IIL

- 34. Exprzcedentibus autem apparet, i 2,7, X &c. fuerint
fanctiones determinate quantitatum x, y, p, 4, &c. tum va-
lores differentiales 44, d B, dC, &c. non a valore # pendere :
contra vero 1 Z, T', X &c. fuerint fun&iones indefinitz , tum
valores differentiales 4.4, 4B, 4C &, fimul a valore 4 pende-
re debere. .

C o-
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CoroOLL 1IV.

35. Cum igitur hoc modo M fiat fun&io litterarum A, B, C,
&c. ejus differentiale hujufmodi habebit formam Fd. 4+ G 4B
-+ Hd C+ &c. hincque zquatio quafita erit o = F4 A + G4 B
+ HAC+ &c. ubi F, G, H &c. erunt quantitates conftan-
tes, pet A, B, C &c. determinate,

CorocrLtL V.

36. /Equatio crgo Problemati fatisfaciens, conftabitex valo-
ribus differentialibus fingularum formularum integralium in ma-
ximi minimive expreflione ¥ contentarum, fingulis per coni-
tantes quantitatcs determinatas multiplicatis : horum fcilicet pro-

ductorum aggregatum nihilo xquale pofitum dabit &quationcm
defideratam.

S CH O0OL1T 0N L

37. Potuillemus hanc Problema propofitum refolvendi me-
thodum, cx folutionibus binorum Problematum praxcedentium,
per inductionem, jam concludere: quippe ex quibus jam pate-
bat, fi fuerit maximi minimive formula 2, vel produétum ex dua-
bus formulis integralibus, vel quotus ex divifione unius per alte-
ram ortus, tum dificrentiale expreffionis /¥ modo expofito
fumtum prebere 2quationem Problemati convenientem. Praf-
titit autem hoc Problema, ob fummam ejus extenfionem ,sfin-
gulari folutione munire. In hoc enim Problemate continentur
omnes omnino Quaftiones , quz inhoc genere , quo expreflio
quzpiam maxima minimave defideratur, unquam proponi atque
excogitari poffunt : ideoque per iftam Propolitionem penitus
exhaufta eft methodus maximorum ac minimorum abfoluta ,
quam primo pertractandam fulcepimus.  Praterea hic notandum
eft, fi expreflio A non tantum formulas integrales , uti pofui-

X 2 mnus ,
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mus, completatur ; verum ctiam fun&tiones determinatas ipfa-
rum x, 5,2, 9, &c. tum folutionem nihilo difficiliorem reddi.
Nam pari modo, loco harum fun&tionum determinatarum, quanti-
tates conftantes poni debent, in quas fcilicet abeunt pofita
X ==« ; at poftmodum, in differentiatione ipfius ¥, has quan-
titates etiam tanquam conftantes tratari oportet s eo quod func-
tiones determinatz nullos valores differentiales recipiunt. Quo
autem clarius appareat, quomodo iftiufmodi expreffiones trac-
tari conveniat; in fequentibus Exemplis nonnulla occurrent ,
qua hoc argumentum penitus iHuftrabunt, |

ExeEmMmerrum L

38, Dwvenire curvam coordinatis orthagonalibus contentam , in

qua fit maximum vel minimum iffa exprefio (1 4 p p-)-' : 2fyd)fz
G+ yldx V(14 pp); fi posatnr abfeiffa x==a.

Ponamus zquationem inter » & y quafito- fatisfacientem jam
effe inventam, atque pofito x=ua fieri y —=F & + (1 +22)
==g: itemque [ydx=A4, & [dxy/ (r+pp) =B eritd A—
w.dx,& dB =—wy.d —Lt —, Expreffio igjtur, que ma-

VASE: 2 |
xima erit vel minima, hoc cafu eft g 4+ f B, cujus differentiale
eft ¢d. A+ fd B; quod pofitum == o, dabit zquationem de-
fideratam pro curva. Hic {cilicet intelligitur litteras y & £, que
ex funCtionibus determinatis funt orte, in differentiatione tan-
quam quantitates conflantes effe trattatas. Subftitutis jam pro
d.A & 4B valoribus debitis, divifioneque per #» falta, orie-

tur ifta ®quatio pro curva quafita g dx = f4d.

f

.. Srer—— i y’
Ponatur g T G maut {{r v(14pp)

% == 4; crit integrando x 4 &6 =

Y2
vV (r+pp)-
= ¢, calu quo eft

—F | atque p==
v (1tpp)
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d .
v (cc -—x--lsz-!-b)’) =_d%c; ex qua fity==4 & v (=~
(x+6)*). Curvaigitur fatisfaciens eft Circulus, radio ¢ def-
criptus, abfciffis fuper re®ta quacunque affumptis , paritcrque
abfciffarum initio ubicumque Ratuto. Quantitasautem ¢, que
radium Circuli conftituit, ex definita abfcifla x = 4 determina-

tur; quia efle debet V—(I{F—pp_) ==+¢, cafu quo x ==4. Fit

autem hoc eafu y= 4 + v (' — (4+46)" ), &V (14

= = (Ca T unde aritur e c = A v (cc— (44-6)*)
+ (ce —(a+06)*), perquam, vel ¢ per 4, vel viciffing
a per ¢ determinari poteft. Ponamus efle 4 =—=o0,b=—= —¢,
ita ut axisfit Circuli diameter, initiumque abfciffarum in verti-
ce conftituatur; erit y—1v/ (2 ¢x — xx ), atque fiet (4 — ¢)*
==o,feus ==4. Ex quo intelligitur, hoc cafu quadrantem
Circuli quafito fatisfacere.  Sin autem initium ab{ciffarum in lo-
co diametri quocunque capiatur, fiet tantunr 4 = o, & fiap-
plicatz pofitive fumantur fiet (2+46)* =o,feu, b =—= — 4.
Diameter Circuli ergo manct indeterminatus: portioque Cir-
culi hoc modo fumti queftioni fatisfaciet, qua ablciffe a fua:
origine ad centrum Circuli ufque producte refpondet..

Fxemrrzum LL

39. Invenire aguationem: inter X @ y's ¥t pro valore difinito %

== a, haaexpreffio y[dx‘ V(1 +pp) (Yydx flat maximum vel mini-
I,

Pofito x=u«, fat y=F, fdx V (1% pp) = A, & [ydx

=B, erit d. A — %V, df EETT)) & dB = n,. dx.

Maximum ergo minimumve-effe oportet hanc quantitatem £ 1B,
cujus differentiale cﬁ'fA BaAlf+ 4 4B; quod pofitum =—¢:
dabit Bdd/f==-— dB. Pre xquatiene quelita igitur ha-

X 3 betur:
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e RIfA e p.__ — 1 *M
betur Bifd. CE N dx, & integrando x 44 — TaTon)
_— cr

= ——t lf — . ' ==
"5,‘"'"‘”” > pofito B/ fF ¢. Habetur ergo p

v’(cc-—-*zb-l—x)l) &y=4h+ vy — (£+x)*).  Erit
gitur fl= 4 -+ v/ (* — b+ 2)*), pofito x = 4, atque
B=/ydx=rha+fdx V (e*~— (b+4x)*), pofito poft
integrationem x ==z, Fa&o igitur B/f = ¢, innotefcet van
lor @, cui fi » zqualis capiatur in Circulo radii ¢, portio abfcin-
detur Problemati fatisfaciens, Ceterum ex his & Coroll. 5
colligere licet, quoties formula maximi minimive fuerit fun&io
quacunque binarum harum formularum Sydx & fdx /(1 +pp),
curvam fatisfacientem perpetuo effe Circalum - tantum ex folu-

tione quantitas portionis fatisfacientis debet diligenter invefti-
gart ac determinari. '

ExsmMmrpruwm IIL

go. Invenire aquationem inter x o y ut Pofito X ===a, maximum
prnimamve fiat iffa expreffio ¢ nldxy/(1 4 pp) "XV -+ p) dx.

Ponamus, cafu propofito quo x ==4, fieri nfdx V(14pp)
= A, atque /7 45V trp) 4 pooo ut maximum mi-
nimumve fit hec quantitas ¢ ™ 4 B | cujus differentiale eft

e 4B .1 BdA; quod pofitum = o dabit xqua-
tionem hanc dB== Bd.A. Ateft 4 A valor differentialis for=

mule #/dxy (14pp), unde etit d A =—=—__ 1, 4. 7(-5_;;;5 :
atque 4 Beft valor differentialis formula Se fdxy/(1+pp) dx,
qua continetur in Cafi fecundo §. 7, ubi eft z — 44V (14 pp)
&t = fdv V(1 4+ pp), ita ut fir Z==¢"1 & 47

czd Ty 4%, unde erit L=¢""5, & reliqua lictere M, N,
r,
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P, &c. fient == o, Porro, ob m=/dxy (14-pp>, 1t [7]
=y (14pp), &d[ 4] = —rd — ex quo erit LM |

Vit<prp,
=0, [N]=o, &[P]= frripy
e eV IFLD) 4 s v

Jam ceft S Ldx

alor , pofito x === 4,
» . ‘«f / AR
erit = #2; hincque ¥V == u (8 — f¢ "/ ¥V (1) g,

41
dx

Per Regulam ergo datam fiet d 2 = n . dx( —
nfdx V(1 +pp)dx)

— d, ’IP(B‘—-'fC _
v(14pp)

o= —-n-ny.

-—.—..____ny.

n Bp — . .
SACETIL ob d B =BdA Integrando itaque crit
”P(B*fe;lfdx‘/(l+j)z))dx)_: an _____nb.
v (1+22) V(1 +22) ’

Hincque bx/<;+pp) = AV trr) 4 By qua

xquatione , quia valor determinatus « exceflit , perfpicuum cft
aquationem inventam pro quovis ipfius x valore xque valere,
Ut autem hanc zquationem evolvamus , erit, differentialibys

—bdp  _ pfdx V() 4
PVvGHrp ¢ Y

¥ (1 +pp) multiplicata atque integrata, dat"—; + ¢ =
¢ WAV (1trp)

fumtis, qux , per

» qui exponentialis quantitatis valor in illa

nbdx bdyp
+ [d X == ————
V(i)

. Commodior autem xqua-

2quatione fubftitutus, dabit

—bdyp
) p(nbtcp) v (14pp)
tio oritur, fi ponatur /dx v (14 pp) = s, eritque s arcus
curve, ft fuerint ¥ & y coordinatz normales. Quare habebi-

feu dx =

tur ifta equatio #b + cp==¢""p, qua per 4x multiplica-

ta, ob dy == pdx, abitdn hanc #édx 4 cdy = ¢"’ dy.
- Cle
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Cum autem, pofito, x == o, arcus s evanefcere debeit , he=

cefle eft ut fit hoc cafu nb + ¢ == o; hinc itaque vel dato

curv initio conftans ¢ determinabitur, vel vicifim ex ¢ pofitio
prime tangentis innotefcet. Caterum fi hanc quzftionem atten-
tius contemplemur, deprehendemus eam jam contineri in Exem-
plo quodam Capitis prxced. §. 45. Cum enim noftra exprel-

fio, que maximum minimumve effe debeat, fit ¢ My (1pp)
fenfdx V(t4pp) dx; ponatur ea== ¥/, eri“nfdx\/([ +pp)W

= [ nfdx v/ (14pp) dx, atque differentiando fiet 4V
+rWdx V(14pp) = dx. Maximi igitur minimive ex-
preflio IV datur per @quationem differentialem , que in Cafs
quarto §. 7 continetur: atque methodo convenienti traata
ad candem perducit zquationem, quam hic invenimus. Quai-
tionem autem illam in fe complettentem {upra in Cap. prec.
S- 45 traltavimus, in quo hunc ipfum cafum adjunGum fpec-
tare licet. Comparatione autem inftituta, fummus perfpicie-
tur confenfus folutionum variarum ejufdem Problematis, quz
quidem tentari queant.

ExemMprpruwm IV,

? .

41. Invenire curvam in gua, pro data abciffa —= 2, fiaz iffa expreffio

fdxﬁn.A.y.\/(x-_{-pp) . -
fdxcoll Ay, v(13pp) maximum vel minimum.

Pofito x — «, fiat fdx (1 +pp)1:’ finn Ay = A4, &
. !
Sdx(1+pp)* cof. Ay = B; erit, per valores differentiales,

dA==nvdsx((r +pp)“\zcof-Ar~,z—Ix' 4. %) » &
4B =nrdx(—(1+pp) " finAy—L 4 ffxx)rl:}?w >
Cum igitur %‘ debeat effe maximum vel minimum , erit B4 A

——
[rovmm—y
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= A 4 B; pofito ergo "%1‘ =, flet ( 1+pp)“ “dxcof. Ay

g plnAy ___ ) . peoll Ay
— d. e m (1 4pp)* dx fin. Ay — md. eIk

Multiplicetur per p, erit [ob d (1 + pp Y * fin. Ay ==
. 1z pdplinAy 1:z2
dy(r+pp) cof.A]+—————~\/(I+PP), & d. (1tpp)  col.

. 2 dpcofl A L
Ay=—dy(x+pp) " Ay + 2B ()"

g ppfin. Ay 12 -
fin, Ay rd.Av—_—-—([_l_N.) = md. (1 + pp) cof.r AAy
omd PP AY . cux i du& or oo, A
md i) quz integrata & reducta prabet NEEYTD
— %H, ive by/(x+pp) = fin. A y— m cof. Ay;
ubi notandum eft fieri debere, i x == 4 ponatur, m ==

fdx(1+])]? )I:zﬁn. A) Sitm::ﬁn. An

fdx (1 +PP)1;2 cof. Ay col. An

6‘/(1-{5;11):%, atqucy=n+Aﬁn.&(x—f—pp)"z

cof. A»n. Quia vero eft dy—pdx , eritdx — d—’-'. At elt dy—
) =P > Yy

~cpdp » .
v(r +PP)(,I—CC—-CGPP’)’ POﬁtobcof. A» —¢ Ex
cdp

quibus conficitur :—-—/"“ O — ey ) e

—_— cpdp

) fvu-i—pp)ﬁ(ln———cc—~upp)
it =— cap — ‘P .

erit _fV(' —e—) A ﬁn.‘/“__ oY Quare fi

arcus curva dicatur s 5 habebitur ifta concinna xquatio 4x fin As

d . - .
= 22 __: Conftruio vero ex anterioribus formulis fpon-

==tang. A#; fiet

3 10ngitudo autem curvae

V(1 —c)’
te confequitur.

Euleti &e Max. & Min. Y SCHO:
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SCHOLION I

42. His igitur Capitibus penitus abfolvimus eam Methodi
maximorum ac minimorum ad lincas curvas inveniendas ac-
commodate partem, quam abfolutam vocavimus : in qua fem-
per linea curva requiri folet , qua habeat, pro dato quodam
abliffe feu alterius variabilis x valore, expreffionem quamcun-
que indeterminatam, masimum minimumve. Nam ifta expref-
fio , quz maximum minimumve effe debet, vel erit una qua-
dam formula integralis forme /' Z4 %, ita ut Z fit fun&tio quz-
cunque ipfarum x, y,p, 9, &c. five definita live indefinita
pro quibus cafibus Methodum tradidimus in Capitibus prxce-
dentibus: Vel maximi minimive expreffio illa continebit in fe
plures ejufmodi formulas integrales, ita ut fit dvarum pluriumve
formularum integralium fun&io quzcunque; pro hocque cafu Me-
thodus idonea in ifto Capite eft expofita, atque Exemplis il-
luftrata.  Univerfa autem Methodus, quam hic dedimus, nis
titur inventione valorum differentialium, qui fingulis formulis
integralibus qua vel ipfz maximum minimumve effe debeant,
vel in maximi minimive expreflione contineantur, atque ideo to-
-ta folvendi Methodus reducitur ad Cafus illos, quos §. 7 hu-
jus Capitis conjun&tim reprafentavimus. Qui igitur illos cafus
in memoria tenet, vel in promtu habet, is ad omnia hujus
generis Problemata expedite refolvenda erit paratus. Neque
vero folum Cafus ibi enumerati Methodum maximorum ac mi-
nimorum abfolutam conftituunt; verum etiam Methodum alte-
ram relativam , quam in fequentibus aggrediemur, abfolvent ;
ex quo illorum Cafuum fummus ufus in utraque Methodo abun-
de perfpicietur. Hanc autem tratationem duobus Capitibus
-abfolvemus , in quorum priori omnibus curvis , ex quibus quz-
fita debet erui, unam quandam proprictatem communem , in
pofteriori vero plures tribuemus.

C A-



