AD CURVAS INVENIENDAS ABSOLUTA 83

CAPUT IIL

De inventione curvarum maximi minimive propricta-
te praditarum, fiin ipfa maximi minimive for-
mula infunt quantitates indeterminatz.

PRoPoOsIiITIiIo . PROBLEDMA.,

L [ Nuenire incrementa , gue quantitas integralis indeterminasa,
in guovis abfiiffe punclo, ab ancta alicubi una applicara Nn
particula nv , capis.

S OL U T o0

Sit ablciffa AH==1x, applicata refpondens Hh==y, &
propofita fit quantitas quecunque indeterminata 1, abfcifle
AH refpondens , qua fit formula integralis indefinitc integratio-
nem non admittens.  Quantitas hxc m ita fit comparata , ut
ipfa , quatcnus abiciffe AH feu pun&o H refpondet, ab au@a
applicata Nn non mutetur : quod eveniet, fi in 11 differentia-
lia non ultra quintum gradum affurgant; quem in finem quin-
tam demum applicatam Nn ab Hh cemputando mutari poni-
mus. Si enim in 1 differentialia altiorum graduum contine-
rentur, tum deberet ulterior demum applicata poft Nn parti-
cula infinite parva augeri. Sufficiet autem folutionem ad quin-
que tantum differentialium in i contentorum gradus extendere; |
cum inde, fi etiam altiora affuerint differentialia , folutionem ad
ea accommodare liccat. Quemadmodum igitur punto abfcif-
fz H refpondet valor n, ita fecundum noftram notandi metho-
dum, puncto fequenti I refpondebit valor i’y punco K vero 11/,
puncto L valor n"”, & ita porro. Id ergo erit inveftigandum,
quanta incrementa ex tranflatione pun@i n in y finguli hi valo-
res derivativi 1, n%, n"’, n'", &c. accipiant, feu definiri de-
2 - bent
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bent eorum differentialia, fi fola applicata Nn, qua eft == =S
variart & parmula ny augeri ponatur: erit autem hoc fenfu
d n==o, quia valorem n punto H refpondentem inde non
athci pommus Quoniam jam 11 eft formula integralis indefi-
nita, {it ca == [ Z]dx, & [ Z] fit fun&io iplarom x, y, 2,
g> 7.5 &t iautfit d[ Z]= [M]dx+[N]dy+ [Pldp

[r]d7+[R] dr +[§] a’s—}—[T] 4t; unde fimul valores
dc ivativi iplius [ Z], nempe d[ Z'],d[ 2", d[ Z""], &c.
per notandi modum receptum formari poterunt. His pofitis,
crit ut fequitur

== f[2]dx
’ “ftqu+[2]dx

o Ff[7]dv +[zdx+ [z Vdx4-[2"]dx
0=/ z)dx4[Z2]dx+[ 2 Jdx +[2" ]dx +[2" ) dx
&ec.

ﬁm videamus quanta incrementa fingula hec membra [ Z]dx ),
LZz']dx, [2"]dx, [Z")dx, &c. ex adjeGta particula ny ad
applicatam N n capiant; que obtinebuntur ¢x ipforum diffe-
rentialibus, ponendo loco differentialium valores §. §6 Capitis
pracedentis expofitos: erit itaque

d.[Z]d % = ny. dx. L[Tx-‘]

d. (2 ds =1, d (2] — kA

d [Z”J d’\ =n,. dx( [Rl/] %S;] IO[T’/] )

412 v =1, dx([g”] 3“‘"’LLGIS"’] tolT ],
4.2 dx ==n,. dx([y\,;] ZFQ‘VJ+3W"] 4[3"’]+s[2"’])
[f’])

ai?z";]alx__:ny dx(k[N\’ [l\,]_}_[o\q rK\’]_}_[s"]

[ W-] a’x’ ==,
a’ [2"]dx==0. & reliqua: {cquentia omnia gvanclcent. -
"X
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Ex his nunc colligentur incrementa valorum m, n’, n”, It
&c. qua recipiunt ex tranflatione pundd n in v erit {cilicet

dIoI=—o
d. H = 1. dx. [T]
P Mm A1 )air
aitm. (L [&”] S A | e
AV —=—nv. dx( [QN] 2[R” ]d+’d [R"]
x
- 3[8" 1+3d[ S”] —d[S'] ___ a[T"] +6d[T"] — 44[T'] + [dT] )
d x* ., dx*
d.n1'==n,.dx ([ g "J (@] A0 [R’"J+zd[1t”’] —dR]
dx*

8143481 3d[5”1+dfs’] +[T"’]+4d{r”1 —6fl[T'J+4df LV
dx*

g " d P’V d Y — o'

dn’"=—n, dx ((N'] — -—————[dx ] + [Q ]d«c (& . ]

. AR z:[&"’]+d [R] . A0 T3S + 3d 8] —d[8)]

d x*
. d [T"] — 4. d[T"'] 464 [T”] —pd[T] 4 d[T] )
dx®

Huic autem incremento xqualia funt incrementa omnium fe-
quennum valorum , nempe ipforum ", m"", mx, &c. Ate
qui valoris 1 & omnium fequentium incrementum idem erit

. A’ arryi dd ’” It "
'::m'dx([N]_“[ET'*' d[xQ‘]— d[x&]

+ d;&i’]'— d; E:] ). Poterunt autem hzc incrementa ad ea-
dem figna reduci, refpe@u littcrarum [ P71, [Q}, [R1, [§]-
& [T], ficque prodibit
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dn —o
d.I'I/ —-—n Ve dx' %_TS]“

A

dn’ =nvdx ( ———-[S/J AT AT )

dx d x°
' AR 3[S A ads 6[T)+15d[T] 10 4d[T
dn _ny.d.x(;&; —_— »E_-.]dxff-__J + l_ri__%_}s - 10dd[T] )
n [Q7) _ 2[RU143d[R"] | 3[8'] 4 84 [8'] 464d[5]
v.dv( _ - . RIE
d.II -———~n/.dx\ e d 3 + dxq.

— 4+ 15d0m 4 20dd[1] + vol[1]

d x
dn'=n,. dx ( [57] — [ j EJ[Q ’j_l_[&’J-{-gdgl{_”Z-{-gdd[R,”]

R Y X
IS L ] [Tl ol o1 s
dx* d x?

A" —n.ds ( [NV]““d‘Egcﬂ +dd[Qf'/]_ds[P\’/] PsT  ar )

—

dx* dx? d x*t gix‘

cui fequentium valorum omnium incrementa funt xqualia, Q.

E L
CoRorr 1L

2. Si ergo 1 fuerit hujufmodi quantitas indeterminata, feu for«
mula integralis indefinite integrationem non admittens > tum ejus
.omnes valores poftlocum abfciff, ubi una applicara augeri con-
cipitur , mutationem patientur , & aliquot ' ejus etiam valores
ante illum locum , quorum numerus pendet a gradu differentia-
lium, que in ea formula i infunt. : :

CorovrLr IIL

3. Quod fi ergo iftiufinodi quantitas infit in maximi minimi=
ve formula /Zdx , tum ejus valor differentialis non folum ab ali-
quot abfcifl elementis, verum a rota abfciffa, cui maximum
minimumve refpondere debet, pendebit,

C o-
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Corovrr IIL

4. His igitur cafibus abfciffam illam, pro qua maximum mi-
nimumve queritur , determinatam effe oportet, atque curva
quz, pro hac ablcifla, maximi minimive proprictate gaudere reper-
‘ta fuerit, eadem pro aliis abfciffis hac proprictate non erit pra-
dita,

S CHOTLTION

5. Mox clarius difcrimen, ‘quod intercedit inter queftiones ,
in quibus Z eft quantitas vel determinata vel indeterminata ,
perfpicietur; quando Problemata hujus generis fumus traGatu-
ri. Pluribus modis autem tales quaftiones poffunt variari ,
prout in maximi minimive formula /Zdx, quantitas Z vl tan-
tum eft funétio cjulmodi formule indeterminata I, qualem con-
templati fumus, vel infuper quantitates determinatas, x, 9> 25
7> 7> 55 &c. comprehendit.  Deinde in Z ctiam inefle po-
terunt plures cjufmodi formule integrales indcfinite a fe invi-
cem diverfe.  Ad hos autem diverfos cafus una regula , fupe-
rioribus jam traditis addita, fufficere poterit.  Przcipuum au-
tem momentum pofitum eft in ipfa formula indeterminata 1m —
JTZ2]dx, pro qua hic pofuimus effe [ z] fun&ionem de-
terminatam; quod fiautem hac ipfa quantitas [Z] denuo ejuf-
modi formulas integrales indefinitas completatur , itcrum pe-
culiari folutione erit opus.  Quin ectiam ifta complica-
tio formularum indeterminatarum in infinicum poteft extendi ; id
quod eveniet {i quantitas [ Z 7] denuo in fe compleétatur ipfam
‘quantitatem 11, ita ut fit d[Z2] = [L]dn 4+ [Mldx 4
[N]dy+ LPldp +[QJdg + LR]dr + &c. tum enim
ob dn=[27dx, iterum confiderari oportebitvaloremd[ 2 T
= [(L]d o+ [M7dx + &c. hicque progreflus in infinitum
centinuabitur. - Hinc autem methodus nafeetur ca refolvend;
Problemata, in quibus curva quaritur maximum minimumve
habens valorem formule /Z 4x, quando quantitas Znon datur,

- 18




Fig. 4.
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ut hactenus, five determinate five indeterminate, fed tantum
per xquationem differentialem cujus integratio omnino non
poteft abfolvi: cujufmodi quafho eft, fi quaratur curva , in

x v/ (1 +PP)
qua minimum fit expreffio f —T
. 7 . . . .
—bv'dxy (1+pp): atque ejulmodi quaftionum tefolutios
nem in hoc Capite quoque trademus.

, exiftente dv ==gdx

Prorositro Il. PRIOBLEMA,

6. Si L fucrit funitio quantitatis indeterminate 1, ita ut fit
dZ = Ldn, figuen = {[Z] d x, exiffente d[Z2] =
[M])dx + [N1dy +[P]dp +[Q1dq + [R]dr +
&c. invenire curvam az que pro data abfiifa AL habear valo-
rem formule {2 dx maximum vel minimum,

SorurTrIoOo.

Pofita abfciffa A H =, applicata H h==y, fittota abfci{~
fa AZ, cui maximum minimumve refpondere debet, = «,
divifo igitur fpatic HZ in elementa innumera infinite parva
HI, IK, KL, LM, &c. debebit effe /'Z dx + Zdx +Zdx
+ Z'd +Z”’ dx + &c. donec ad extremum pun&tum Z perve=
niatur, maximum minimumve. Ad hoc efficiendum , quarendi
funt valores differentiales quos finguli hi termini a translatione
punéti nin v accipiunt, quorum fumma, nihilo zqualis pofita,
dabit ®quationem pro curva quefita. Quomam autem muta-
tionem ab n» oriundam non ultra H verfus A porrigi poni-
mus, crit termini /Z dx valor differentialis nullus.” Reliquo~
rum terminorum valores differentiales reperientur, fi ii differen-
tientur , atque in differentialibus {cribantur ea incrementa, que
in Propofitione pracedente invenimus, ex translatione punct n
in y oriri. Erit autem

dZdx
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d Zdx = Ldx. dn

d Zdx = Ldx. 4

d 27dx = L'"dx. do"

d. Z"dx = L dx. du”

d 2Vdx — L'Vdx.du"
Quodfi jam loco differentialium dn,dn, dn’, dn'” ! &ec. va«
lores fupra inventos ex translatione pun&i ninv ortos fubfti-
tuamus obtinebimuys,

d2Zdx =o.

d Z'de = w, L'+ 1]

4 Z'ds = w.Ldg (] — 4714 od1] |
42" ds = 1" d (] ASHHAS] | [Tt red e rodd 1)
A Z"de==n.L" dxz([ﬁ’él 2[R"] ﬁf’“‘"] + 3[8‘]+8d£i'3+sdd[s']

)
x
020 ==, L (W) (L) | Wy sy

. x
o (ST 1 600 SV 18] (s T]40dd[ T1410d* [ T]-5 4[]
- s +- d xS ) )

4[T1 -+ 154[ T] +20dd[T] 4 104*[ 1]

Y
v ' ey s ’ o dd[ Q" d3[R" d"TS' &[T
A2t L N ] — L HE LK)y ]y
" iy 2, , \ dd 77/ 3rph d‘ ’ d{
R I N
&ec.

Sequentium fcilicet terminorum incrementa eadem hac lege pro-
grediuntuz.  Addantur jam fenorum priorum terminorum incre-
menta, prodibit terminorum Zd x4 Z dx 4 2 dx +Z"dx
+ 2" dx + 2’ 4x incrementum totale —

ny.dx"(lfiﬂ)i,]_[q”]d["v'*' ZL'\'d[,Q’”]_,_ [R.”]dd["”"l‘?:d[R_f]flL'”‘f‘B’ L’”(M[R"’:
dx dit T dxd =
— (S 4 4d [S1ddL" 641744 [S] e 41%0° [5]
; — .

-~

axt v
Euleri de Max, & Miﬂ: M +

* 6 % o , o
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- [79d*L' =4+ sd[T1d* L 4= 10dd [T}ddL' 4 10dl' &[T} 4 §L'd*[T] )

dx*

in qua cxpreflione , quia omnes termini inter fe funt homoge-<
nei, jam indices numerici negligi poterunt.  Sequentium autem
terminorum L dy + L d x + &c. omnium incrementum erit =—=

; APV Q) 2R, ST 4T
. dx ([N '] T +7x*r"-‘ 1x} + dx* doc‘,")'
(L"dx 4+ L"dx+4 L""dx + Lxdx 4 &c. ulque in Z)
Hic autem pofterior fa&tor definictur per integrationem for-
mule /L dx , que refpondet abfciffe indefinite AH==x; po-
nater in’ hac formula poft integrationem x==4, abeatque ca
in H, crit H valor formule /L dx abfciffe toti propofite AZ
refpondens;; a qua ergo fi auferatur /'L &x, remanebic H— /Ldx
valor portioni HZ vel NZ refpondens, qui ergo loco L'
4 L" dx 4 L"" dx 4 &c. {ubftitui poteft. Quamobrem tan-

dem formule /"Zdx valor differentialis. toti ablcifle AZ refs
pondens erit ==

, d? da* AN IR
v d (H—{"Lax)([N] — jlffg A2l LI 18] - —J%] )
9. de (L [P]— [QldL ;;c?Ld [Q) + [R]df1L+3d£1§]zdL+3de[R]

__ [S12L444[S]ddL 4-64Ldd[S] + 4L AdLST, .. 2
- d x?

I [TV4L = §d [ T1A* L3 vodd[ T1dAL== 10dLd* ['T] 4= s Ld*[ T'] Y

d x* '
qui ad hanc formam commodiorem reduci poteft; ut fit ==
o d.[P)(H—Ldx) | dd.[QI(H—[Ld

. d ([N] (H— [ L) — {OEE) o dAlQIH/L)
_ PARYH—fLd) | dM[SNH—[Ldx) _ [T)H— (L), .
- dx® Tt PP
qui valor differentialis, quoufque occafio poftulabit, ulteriusconti~
nuari poterit: is autem, nihilo 2qualis pofitus, dabit equationem.
pro curva quzfita. Q. E. L ' '

| | Co-
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CoroLL L

7. Quoniam H— fLdx cft valor formule [L#&x refpon-
dens abiciffe portioni AZ = 2—wx, fi ponatur AZ —u«
—x=—u, erit f[Ldu ille ipfe valor H—/Ldx, quo opus
eft; fiquidem fLd# ita integretur, ut evanclcat pofito # ==c.

Corovrrr IL

8. Quodf igitur abfciffarum initium capiatur in pun&to Z
ita ut abfciffa ZH ponatur =#, utque ubique ponatur x ==
2 — %, prodibit @quatio pro curva inter coordinatas # & y ;
hujufque curva ea portio quafito fatisfacict, qua refpondet abf-
cife A Z==4. Interim notandum eft cum in ipfa maximi mi-

aimive formula /Z4x, tum in /T Z]dx, abfciffarum initium in
puncto A capi debere.

Cororr IIL

9. Si ergo quaratur curva ad datam abfciffam A Z relatad ;
in qua maximum minimumve debeat efle /Zdx; fitque Z func-
tio quecunque ipfius m=—= /T Z]dx , exiftente dZ—=Ldn &
[ 2] =[ M1dx+[ N1dy+ LPldp +[ Qg+ [Rldr + &,
habebitur pro curva quefita ifta @quatio :

. d.[P1fLdu dd.[QI[Ldw A’ TRV Tdu ,
o =[N]/Ldus— T x + rS —— + &ec.

ubi eft » =—a —x, & /'L d« denotat valorem formule. /L4 x
portioni abfciffe HZ ==# refpondentem.

CorRoLL IV,

10. Poflunt ergo vel bina abfciffarum initia A & Z, binzx-
que abfcifle AH =x, & ZH =« confiderari, quarum illa
in integrali /T Z]4dx feu n, hxc vero in integrali /L dx {peca
tari debet, vel unica tantum abfciffa AH=x; quo cafu, loco -

2 [Ldu
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SL 4 #fcribi debet H — /'L dx; denotante H valorem > quém
prxbet formula fLdx, pofito x =—= AH — 4.

CoroLrLLr. V.

11. Quia Z eft fun&io ipfius m tantum, ita ut nullas alias
quantitates variabiles in fe comple@atur, ob dz = Ldmn, erit
etiam L functio ipfius i tantum,

CoRrRoL1L VL

12. Si [ Z] eflet fun&io ipfius » tantum; tum foret m —
S121dx quantitas determinata , atque functio ipfius x , hinc-
ue etiam Z; ex quo maximum minimumve non inveniet lo-
cum. Idem oftendit folutio 5 fiet enim [N]==o0, [R]}=0o
&c. atque @quatio abit in identicam o = o,

SCHOLION I

13. Occurrunt hic nonnulli primarii cafus confiderandi, qug=
rum primus eft, fi fuerit [ 2] fun&io ipfarum x & y tantum ;
itaut itd[Z]=[ M]dx+[N] dy.. Quod fi nunc quara-
tur curva in qua maximum minimumve fit formula [Zdx pro
data ablciffa A Z ==, exiftente' Z fun&ione quacunque ipfius.
SJLz]dx=n, ita ut fit /Z==Ldn; habebitur pro curva
qufita ifta zquatio o = [N] (H— fLdx); erit ergo vel.
[N]=o vel H=fLdx, feu L =0 ; quarum 2quationum
fi vel altera vel utraque praxbeat lineam curvam, ea non folum.
fatisfaciet Problemati pro abfciffa AZ = , fed etiam pro alia
quacunque 2bfciffa indefinita »: id quod inde colligitur quod
cx zquatione , quantitas H, quaz pendet ab abfciffa determinata
4, ex calculo exceflerit. Quod autem fpeciatim ad ®quatio-
nem L ==o attinet: quia L eft fun&io ipfius m fen /T z Jdx,
fict /[ Z]4x = conft. determinatee , quod nifi fit [ Z]=o,
fieri nequit: bine igitur quationes hoc cafu fatisfacientes, erunt

{Nl==o,atque [Z2] =y,
SCHO-
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SCHOLION IL

14. Deinde vero confiderari meretur cafus quo [ N7 evanel-
cit; id quod evenit, fi[ Z] fuerit functio ipfarum x, », 4,
7, &c. non involvens y. Ponamus efle [ 2] fun&ionem ipla-
rum ¥ & p, atque d[ Z] = [M]dx +[P]dp. Si igiur
ponatur /| Z }dx==m, atque curva quaratur, in qua, pro abf-
ciffa definita A Z == 4, maximum minimumve fit formula /Z4x,
exiftente Z funQtione ipfius 1, ita ut fit 4Z = Ldm; orietur
pro curva quzfita ifta zquatio o = — d [PJ(HJ;_f Ldx),
ideoque Conff. = [P](H—/fLdx). Hac vero conftans,
per integrationem ingrefla, non eft arbitraria; nam eam ita com-
paratam efle oportet, ut pofito x =4, quo cafu fit /L dx—H

b

Conft. . .
fiat -[—gl’j:r ==o0. Hoc autem evenire non poteft, nifi vel hxc
13
conftans ponatur ==o, vel quantitas [ P ita comparata fit ut
fiat == o, pofito x==«. Priori cafu habetur vel [ P J==o0,

vel fLdx=H, hoc ¢t L=o0, feu /[ Z]dx = Cunfil. fcu
potius [ 2] =o; pofteriori cafu autem, conftans tamen pro
arbitrio non accipi poteft, nam determinabitur , ponendo x ==«
—dx, eo modo, quo expreffiones qua certis cafibus indeter-
minate videntur definiri folent, Atque hinc perfpicitur in hu-
jufmodi Problematis numerum conftantium arbitrariarum in fo-
{utionem ingredientium, cui @qualis fumi debet numerus punc-
torum, per que curva fatisfacienti tranfeundum eft , non ex
gradu differentialium judicari poffe. Pervenietur enim fepe, tol-
lendo per differcntiationem omnes formulas integrales, ad zqua-
tionem differentialem altioris gradus, a quo nequaquam Proble--
matis determinatio per aliquot punéta pendebit..

ExeEMPprum L

15. 8i denoter 11 aream carve {ydx, atque Z fit fanctio quz-
cungue ipfius 11, invenive curvam que, pro.data abfiifla ==a , has
beas valorem formule { L dx maximum wvel minimum..

M 3 Quia.
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Quia clt Z fun&io ipfius s fit Z ==L dmn, erit L funio
iplius m==/ydx. Dcinde cum fitdn==ydx; erit [Z]=y,
& ob d[Z] [Mldx 4+ [N]dy +[Pldp + &c. fiet
(M]l=—o0,[N]=1, [P]=o0, [Q ]=o0, &c. unde pro
curva quxfita hec habebitur equatio o = H— fLd x; ideco-
que L==o0. Hinc erit mn==/y 4 x = conftanti cuidam, porro-
que y==o. Satisfacit ergo fola linea re&a in ipfum axem in-
cidens; idque pro quacunque abfcifla zque ac pro definita =4,

EXxXeEMPLUM 11.

16. 8i 1 denotet areum curve == {d x/ (1 4-pp) eiufgue
funclio quacungue fuerit L; invenire curvam, que, pro data abf-
ciffa AL==a, habeat valorem formule { L dx maximum vel mini-
mum. :

Ob dZ=Ldn, erit L fun&io ipfius arcus nn; & obdn
= dxy(14pp), eit [Z] =y (1 4pp) & [M]=0,
—_ — "_'__'—'——P o . L
[N]l=o, [P]== eETE [Q]1=o0, & unde pro
. . ] : ., —_— ___~P..,,_.____

curva quefita ifta habebitur xquatio: o =—4. FPOVIET
PO : 1 ——— ____F—_ —— .
(H—fLdx); hincque C V7 (H—/f/Ldx)
ubi conftans C ita determinari debet, ut, pofito x=—=4, fiat

. P ) T A
C= Jiiqp 03 are quia Zrrms

nequit, necefleeftut fitC'==0; ideoque vel NICETT)) 1.1—’}- )

vel fLdx==H. Fiet ergo, ex pofteriore equatione, L=o0,
& 1 == conftanti cuidam : ex quo porro deducitur 41m=—
dxy (14pp) ==o, cuiconditioni nullo modo fatisfieri poteft.
Ex priore @quatione autem deducitur p==o0, feu /y==0, qua
cft xquatio pro linea recta axi A Z parallela, que queftioni
pro abfciffa quacunque fatisfacit,

infinitum fieri

0

E x5 M-
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Exemrerruwm IIL

17. Denoter 1 fuperficiem folidi rotundsi ex converfione curve ah
circa axem AL orti , que ef wt {ydxy/ (1 4pp), hajufgue
Superficiei funitio fit quacunque L, invenire curvam , in qua pro
data abfeilffea AL =2, maximum minimamve fir { L dx.

Ob dZ = Ldn, erit Lfun&io ipliusm == fydx v (14 pp);
& ob dn==ydxy (1 +pp) fiee[Z] =y V(1+pp), &

d[Z] Zd]\/(l-f-pp)—-}-ﬂ%%: unde erit [ M ]=—o,
[N1=v(xtrp)s [P1= Jrvipys

[Q1,[R].[8], &c. omnes erunt ==o. Quocirca pro curva
quxﬁta.iﬁa habcbitm equatio: o==(H-—/Ldx)y (14-pp)

I (H—/Ldx ). Ponatur, brevitatis gra~

reliqui valores

\/(1+p )
m,H———dex___V, crit Vdx ' (14-pp)=—4d. ﬁ%)
— Vpvdx o Vydp o 9pdV o g —

vV (14pp) (xpp)> ¥V (tpp) 2 ]

Vodp __ Vydp ,
I4pp +J V4 AV = I+PP _}'PL&Z”C, obdlV— Ldx.

Ponamus effe Z =—m, ita ut maximum cfle debeat fdx/yd x
vV (14pp), etit Le==1 &/Ldx =x, atque V=—a— x ,

ob H==4 Erit (4= ) dx — -(”—l——:*—if;)l)—d——-—-jpdx Sit
#—x==y; erit dx——du,& dy=——pdu,atque habebituriftazquatio,.

O == #du~-ydy +1—-12—T>f>’ feu ua’uwy dy — %‘Ilijg =0,

Ponatur w==¢ &,y:etz: erit du-—:-etdt, & ddn—o
‘wet(ddt+dt )>feu ddt=—ds* ; porro dy- =’ (dz+-=zdr)

& ddy==¢ (dds+2drdz) ; quibus fubfticutis ; oritur
dll-—-_—"
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edenrds o 3d2(dddndrds) o

:;dz,, erit da’t:—:-——;’a’z‘:.rddz-}—a’.rdz, hincque

dsdz

-

ddz=—=—sdz*— Habebitur ergo hzc aquatio ;

sdz —2dz—sz22dz =f”+‘l(zl__:;z’ji 5 que quidem eft

differentialis primi gradus inter duas variabiles s & z tantum ;
verumtamen ultra integrationem non admittit. Multo minus igi-
tur quicquam effici poterit, fi in genere quaftionem confideremus.

SCHOLION IIL

18. Hujusexempli cafus, quo curvam inveftigavimus, in qua
maximum minimumve fic /dx (3dxy/ (14 pp), etfi ineft du-
plex fignum integrale, tamen etiam per methodum praece-
dentis Capitis poteft refolvi; id quod ideo operz pretium eft
oftendere , ut confenfus utriufque methodi declaretur. Praci-
puc autem hoc opere nova via patefiet refolvendi plurima alia
Problemata circa maxima & minima, que adhuc, quantum
conftat , non eft tacta, Queftio fcilicet eft, ur pro data abfcif-
fa A Z = 4, fiat maximum minimumve hzc expreffio / dxfydx
v (1+pp), qua tranfmutatur in hanc x [y dxy/ (1 +22)
—/[xydx (14 pp). Ut hzec forma reddatur maximum mi-
nimumve, oportet ut ejus valor, pro abfcifla AZ — 4, idem
fit pro ipfa curva quafita az & pro eadem pun&o n in v tranf~
lato.  Ponamus ergo fieri /ydx v/ (14-pp) == A4, fi ponatur
¥==a, atque codem cafu fxydxv (1 +pp)=B. Jam,
elementis mno in my o tranfmutatis , valor 4 augebitur fuo va-
lore differentiali, qui, per Caput przcedens, eft ==nv. dx(y/( 1+pp)
— - d VE—}’_‘;_—TI;-) ); per eadem pracepta autem quantita-
ts B valor differentialis prodit ==nv. dx (xv (1 4+ pp)

— L g X
T 4 1 77 )»  Quamobrem formule propofita

[dxfydxy (1+pp), tranflato punto n in v, pro abfeifa AZ

== A,
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==a, valor erit=—u(A+mwde(V(14pp) — J 2P __
) Wtz ) \/(I+PP))
O— ———— e xy M

fis effe debet ejufdem formulx valori naturali pro abfciffa == «,
non mutato puncto n, qui cft 24— B. Hinc provenict ifta
. (a— x)yp
requatio (¢ —x)dxy (1 el S — =o0;
q (. ) '\/( +PP) . "/(_I+PP) ..)
qux omnino congruit cum wxquatione in folutione Exempli in-
venta,

Prorositrio III. PROBLEMA.

19. Exiffente 1 funttione integrali indeterméinata {[Z]dx, ita
w fit d[2] = (M jdx+[N]dy+ (PJdp + [Q ] dq
=+ (R1dr + &c. fit Z functio quacungne cum hajus quantitatis
I, tum quantitatum determinataram X, Y , P, Q>r,S, &cC. itaut fis
dZ—=—Ldno+ Mdx+ Ndy +Pdp+Qdq+Rdr4 &c.
invenire curvam az , que.pro data abfiiffa AZ —=a, habeat ma-
Ximum minimumve valorem formule {7.d x.

SOLUTTIO.

Augmentum n v, quod uni applicate N n dccedere concipi-
tur , ita remotum a prima applicata Hh capiatur, ut nullam
mutationem inferat in valorem formule fZ4x abfciffe AH ref-
pondentem , atque tantum hujus formule valores fequentibus
" poft H abfciffe elementis refpondentes mutationes patiantur ,
qui funt Zdx, Z'dx, Z"dx, 2" dx, &c. ufque ad ultimum
abfcitle elementum in Z.  Horum igitur valorum incrementa
a tranflatione puncti n in v orta, fi in unam fummam conjician-
tur , & nihilo 2quales ponantur, dabunt quationem pro curva
quxfita, Incrementa autem horum valorum obtincbuntur cos
difterentiando , & loco differentialium eos valores fcribendo ,
quos fupra, tam in ultima Propofitione precedentis Capitis
quam prima hujus, ex tranflatione n inv oririinvenimus: ita erit

Eulgri de Max. & Min, N d.Zdx
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d 2dx = dx(Ldn -+ Mdx + Ndy + Pdp + &e. )

d.Z'dx — dx(Ldn' + M'dx+N'dy' 4+ Pldp' 4 &c. )

doZ'"dx —=dx(L'dn" + M"dx+ N'dy" + P"dp" + &c..)
&ec.

Quod fi nunc loco differentialium 4, dn’, dn” &c. dy, dy,
dy", &c.dp,dp', dp”, &c. dq, dq', dq", &c. valores fupra
inventi fubftituantur , & eodem modo, quo ante ufi fumus, in
unam fummam conferantur, prodibit formule /Z4x pro abfs
ciffi. AZ = 4 valor differentialis —

2y, dx( [NJ (H_dex) — d(P](Ffl—;c—-de‘c) + (l’i[QJ;['iz"’fL{lx)
A [R](H=—fLdx) 1 d*. [_s](IJTdex) — &)

x? dx

, AP ddQ PR d*s
5 #v. dX(N"——;,—x—l—“d_;z — Z?“l"m——&c.).

Atque ex hoc refultabjt ®quatio pro- curva quafita hazc i

o = [N](H—fLdx) — 2LPICH—/Ldx)

dx
dd[Q](H—[Ld P IRI(CH—[Ldx) N
-+ (2] A xt L x)“— 4% + &
, dP  ddQ AR 4*S .
+N— S+ 55—+ 5= &c. ubi notandum

effe H valorem formule fLdx , qui oritur pofito x = 4.

QE. L

CororrL I

20. Regula igitur Capite precedente inventa ampliot eft red<
dita; nunc enim curvam definire poflumus , maximum minim 1mve
habentem valorem formule /Z4x, fi Z non folum eft fin&'o
quantitatum determinatarum x, y, 2, ¢, 7, &c. fed etiam
unam quantitatem integralem indefinitam /[ Z]4x in fe com-
ple&itur : dummodo [Z] fit functio determinata.

Co-
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Corortr. IL

21. Quin etiam f{i plures hujufmodi quantitates integrales in-
definitz fuerint in Z; folutio ufurpari poterit.  Nam qualis cx-
preflio ex una ejufmodi formula indefinita in valorem differcn-
tialem eft ingrefla, tales ex fingulis, fi plures affucrint , nafcen-
tur & ad valorem differentialem accedent.

CororL1 IIL

22. Quoniam Z hic ponitur funétio non folum quantitatum de-
finicarum x, y, p, ¢, r &c. fed ctiam quantitatis indefinite
n—/[Z]dx, obdZ—=Ldn+ Mdx + Ndy+ Pdp +
Q4q + &c. etiam quantitates M, N, P, Q &c. hanc formu-
lam integralem 1= /T 2] 4x involvent; atque etiam ipfa quan-
titas L , nifi forte i in Z unicam habeat dimenfionem.

CoroL1L IV.

23. Hancobrem, in xquatione pro curva inventa, incrunt
quantitates integrales duplicis generis, {cilicet SLdx , atque
STZ]dx: ex quo, fi ®quatio inventa per differentiationem ab
his formulis liberari debeat, ad multo altiorem differentialium
gradum affurget, quam quidem ipfa forma oftendit.

CorRor1L V.

24. Pervenietur autem, eliminando has formulasintegrales, ad
®quationem differentialem duobus gradibus altiorem.  Quod
fi enim aquatio refultans, fi evolvatur, fit differentialis # ora-
dus; tum primo ex ca definiatur valor formule /L dx, & dif-
ferentiatione inftituta, devenietur ad aquationem differentialem
7= 1 graduum , in qua adhuc incrit formula /T 2]dx, qua

ulterius redu®ta, & a formula /T Z]4x per ditferentiationem
liberata, fier differentialis gradus # +- 2.

N 2 S CH O
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S CHOLTION I

25. Etfi autem numerus pun&orum, per qua curva quafi-
ta tranfire debet, a gradu differentialiratis pendet, tamen
hoc cafu non per numerum z 4 2 definiri potet. AEqua-
tio enim hxc differentialis » 4 2 graduum, poteftate quidem in-
volvit z 4-2 conftantes, verum ex’non omnes funt arbitrariz.
Una namque conftans ex eo determinatur , quod integrale
JTZ7] dx obtincre debeat valorem, non vagum, fed talem qua-
lem in quantitate Z obtinet , hoc eft, qui evanefcat pofito
x==0, fiquidem hac conditio fuerit in formula /Z 4 x aflum-
ta. Decinde pari modo una conftans definitur formula /L 4 x,
qua, uti pofuimus, evanefcere debet pofito x==o0. Quocirca
tantum # fupererunt conftantes mere arbitrariz , que totidem:
prebebunt puncta, quibus Problema determinabitur.  Simili-
ter igitur, uti in precedente Capite, Problema, ut fit determi-
natum, ita erit proponendum, ut inter omnes curvas per data
» punfa tranfeuntes ca determinetur, qua pro data abfciffa
x ==« contincat valorem formule /Z4x maximum minimum-
ve. Ad hanc igitur dijudicationem inftituendam, w®quatio
inventa debebit evolvi ;. hoc eft, omnes differentiationes indi-
cate actu perfici debebunt; quo fatto, patebit quanti gradus
differentialia infint , ex hocque gradu habebitur numerus .
Quantum autem infuper circa hunc numerum # obfervare liceat,
in Exemplis fequentibus videbimus,

Exemrruowm L

26. Invenire curvam , que , pro data abfliffa AZ = a, habear
valorem formule {yxdslydx maximum wvel minimum , integrals
tydx ita accipiendo , ut evancfear pofite x = o.

Eritigitur n=/ydx, & [Z]=y; unde fiet [ N ]==1, te-
liquis liceris [ M}, [P, [Q ], &c. exiftentibus =o. Porro
erit Z==yxn & dZ = yxdn 4+ ynds+xndy; ex quo
habebitur L==yx; M=yn & N==xn, P==0Q =R, &c.

== 0.
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=0, Ex his formabitur pro curva quefita ifta 2quatio; o ==
(H—/fyxdx) +xnfeu fyxdx==H+x[ydx, ubi H cft
valor formule [y xdx, qui prodit pofito x==«. Perfpicunm
autem eft hinc nullam pro aliqua linea curva xquationem oriri:
differentiatione enim inftituta, fitdx [y dx=—o, porrogquey ==o,
qux eft xquatio pro linea re&ta in axem A Z incidente.

ExeMmrpruwm IL

27. Invenirecurvam , qua,pro data abfiiffa AZ == a, habear
walorem formule fyds{dxy (1--pp ) maximum vel minimum.

Quoniam igitur eft m= fdxy (14pp), erit [+ ]==
p —___r . : _ 3
V(14pp) & [P]= eESTIE Porro erit 7 = yn &

L=y; & N=n; reliqua litterz omnes evancfcunt. Hinc

ergo refultabit ifta xquatio pro curva quafita: o= 7;—;0 <
p(H~—[ydx) A — (H — [ydx)p _ (H— Z‘lx)’llf
iy Tk “ VO ) )t
_ ypdx . . . _ (H—/ydx)dp
———— etgo dxfdxy (1+pp) = Al
v (14rp) (14pp)=

Vy(——i)iicpp). Quia igicur fit [y dx =H, pofito x==4, codem

calu fiet [dxey/ (14pp) = Q—%}_f_—;}—{) = arcui curve abfciffe

4 refpondenti.  Que conditio adimpleri debet per determina-
tionem unius conftantis, qua per integrationem ingredietur.
Eft autem a¢tu hzc =quatio differentialis fecundi gradus, qua
vero bis debet differentiari, antequam a formulis integralibus
Sydx & fdxy (1+4pp) liberctur: hocque modo ad gradum
extum affurget, & poteftate fex conftantes involvet ; quarum
duz inde determinabuntur , quod falto x = o evanefcere de-
bent formule fydx & fdxy (1+4pp). Ipfaautem zqua-
to ita fiet intricata, ut ejus tractatio fufcipi non mercatur.

N 32 ExeEMm
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Exemrruwm IIL

, . : d
28. Invenire carvam, in qua pro data abfeiffic fit -P—Xf ydx

maximum vel minimum,

Hic crit n=/ydx, &[Z]=y & [N]==1; deinde

cum fit Z = pi, crit L == —;—- &P——1; reliqua lit-
terz omnes evanefcunt.  Hinc ergo prodit ifla xquatio. o =
d x T I d x 9 2ndp
H— /= —d. ——;fecuo=H— /%= Lt
U rL v S T T vas
Pofito crgo x =4, quo cafu ﬁtfd—Px == H; erit ydx =
24P Nea . . L d 2yd
-—ﬂ-l—’—.Dxﬂcrcntxctur ea xquatio, eritque o=——52f+7x —_ lrp

P
- g‘;;dz + Zfdd; — 2})?;:”. Seuo=—=3mdp* — 2ypdxdp
——1pddp; qua xquatio commode fit integrabilis, fi divida-
tur per pdp, proditenim o== 347 __29dx__ ddp

integrale et C=—=3/p=—=2/n— ! % Seu Cn*dp==

?’ 4x; pofito ergo x =4, cum efle debeat y dx — 2ndp

, cujus

erit ¢ex hac zquatione Criy==2p*, qua una conftans definic-
PPdx __ eypdxdyp

Cdp 3 dp* — pddp
dpy/ dx . ) v i
= 2 b‘%}jﬁf 4 > quz zquatio eft differentialis tertii gradus,

tur.  Erit cergo n=v/

leu 3dp*—pddp

& propterea prater conftantem & ( pofuimus autem ?}3 loco C'),

tres novas conftantes involvit. Harum una determinabitur , eo

quod, pofito x==4, fieri debeat %y_ == 2pp; alia vero inde

3
quod, pofito ¥ ==o , cflc debeat 11 = o, fcu Pdix: o. Re-

liqua
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liquz binz conftantes manent arbitrarie, ac propterca curva
quefita per duo data pun&ta per que tanfear, debet determi-
nari.

ExeEMPrruM 1V,

29. Invenive curvam az ad abfeifam A Z==a relatam; in

i . L.
ua (it {d x fyxdx maximum vel minimum,
7 {ydx

Hoc exemplum ideo afferre vifum eft, ut appareat quomo-
do quaftiones ejufmodi fint refolvendz, fi dux plurefve for-
mule integrales indefinitz adfint. Sit igitur [yxdx=—=n &
Sydx == : &polito dn=[Z]dy, & dr==[2]dx, crit
[Z)=—yx, & [2]==y. Quod i nunc litteraminufcula [z}
fimili modo tra&tetur quo majufcula [ 27, itaut fit d[ 2] =

[m)dx+(nldy+[pldp+&c. erit [M] =y & [N]=x,

. . , . d’
itemque [#]=1. Dcinde cum fit Z == I eritdz— 1
T w
‘ A : T .
— 27 Ponatur — == L & - == /; atque habebitur

" x a
ob N& P, Q.. R, &c.=o, ifta pro curva quccﬁta a:quatio,‘
°‘=x(H-—~f%°—c) — 1 (h— rLY) ubi ﬁcfi—".—_—H

T

mdx .
& fU5% = b, fiponatur xy=». Cum igitur fit Hx —
T .

Y {;I,.ic =h—/ H:;x erit differentiando H — (4% % — -
= 7

n . N . .
v Pofito ergo x=—u, fieri debet == ~. Differentietur

denuo, prodibitque — -2 4 %% — — 2% 4 277 (o
.2 w T T
—_—re= A;éys hincquen==zx—7Z%, Si porro differentiatio

- . - . y

inftitvatur , habebitur yx dx = zdx 4 yxdx —27wdx +
dy : ; .

W?;) , fewyyds=ndy, velijo“ —L Quoniam vero ,

[y

pofito:
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pofito x==o0, fit # =0, fiet hoc caflu y—%—;l—"—’::o. Aqua-

. ' d x d .
tio autem ’»;3 =%, ob ydx=dr, integrata dat » —

by ideoque fato x==o cvanefcere debety. Ex ®quatione
7 == by autem {equitur ydx==bdy; hincquex=—=46/ly—4é/o,
fiqnidem #==14y evanelcere debeat, pofito x ==0; quo ca-
fu fieret y==10 , & curva abiret in reGam in axem A Z inciden-

tem.  Sin autemn ponamus, pofito x == o valorem 7 === /[y dx
non evancfcere oportere, fed fieri == b¢, erit x=—=4/-2 ,

c
qua eft 2quatio pro Curva logarithmica. Ad hanc penitus de-
terminandam , quaratur valor m==/7y x dx; quia cft ydx=
bdy, crityxdx =tbxdy, &n=bxy—bxr+ Conf. feu

n= bby!/ % ~—bby+C.  Oporteat autem 1 efle == o,
pofito x=o, feu y==¢, erit M= bby/ f— +66(c—9).
Jam ponatur x==4, ecrit / i’— -_-—_——Z—, &y = ce®? . hoc
vero cafu, necefle eft ut fitm == x, feu 46cem{’ F-bbec—<

ah ab . ad .
bbce”” == abce, hincque ¢™° ==1, unde erit, vel 2 == o,
vel $==00. Incommodum hoc inde oritur, .quod pofuimus
ficri y==o0, fa®o ¥ ==c¢. Ponamus igitur , pofito )I=4g,

tum eo cafu 1 evanefcere, erit m =44y / 37 —bby+bbg
—bbg! ——f—- Jam pofito x =4, quo cafus fieri debet 1 ==

Tx==amx;ertit abc ea:l’-——-éécemb—{— by — 6égl%- =

—

45:/"17, hincque & =~gc— (r———l—%-), feub=— - z -
1 1 'IT('-—IT )
ideoque ¥== —ally—=1l) Qua cft zquatio curvam

lg(1—15)—1

penitus
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penitus determinans, ita ut nullum curve punfum pro arbisrio
accipi liceat,

SCHOLION IL

30. Per hoc igitur Problema, non folum illy quxftioncs cui-
vam pro data abfciffa maximum minimumve habentem forme-
lam /Zdx defiderantes refolvi poflunt, in quibus Z pretey
quantitates determinatas ¥, 5, p, g, v, s, &c. unam formulam
integralen m == /[ Z7dx completitur; fcd eriamfi plures
ciufmodi formule affuerint. Interim tamen notandam et bas
formolas integrales m = /[ Z]d~ in funltionc 7 contentas .
ita comparatas efle debere, ut [ 27 fit fundtio determinatr
hoc eft tundiio quantitatum x. ¥, p, ¢, 7, &c nullas vlra for-
mulas intcgra'es involvens.  Hanc ob rem, nuncinveltigemus
methodum refolvendi ejufmodi Problemata, quando ifta func-
tio [ Z7] non cft determinata , fed prater x, 9, p, ¢, &c. for-
mulam integralem novam 7= /z ] 4~ involvit. Ne autem
folutio nininm fiat prolixa, non ultra difierentialia fecundi gra-
dus confiderabimus.  Jam cnim intelligitur {1 foiutio fucrit ad-
ornata ufque ad differentialia fccundi gradus, tum per induc-
tionem , folutioncm ad quofque nkeriores gradus extendi poile.
Huncin finem nobis erit L1 prima applicata defignanda per v, a
qua tertia qua fequitur N n==4" particula n» avgori conci)in-
tur : Ex hoc augmento nafcentur {equentia quantitaium y.,p, & ¢,
cum f{uis derivativis incrementa

d y = B TP R SRR - Y
y 0 d p 0 d. g b
d, ! jrsmne " —— . ﬂ ’::_: 5. ".z!

J © d? Yodx . 7 bAGE
. /. 1 iy S .?/ 3
“y=de | dpt=—rp | dglea

que Tabella fufficict ad Problemata quacunque relblvenda, uti
¢x fequente Propolitione intclligetur,

Euleti De Max. ¢ My, @) Pro-



106 DE METHODO MAX, ET MIN.
Prorositio IV. PROBLEMA.,

31.Sitw ={[2z]dx ¢ d[z] =[m]dx+[n]dy +[pldp
4 [q1dq, argue quantitas [Z7] ita involvat formulam integralem
7, ut fit d[Z]1=7d»+[M7Jdx+[N]ldy +[P]dp
+ (Q1dq. Jam pofito 1 = ([ Z]dx, fit Z funitio ip|arnm
X5 Vs P> Q. itemque ipfius 1, ita wt fir dZ=Ldn+ Mdx 4
Ndy 4+ Pdp + Qdq. Hiss pofiis , oporteat definire curvam
az , gue, pro dara abfiifla AZ ==a, habeat valorem formule{Z dx

wiaximum vel minimum.

S 6L U Tri1Io

Ut in Scholio pracedente monuimus, eft nobis abfciffa AL
— x, & applicata L1=1y; abfciffe autem A L=—=x refpon-
dcar valor [Zdx quia particula nv non afficietur.  Ex quo valor
differentialis ex fequentibus abfciffic elementis determinari debebit,
quibus refpondebunt valores zdx, Z'dx, Z'dx, 27 dx,
z"dx, &c. ufque ad ultimum abfciffe totius propofite A Z
elementum in Z. Invenientur autem fingulorum horum termi-
norum valores differentiales per differentiationem; f{ubftituendo
loco differentialium dy, dp, dg, valores paragrapho precedens
ti indicatos. Erit igitur

—_— Q. ny

d.2dx ==dx(Ldn +~—=)
7 A =— ' Pny 20 ny
d2dx = dx(Ldn - e =)
£.2"dx —dx(L'dn’ 4 N".ny — Pd iy g Q:- ny 3
4" dx=—=dx L" dn’"” " ®
42"Vdx=4dx, L'Vdn"
&¢.

Supereft fgitur ut per nv definfamus differentialia dr, dn’ s
i Y 7 - . . R ‘
dn', a: n” &c. hoceft valores differentiales quantitatum m, o',
'y W &e Eft vero =
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T zf[Z]ﬂ'x

nw —f[Z]dx + [Z]dx

n" = f{Z47]dx + [Z]dx + [2'|dx

n” = T2Z27dx + [Z]dx 4 [2'|dx + (72 1/«

n'=/[2]dx + [Zédx-}—-[z’]dx-]—[z"']d.\'—'riz'”"]a&
C.

Ubi notandum eft quantitatis /[ 2] 4% valorem differentialem
efle ==o0, eo quod particula fiy nullam mutationem inferr in
abfciffam A L ad quam /[ Z] 4x refertur, Tantum igitur ter-
minorum differentialium [ Z]dx, [2']dx, [2"]dx &c. va-
lores differentiales inveftigari oportebit.  Erit autem,

';L[Z]dx‘:—"dx([l.] dr - [_—Q{Tlg_‘i_ )

d.[Z)dx=dx ([L']d+ 4+ [P:l]xm — 2[5;1]7” )

d.[2"] a’x:dx([L”]dﬂ"’-{—[N”.];gy.____ [e"Joy , [Q"Tuvy )

dx U dx*
4.2 dx =dx[L""1d ="
dlZ")Vdx—dx. [L'")d="
&ec. '

Nunc porro definiendi funt valores differentiales quantitatum »;
x, 7', »", &c. per ny, quoslocodn, d=', da", Xc. {ubl
titui oportet. Cum autem fit # = fTz]dx, & in [ =] diffcren-
tialia fecundum gradum fuperantia non ineffe ponantur, fet
valor differentialis ipfius = , feu d = o, ad fequentium autem
quantitatum 7', #*, =" &c. valores differentiales inveniendos
notafle conveniet efle

w :f[z] d %

a =flz]dx 4 [2]dx
' =[[z]dx 4 [2[dx + [d]dx
7 == f2]d% + [2]dx 4+ [2 ]dx 4+ ["]dx
7 =f(z]dx 4+ [2]dx + [«']dx [c"]dx+[z"]dx

&C,
O 2 Erit
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Erit autem

d{zldx == nyv.dx l’f’_z_

l<x
d[2]dx == a rlx([ 2(1[3])
4 [ de==nv. d (L1 — D) T
d.[2" dx=0
d.[z,m] dx:o
- &

Lx Lis itaque obtinebitus

d = == o B
d 71' === RNV, dx [lzj
dox’ ==nydx ([PJ [(1]_._.2_‘![’1])

dx* dx®
do7 ==nv. dx([;z’/] d[P] + dd[@l])

d 7" ==n y.dx([;;” d“’] + dd[‘]])
dx'=—nvdx([#]— dﬁ’] +6M[9])

omnefque fequentes valores inter fe erunt xquales. Quod fi
jam hi valores inventi fubftitnantur, eric

. [_Z]ﬂ’\ = 7y dx. I,%]
i [ 20y = de (0] 4 T 210]

é.yz’:wx:-:;wxcww<£,1’-;1 [ﬂ——%ﬂ)+[N”j

[P”] [Q’
— doc )
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A2 dx=m.dx.[L"]dx([#"] — ‘»Z_d[’;‘l 4. ddluly

A 2
d. [‘ZVV] P dx. [L/\/:] ﬂ,x ( [/,‘-’/] e {i(E'P_,G] (; K(I ])

él‘,\; (/\.

4.2 dx == mvdx (L' ([ e g 00Ty
&c,

Hinc porro deducitur :

d

= o
' = nvdx. [QJ
. p ¢ n' Q - 2]
41! :ﬂv.dx([L 1de, L 4 [ (2] 2d1e),
» b AL Ay
dn’=nv.ds ([L'ILp ] — LgddlL7] ':xzw_J ]

- [NV ] — ‘Z[ll;] ﬂ”fj)
dnV =—ny a’x([LW'_] dx ([””] —_— ’l_[_/’/] +_’1__1[’”)
+ [L//] [P] ___[([1 d I']'A’] + 2l 1/1[‘{]-‘ +[N’] 1{[[’] + (l[l[ ()"] )

dx Tdx?

L . e QL (L1 — T if*ﬁ"s )
+[L"] [p] — [q]d [L]] d-}_; 2 [L']d[q] 4[N ]— (l(ll_lx] (l, 0 ] y
&c.
Ex his jam orientut {fequentes determinationces :

4 Zdx=—um.,dx. Q‘,

A Zdxw==m.dx (Lds.> [Q] 1 d; ZS')
4.2 dx=umn. dx(L”dx([L’]d [q] " [P_W [¢] :1{_)&2(1 QJ)
7 P// _Q'
T N/ dx P )

O 3 4,
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d.Z"de==m.dx.L"dx([L] [p]— [g1dl L' 141114 q]

ax

d. Z“Idx:”ll.de/V(lx([L”/]dx([””] d(gi_} + dd[q])

[ L//] [P!] — [91d[L] :}"x 2[L] d[q] +[N"] J[P ] +- dd [ Q] )

d.Z"a’x:m.dx.L"dx(([L"’]dx—[—[L"']a’x) ([ /1] d[P] + ddfq])
+ [L//] EP,] —_— [‘ﬂd[[‘,] :1*; Z[L,]”'TQ]_}_ [N'//] d[l ’] + dd[ Q] )

4.2 dx=m dx. L"'dx<<[L”'de+fL"']4x+[L"]dx)([n”]~ [”] +
r]flrf]] 1" — [9]d[L'] + Z[L'](l[qj i ar ] 4 d[Q]
) HL ] +IV]— )

&c.

Ut hi valores omnes eo commodius ad fe invicem addi queant,

ponamus brevitatis gratia [4] = [4"] — 4 d[ fc ] + d d[q ] ol (2]

. c{l[i] + :’d[q] &[H]—*[L][P] [M[L] + 2[L]d[q]

+ [N] — d_[ﬂ + dd[%]: eritque fumma omnium, hoc eft,
valor dlﬁ'erenmhs formula propofite [Z4x, ut fequitur.
#v. dx (N— ﬂ + ddQ)+ny dx(L[P}— “QML_ZL‘J[QJ)

Snv.de. LLLI[g]4#v.dx. [ HY(L"dx4+L" dx+ L'dx
F&c.inZ)+nv.de.[h](LVdx, [L" Jde+ L' dx ([L""] dx
+[L"1dx)+L"dx ([L”] ds4+[L"dx+ [L']dx)
+L"”dx( [L!//]d + [LI\/]d + I:L\l] dx+[L\//]dx) + &C )
Bina igitur hic habentur feries infinitz , a termino L1 ufque ad
Z z progredientes, quarum illins L™ dx-}— L" d x 4 L"dx + &c.
fumma exprimi poteft per H—- /L dx, denotante H valorem
ipfius /L d x, pofito x==4. Quo autcm valorem alterius ferici

inveftigemus , ponatur ejus fummawS, ita ut fit S—= L’Lt{f
[L"}
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[L"]dx+ L'dx ([L"]dx +[L" (dx) +&c. Sumatut
valor fequens S'==844S, erit §4-485 — L' 4. [L"7] dx
+ L"dx ([L"]dx+4[L']1dx) + &c. qui ab illo fubtra&us
relinquet , — 4§ = L [L"” ] dx* .- L" [L"]dx* + L”
[L7)dx* +-&c feu —dS =[L")dx (L"dv+ L' dx +
L" dx+ &c.)ideoque —dS§ = [ L' |dx (H— (L dx), &
integrando § =G — ([ L]dx (H——[rLdx), conftante G
ita aITumm, ut fiat §S=—o fi ponatur x —42. His inventis
fiet valor differentialis formule propofite fzdx = nv. dx (N

. dP | ddQ _[Q]dL 4 2L4[Q] .
— o+ =+ L[P] o + L[ L][g]

G (H—fLdx) ([L] [Pj_[q]d[L] :{{-xt’.[_L]zl[q‘J

F[N] — égil + ‘i‘fd[g%l)_{_(G-—j[L]a’x(H«—/‘de))

([»] — %d[:] -+ %[le )).  Huxc expreflio autem in fe-

quentem formam tranfmutari poteft, ex qua facilius valor dif-
ferentialis formari poterit , i differentialia altiorum graduum
quam fecundi, tam in Z quam in [Z] & [ =] infint. Erit fcilicet
formule /Zdx valor differentialis abfciffie AZ = 4 rcfpondens

- dr : d*s ,

=mds (N — S T+ 00 — e
e 4 e— X 1. — {lx
- m.dx (N)(H—fLdx — d-UJGZ /L) 4 [Q](dPi z:fL )

— ST M) o LIS ey

((71(G— f1L)dx (H—[Ldx)) — d[p](G— [in dx (H— [ Ldx)

X

o M G—/[TLVdx' H—[Ldx)) _ 4.[r}(G—[[L)dx(H— [Ldx))
ﬁ- ot - dx3

+&c.). Invento autem valore differentiali, i is ponatur =o ;
habebitur zquatio pro curva quafita. Q. E. L

COﬁ
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Cororrn L

32. Inventus igitur eft valor dificrentialis pro formula/Z 4«
latius patente, quam quidem in Propofitione cft affumea: fcili-
cet fi fuerit /Z = Ldn 4+ Mdx + Ndy+ Pdp + Qdg
+ RdR 4 &c. atque exiftente dm == [Z]dx, fifitd Z)
= [L]dx 4+ [Mlds + [N]dy+ [Pldp + [Q_1dg
+ [R]dr 4 &c. itemque fi pofito da == [ 2] dx tuerit
dlz] == [m]dx+ [ »]dy + (pldp +[gqldg + [r]dr
+ &c. Quoticunque nimirum gradus  differentialia infint i
quantitatibus Z, [ 27, & [= ] folutio data inferviet.

Cororr 1L

33. Quod fi ponatur H—[Ldx =T, & G— [ L]dx
(H—/fLdx) =V, crit valor differentialis

:ﬂy.dx(N-—-—-[]—P— -+ é{{Q— 4R + &c. )

dx dx* d x3
3 !
d.[plV dd. 14 Blrly
a2 y.dx ([ — Ld[lxj + 4%] — Ei%s—- + &c. )

CorovrrL IIL

34. Hinc igitur xquatio pro curva quafita erit hec, o ==
N+N T+ pay — eIV dQ+[e)t [ F)

dx dx*
: A(RA[RIT+[r]V)
dx?

-+ &c. cujus progrefiionis lex, fi
forte opus fit pluribus terminis, fponte patet.
| %

Cororrr 1V,

35. Quin etiam hinc refolvi poterunt ejufimodi Problemata,
in quibus Z non unam, fed plures iftinfmodi formulas integra-
* les
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les indefinitas i infe compleditur; vel etiam fi [Z 7] plures cjuf-
modi formulas 7 ==/ [2]dx in fc contineat.

CoroLL. V.

36. Denique, etfi pofuimus efle [ 2] fun&ionem determina-
tam, tamen per indutionem hinc modus patet valorem difte-
rentialem formandi, fi ulterius [2] in fc contincat formulam
integralem indefinitam.

S CH OULTI O N

37. Latiffime igitur folutio hujus Problematis patet, quia
non folum precedentia Problemata omnia in fe complectitur , at-
que ipfi calui propofito fatisfacit, verum etiam per inductionem
ad cafus qualefcunque magis intricatos accommodari poreft.
Quod ur facilius percipiatur, ponamus in [27] infuper inefle
formulam integralem # == /"¢ dx, ita ut fit { = [{] dx +
Lmldx 4 [21dy + [p]dp + [9]4d9 + &c. cxiftente
d{==wndx +vdy+ Qdp + xdg + &c. Jam ad va-
lorem differentialem determinandum, prater quantitates integra-
les binas T & V', tertia debet definiri /7, ita comparata ur fit
W=F — fTl1dx« (G—f[L]dx (H—/Ldx)) qua
evanefcat pofito ¥ ==4. Hocque fatto, erit valor differentialis
=nvds N+ [N T+ @)V +» W — LLEETE IV 1)

dx
o+ ‘ZLC_Q:*T_[ZQ].Z:;[QM — &¢.) Quamobrem nc~
quidem maximi minimive formula excogitari poterit, qua non
in folutione effet contenta, aut ex talibus formulis compofita
ad quas ifta folutio patet. Quinetiam liceret hanc expreffio-
nem in infinitum extendere, fi qualibet formula indeterminata
Aliam novam formulam integralem indefinitam in fe complec-
tatur; neque difficultas ulla adeffet, nifi in charaéterum fufficien-
ti numero {uppeditando. Qua cum ulterius profequi non fic
necefle, unicum cafum principalem evolvere convenict, quo

Euleri de Mux. & Min. P in
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in formula /[ Z]4x, que valorem ipfius i preebet, ipfa quans
titas [ Z] denuo 1 involvit. Hoc enim cafu complexio iftiuf-
modi formularum integralium a&u in infinitum progreditur ;
namque {i fit d[Z) = [Lldno + [M]dx + [(N1dy +
[Pldp+ [Q ]dg+ &c. erit hic iterum 41, quod ante
fucrat 47 , & quoniam eftd m==[2] dx, denuo eadem equa-
o 4[Z] == [L]dn + [ M)ax + [N]dy + &c. recut-
rit , atque ita tractatio formularum integralium nufquam abrum-
petur.  Cafum igitur hunc, cum quia infignem nobis afferet
ufum, tum quia concinnam admittit {olutionem, pertractabimus.

PrRorosiTio V. PROBLEMA.

38. 8i 11 aliter now detur nifi per aquationem differentialem dre
= [Z2]dx, inqua[Z7, prater quantitates ad curvam pertinen-
s X5 Yy P5 Q5 L, &C. ipfam quantitatem T compleciatur , ita
wt fit dfZ]=[L]dn+ [M]dx+ [Ni1dy + [P]dp
+ [QIdq+ &c. 8t Z functio quacungue ipfins 1 & ipfarum
X, Y5 Ps g, &c. #tau fit dZ=Ldn+ Mdx+4 Ndy
+Pdp 4 Qdq+ &re. invenire curvam, in qua, pro data abf~
siffa AL ==a, maximum minimumve fit formula {Z d x.

SOLUTIO

Ponamus differentialia; qua tamin Z quam in [ 27 infune;
fecundum gradum non\excedere, itaut particula ny ultra abfcif-
{2 pun¢um L verfus initium nullam mutationem inferat. So-
lutio enim nihilominus hinc poterit maxime generalis confici.
Sit igitur abfciffa AZ = x, & applicata LI ==y, patietur
S Zdx ab adjeéta particula nv applicate N n == y" nullam mu-
tationem, ejulque valor differentialis erit = o. Quamobrem
valor differentialis formule /'Z4x, quatenus ad totam abfciffam
A Z extenditur , colligi debebit ex elementis Zdx, Z' dx,
Z'dx, z'"dx, &c. Singulorum autem horum elementorum
valores differentiales invenientur, fi ea differentientur, & loco
dificrentialiom dy, 4y, dy', dp, dp', dp" , & dq, dq';lglq”

valores
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valores §.30 indicati fubftituantur. Quoniam autem infuper in hac
differentialia ingrediuntur 4, 4, 4n”, &c. ponamus eo-
rum valores ex nv oriundos tantifper, donec cos inveniamus .

~effe hos :

dn == nv. a | dn"” = ny. & | 40" = »,. 4
dn’ =— #»v. 6 AV = wy. ¢ dn"" = »,. 8
dn' = nv. y | dn’ =— #»,. { &ec.
Hinc itaque crunt valores differentiales
d.Zdx = 2v. dx (La 4 d—% )
r 20
e 4 —— ——— = -
d.de == Zy. dx (LC + Ax A x?
4 QY

dZ' dx = v de (U'y + N — —— 4 -2 )
dZ"dx = nv. dx L'
4d.2Vdx — nv. dx L'
d.2"dx = nv. dx. 1"
&e.

Ut nunc valores litteratum e, &, v, &, ¢, &c. definiamus .
notandum eft efle 41, 4, dn”, &c. valores differentiales.
quantitatum 1, ', n’, &c. Eft vero

n = /[Z]dx

N == /[2]dx + [2]dx

n’ = [[Z]dx - [Z]dx + [Zsj’g/x

0" = f[Zldx + [2]dx + [Z]dx + (72" Vdx
&e.

ubi /{Z1dx > per hypothefin, a particula n+ non aflicicur. Va.
lores igitur differentiales formularum L7 Ax, [ 2 Jdv, [ 2]dx &c.
funt inveftigandi , qui erunt

P - 4. [ 2])dx
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d[Z]dx = nvdx([L]e + [Q] )

d[Z)dx = av.dx ([L']16 + [U 2[Q] )
@.[2"]dx = nm.dx ({L"]y + [N] [f;] b
d[zujd\ — . dx[LI//]J

d.[ZV]dx = nv.dx. [L'"]
4 [2"]dx = nv.dx. [L"“Z

&c.

Ex his igitur erit ut fequicur

dn
dan’

d n//

An'’”’

Jnl\l

an’

== nv.dx ([L]e + L&y
= x! a’\ ‘[Lle + [L']c + [P’] [Q]jjf[[Q])

== ardx ([L]« +A,[L 16 +[LU]7+'[NU]~ é%l

;42
== w.dx[LJa+[L’]G +[L ]y +[L”’H+[N”a
d[P] dd[Q
— Lt )
= zv.dx ([L]e + [L']6 + [L”]Z[;]- [dg’[’;% J
+ (L") +HIN I— e )
- &ec. -

His comparatis cum valoribus affumtis, erit

«
6

7 ==

[

(@]
[L]adx-}-%]

~dx ([L]e + [L']6+ E [Q]+zd[Q] 3
d =
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d=dx ([L]a + [L'16 + [L']y + [N'] — d[¥]

dx
+ 4aly |
e=dx ([L]e + [L']6+ [L']y +[L"]¢+ [N']
__4[r] + dd[Q.])
dx dx*
&ec.

Ex hifque ®quationibus elicitur :

¢ —O0

___ [29]
€ —- i

y = (L[ ]+ (P — [L1E2402]
d=[LI[R] + [L']IL]1[Q]dx + [L'J[P]dx
— [L"11Q.1—2[L’ Jd[Q J+N" Jdx—-d[P 1+ i%&g_-]
fon d ==L L1 [Q14x+[L'] [P)ds—[QJ4[L']
— 2[L'1d[QI+[ N Jdy — d(P' ]+ 24121

qui valor ipfius &' netetur , eritque potro

(14 [L"]dx)

(1+4+[L"1dx)(14[L"]dx) |

Cr+[L71dx) (14-[L"]dx)(1+[L']dx)
&c.

Cognitis his valoribus, erit valor differentialis elementis Zd4x
+ 2’ dx + z"dx refpondens

= dx (N—32 + 2224 LIL(Q) + L[PT—

[Q]dL 4 2Ld[ Q]
dx

). Sequentium autem elementorum om-

nium ufque ad Z valor differentialis, fi ponatur V= [L*][Q]
3 +[L]
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+[L][P] — [(Q]4[L] ;ll;z[L]d[Q] +N——-%[;P—]+

dd[le, feu & =Vd x, erit fequens cnv. dx(L"dx + L' ds

(1+[L"1dx)+L"dx (14 [L"1dx) (1 +[L" 1 dx) + L"dx
C14+[L7dx) (14 [LY]dx ) (14 [L"]dx) + &) V.

Quamobrem hujus feriei fumma eft indaganda; hunc in fi-
nem , fcribamus L loco L', & [ L Jloco [ 2], fitque fum-
ma, quam quxrimus, = §: erit §== Ldx + L' dx (1 +
[L1dx) + L'dx (1 +[L])dx) (1+ [L']dx)+ L"dx
(14 [L]dx)y 1+ (L 1dx)(14+[Lr]dx) + &c. Jam
ipfius § fumatur valor fequens §'=8+ 4 Serit § 44 5= Ldx
o L'dx' (1 4-[L)dx ) +L""dx (14 [L]dx ) (1 4 [ L" ]dx) + &e.
Hincque — 48 = Ldx + L'[L]dx* + [L]dx. L'dx
(14 [ L' )de)+[L]dx. L dx (x4 {L 1dx) (1 4[L"1dx)
-+ &c. que feries cum ad priorem reduci queat, erit — 4 §
= Ldx +48§[L]dx,fiveob § =35,d8 +S[L]dx=—=—

Ldx; qua intcgmtadatef[L]de: C'——fef[” d x Ldx,
qua conftans C ita debct accipi, ut pofito x == 4 fiat § = o.

- Hanc ob rem erit valor illius feriei §=¢ SIL]dx
( C___/'ef[L]dx

[Zdx orietur fequens valor differentialis : #v. dx ( N — ar

dx
42 4 pror e (p) — (KRR

d x
[Q1d[L]+2[L]4[Q]
dx

Ldx). Ex his igitur formule propofite

-+

+ §(LL*1[QR1+[L1[P] —

+ [N] — %xp] + djx[,Q] )), qui tranfmutatur in hanc

d

formam commodiorem , #v. dx ( N-‘—%—Ij- + f’;—? +[N]§—
X X

d[P]s dd.[ Q]S
dx + dx* )

differentialis formul® /Z4 x, fi tam in Z quam in [ Z] differen-
tialia

Hinc autem formari poteft valor
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tialia ad gradum quemcunque affurgant.  Ad hoc efficiendum,

: . . L d .
fit valor formule intcgralis /- JLL1dx dx , quem obtinet, fi
¥==a ponatur, = H, ac fcribatur , brevitatis ergo, V loco

hujus expreflionis c—_f[L]dx(H—-—-j‘cf[L] A Ldx), erit-
que valor differentialis ==#v.dx (N4[N] V-—ﬂ:;—gl@
+ dd(Q;};EQ]V)__d’ <&:l}-x[’m V) 4 & ) Atque hinc

pro curva quefita orietur ifta xquatio, o = N4 (N]V —

A(P+[P]V) +dd(Q+[Q]V) L (R4 [R]FV)
dx dx? d x}

+ NS_ZE*S]V) — &c. Q. E. L

CoRrRaoLL L

39. Infervit igicur ifta propofitio ejulmodi Problematibus refol-
vendis, in quibus maximi minimive formula /Z 4 x talem in
fc continct quantitatem 11, que nequidem formula integrali ex
quantitatibus ad curvam pertinentibus x , Js ps g9, v, & ex-
hiberi poteft , fed cujus determinatio pendet a refolutione zqua-
tionis differentialis cujulcunque. "Habetur enim dn==[2Z]4x,

atque [ 2] ipfam quantitatem I utcunque in fe comple&i poni-
tur, |

CororrL IL

40. Cafus hic notari meretur , quo eft L=[ L7, quippc
quo fit formula /e/L34% L4 .¢ integrabilis , integrali exiftentc
— S L]dx Quod fiergo, pofito x==4, abeat SR
H, fiet y=He —/TEldn___

C e
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CorortL IIL

41. Calfus hic potiffimum locum habet, quando curva quz-
ritur , in qua fit ipfa formula m== /T Z]4x maximum vel mi-
nimum. Tum enim fit Z=—[2], & hinc L=[L], M
=f M], N==[ N] &c. Hinc itaque erit valor differentialis

‘ — f[L]dx
= . dx (H[N]e— J0EIdn L HIP]e ,
—/TL]dx
+ dd H‘-‘Q;;,‘ — &c. Atque xquatio pro curva erit
, —f[L]dx —/[L]d=
o —[[Lldx __d[Pr]e dd.[Q]e
o=[N]e ’ dx + . dx®

— &
CorocLrL IV

42.*Quia ex hac zquatione quantitas H a data abfciffa AZ
==x pendens per divifionem eft egrefla; patet his cafibus cur-
vam uni abfcifle fatisfacientem, eandem pro omni alia abfciffa
efle fatisfa@uram : ita ut hxc Problemata fimilia fint iis, in
quibus quantitas Z eft functio determinata.

CoroLL V.

43. Si ergo quantitas 1 ==/ Z]dx debeat effe maximum
vel minimum, exiftente d[ Z]==[L]ldn+4-[M]ds+[N]dy
+[Pldp+ [Q ]dg + &c. curva poterit exhiberi, que una
pro quacunque abfciffa ifta proprietate gaudeat; ¢jufque natura

. —J [L1dx

exprimetur haczquatione: o =[N] ,—Jldx __ d[F]e ———
—f[Lldx

-+ 440 ;x; — &c. Ex qua infuper, evolutis fingu-

lis terminis,, quantitas exponentialis ¢ —/[L]dx , atque adeo
ipfa formula integralis /T L] 4x excedent.
s CHO-
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SCHOLION I

a4. Ulus hujus Propofitionis eximius cft in quafticnibus ira
comparatis, ut quantitates indefinitx in iis contentx per formu-
las integrales exhiberi nequeant, verum conftructioncin wqua-
tionum differentialium poftulent.  Atque hxc folutio perindc
valet, five una hujufmodi quantitas 1 infit in formulr maximi
minimive /Zdx five plurcs; quod fi enim plures infint ¢jufine-
di quantitates 1, plures etiam habebuntur valores litterarum L,

(21, [M), [N], [P], [Q], &c. atque ctiam litterz V==

c”f[L]dx(H———fcf[L]dedx); qui omnes aqualiter, co
modo quem invenimus , in valorem differentialem formule
4 Zdx introducii prebebunt aquationem pro curva; {imitisque
omnino tratatio erit, ac fi unica tantum adeflet.  Quoniam au-
tem litrera ifta i, cujus valor abfolutus per quantitates ad cur-
vam pertinentes exhiberi non poteft, in omnibus fere terminis
manet ; @quatio pro curva, qux invenitur, non folum ex litte-
ris ¥, 3, p, ¢, 7, &c. conftabit, fed etiam ipfam cam quan-
titatem 11, alialque formulas integrales plerumque ab ca penden-
tes, uti /[ L]ax & fLdx, involvet. Quare ut zquatio pro
curva pura, qux tantum litteris x, y, p, ¢, &c. contineatur,
prodeat, oportet cum aquatione inventa, poftquam a formulis
integralibus /T L]dx & fLdx elt liberata, conjungi xquationem
dn==[2z7]dx, cjulque ope valorem 1 climinari. Quancuaw
autem hoc modo ad diffcrentialia altiorum ordinum pervenicur,
tamen non totidem inefle cenfend= {unt conftantes arbitrarix.
Nam ram ipfa 2quatio dn==[Z]4x, quam relique antcricres
®quationes, certam requirunt determinationem, unde plures conl-
tantes determinabuntur. Caterum notandum eft veritatem hu-
jus Methodi comprobari poffe per pracedentes, quando xaua-
tio dn=[ z] dx ita eft comparata ur intcgraticnem admit-
tat: tum cnim exdem queltioncs per Methodos ante maditas
refolvi poterunt, indeque confenfum obfervare licebit. It {i
[ Z]tantum cx x & i conftce, tum certum crit 1 effe funétio-

Euleri de Max., & Mia, Q nem
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nem quamdam ipfius x determinatam, atque folutionem ad Ca<

put precedens pertinere. Idem vero hzc folutio patefaciet ,

cum cnim {it hoc calu [N] ==o0, [ P]==0, [Q ]==0, &«

xquatio pro curva erit o =N— % -+ ‘%‘28 — &c.
- :

eadem per Methodum priorem obtinctur.  Ulus autem hujus

folutionis clarius per aliquot Exempla declarabitur.

que

Exemrruwm L
45. Invenire eurvam , in qua fit maximus valor ipfins 11, exif=

tente dn =gdx —an” dxy (1 4+pp

Queftio hxc occurrit quando queritur curva, fuper qua gra-
ve in medio refiftente fecundum celeritatum rationem 27 plica-
tam defcendens maximam obtinet celeritatem : denotat enim
11 quadratum celeritatis, & g vim gravitatis fecundum directios
nem axis AZ exertam. Pertinet itaque hec quaftio ad cafum
Coroll. 3 4, & 5 expofitum, quo erat Z =— [Z] =g —

e’ / (14p2p) 5 atque adeo curva uni abfciffe fatisfaciens pro

. . . . 8 7’1"'""1
omni abfciffa 2que valebit. Cum igitut fitd 4 == ——ann
q

. caHnPdP : — 7
dny(x+pp) EETOk erit [L] @ nll
— — —— 2 r -
V), (M=o, [Nl=o, [Pl=— Zil0 s
[Q]==o0, &c. Unde pro curva quafita ifta invenitur equatio :
o — 2. [P1eTE1% fy (P TE 4% — Cohine.
que — fTL]ds ==1C—I[P], & [L}dx ==f’i[%i}1 Subfti-

tutis ergo loco [L7] & [ P ] debitis valoribus, erit Sann” T
dxy (i4pp) =+IC—l—a—In"—p+ I (1+2);

hincque ann"“ldxg/( 14-2p) x._..ﬁ@ 4 + _pdp
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I I)(_I“.L—-—_‘_ll_f’?” Quz =quatio, ut eliminetur 1, conjungenda

eft cum hac - en ¥*dxy/ (1 pp) == gdx; unde Ratim

ndp __ mgpdx (1 -+m>)
—cr & o= s, T, C
ﬁt o———”gdx+P(I+PP), dp Hm

igitur curva fuerit inventa, hac zquatio ftatim pracbet celeritatem
td
corporis in quovis curv loco. Ponatur dx = — -n—: » Crit me=

t(I+PP)&ﬂ'H”“‘P“"(1+PP)+td1>(I+3;>p) hinc-
que obinebitur ifta aequatlo, pdt( 14pp) +tdp (14 3pp)

ap’ t "+I( +pp) ‘d/>+nlp

Gonman
-

==o0, qua tran/mu-

. d 4 4
tatur in hanc 22 ;&f;"f’n”_i_“*;t p(nt14-37pp) __ adp

Crpp) s et
. I
rujus integralis eft — = _ ¢
J w P T (L pp)” TR "8t
——— P
£ fug=(a+6p)+"p"Cr+4pp)" T 7 ; hincque
('/
t = £ Y . Erit igitur dx =
21 +/»;>) vV (at¢p)
— % — 121 9 N » & dy =
np (122 Vg (a+6p)
1-:——1(#2;; — 5 hincque m =
n(;(—i;m;) Vg («z+§p) et
14-pp e L P o )
atCp Erit ergo x == nngCI+PP) v a+6Cp °’
—Lpd oy G
aqe y=— f1+pp VL F G

Hinc apparet quantitatem 1 fuper curva nufquam cfle poffe
== o; hanc obtcm, in curve initio 1 jam habebit certum quem-

Q. 2 dam
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dam valoremn. Ut autem indoles curvee magis percipiatur, ex
ngpdx(14pp)

dyp -
ubigue negativum ecfle oportere , ex quo curva verfus axem
erit concava. Quia igitur valores ipfius p recedendo a curva
nitio decrefcunt , in ipfo curva initio » maximum habebit va-
lorem. Hinc ponamus initium curva ibi, ubi eft p ==oc0. Sit
ergo AP axis curvie verticalis , in cujus direGione vis gravita-
tisg corpus deorfum trahat, atque in initio curvae A fit tangens
horizontalis Aa : ibique corpus motum fuper curva incipiat ,
celeritate,cujus quadratum fit ==&, Erit igitur, pofito p == o0 , b=

aquatione I1 == — patet valorem ipfius 4p

v -‘é— atque 64" ==g, feu 6 = _f“"' Porro ad uniformitatem
I . '
confervandam fit e == . Quod fi jam curva quafica fit

AM, & ponatur AP==x, PM ==y, & dy = pdx; eritin
M celeritatis quadratum m=—=4# {75—‘-/71('———'{-"—%-)
b gk .
gens cutva fiet verticalis, ibi erit celeritatis quadratum == £ yg.
Curve autem conftrudtio ita conficietur, ut fit
bk dp n gy (1+pp)
x=— bk, dp oy 1P) &
:g p(rd+1>1>) b‘:?_ﬂgzp)
2 I .
ng 1-pp b" 4 gk p
Deinde commemorari meretur fingularis proprietas, feu re:
latio inter corporis defcendentis vim centrifigam, qua eft

5 atque ubi tan«

— 20 & i gp .
T ol & vim normalem que e&t/( T Quod fi enim

o _ —o2ndp

- == ~ ponatur = F, &
rad. ofc. dx(l“i"PP);‘z

vis centrifuga

; &P J fone If m— —

vis normalis —2£—— —(G; erit, ex zquatione IT =—— —
Vi+77) > &% ¥

wdx(r-{-pp)’ foy —20dp . _2n8P o el

dyp dx(l_*_j')P)?:’w\/(I’}'PP),

tio
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tio inter vim centrifugam F & vim normalem G, ut {it F=
22 (G : nempe vis normalis fe habebit ad vim centrifugam ut
1 ad 2 # Corpus in A data celeritate motum inchoans defcen-
dendo fuper curva AM, inquovisloco M abfciffz AP refpon-
dente majorem habebit celeritatem , quam fi fuper alia quacun-
que curva eadem celeritate initiali defcendiffer. Evolvamus au-
tem binos cafus principales ;

Sitque 1°. refiftentia quadratis celeritatum proportionalis ,
erit z=1,& F=—2G. DPro curva autem habcbitur:

d
X == — bk P
fp<b+gk1))1\/(r+pp)
& § == bk ap ;
’ dErraeE ) -
R ‘ e Y Y ¥s ap — -LI(’/'3~“'§(’\"]°-
itemque arcus curve AM bkj STh e C4 ;

Ponatur arcus AM = s, qui cum evanefcere debeat pofito p =0,

erits = /P/%‘%’I-‘l’ , hincque ¢’ 'Iigép =bAgkp,&p=
—_— :3—" Unde Oriturédx—l—gi’dy:‘:gée“kd].
ghle "—1)  OF .

. . — 7 p
Erit autem porro ex xquatione y ._l;_ y bk [ =y ‘Z (l:> 'g‘f’f’)
. bk (b4 gkp) (b4 V (bb4pgsk :

t ] / SOANL L
THRER T == T ) eV G e 1))

2°. Sit refiftentia ipfis celeritatibus proportionalis, fiet z =1
& F=G, hoc eft vis centrifuga vi normali ecrit xqualis. Qua
bine vires cum fint contrariz , quafito fatisfaciet ea curva, que
a corpore fuper ea defcendente omnino non premitur. Erit autem
X==——2gbkf dp : :

| p(Vo+gpviE)? ,
2by/k

— dp —
&y = VI = G r e vk
hincque ydxy/b4-gydyy b=—=2bdxy k& dx— z—ey—’ly—‘/—k-— hincque

bvl})*—y\/b;
integrando x==— gyy/ % + 204/ 2-[7—‘/—%——_‘_/-7/‘\/5 Hzec er-

Q 3 go



126 DE METHODO MAX ET MIN

go curva non folum per Logarithmicam conftrui poteft, verum
eft portio ipfius Logarithmica: obliquangule.  Erit fcilicet ipfa
curva projectoria, quam corpus in hac refiftentiz hypothefi
projectum libere deferibit. Hac convenientia ex eo patet, quod
curva a corpore moto nullam fuftinet preflionem , qua eft pro-
prietas curvarum libere defcriptarum.

EXEMPL UM 1L

46. Invenire carvam in qua,pro data abfcilfa x ==a, minimum
: dxy/(1 : n
fit ifta formula fi\i—l:li—-—}lg-), exiffented 1 = gdx=——andx

v
v (14pp)

Quzftio hzc congruit cum illa, in qua requiritur curva, fus
per qua corpus deflcendens, in medio refiftente cujus refiften<
tia eft ut poteftas exponentis 2 » celeritatis, citiffime arcum
abfciflz « refpondentem abfolvit. Denotat enim hic g vim
gravitatis fecundum directionem axis follicitanteny, / 1T celeri-

tatem corporis in quocunque loco, & 2" refiftentiam medii
ipfam.  Erit itaque Z = ‘i—(—li—’l), &hincdz =, . .3

LV

—dnv(itpp) oy pdyp ere =)
20y 11 +,‘/H(I+PP),undeer1tL~— 2oy o
M: = o ? M 7 —
o, N=o0, P EICEST)) Potroerit [Z]=—¢

— el Y (1+4pp), &d[Z]l==-—ann"  d1y(1+pp)

n
el pdp . e — BT ey :
o)’ undeerit [ Ll=—an Il V(tt pp);
7

M1 =— /| — LR L ¢ e
rMj] o, [ N] o, & [P] VO Ha

-1 !
bebitur ergo V = eanfn dx/(r=pp) . .. .. .-

12— .
wife—an [ dxy{(adpp) dxy (1 4p) \
deno-
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denotante H eum valorem formule

'''''''''''

n-— I
. -} o/ (1
re anf o dxy/ (1 41p) d’“;H(\'/ H”) quem obtinet

fi it ¥ =4, Namque V evanefcere debet pofito x =24, cft-
qUCdV::aﬂVII”_—- x\/(l-l—pp)-}-d’”‘/“'*"”’)

21y II
Ex his pro curva quafita obtinebitur ifta 2quatio : 4. (P -+ [P]1)

=o0,& P+ [PV =C, feu V-—z—-m—P Subftitutis c1-

go'valoribus debitis, eric 2 # /T sV L

g en m T Ay (bpp) AV Gbpr) gy
. , 2y 11

— P—CvVn(itp)

all PV I
ri oportet, ut pofito x ==u«, fiat C =

Quare conftantem Cita determina-

I ‘
vaCirpy + Cum

autemﬁtl’:————'———c‘/(’+7’z’—) erit 4 =

d,Hl\/H aH”I)
-—(n+_::)dn+n(.”:ln\/(1+pp) + Cdyp
nti1 41 i1
el VI Loem p R ARVACE )
dx\/(1+pp)+ ndxy/(1=pp) __nC(Appldx
any o ny I ‘ o >

in fubfidium vocata xquatione dV ==anV o dy( +pp)
g 4xV1+rp)

2nvn—-Cum autem fitdm==gd x — anl dx .
' ¢ 0 ] x
Xy (1 4pp)etit— (_.__"fl‘rfg‘“+ nCedalibpp)
\/ 11 all 2 ’
+ — Cdp —o, feu fd*:_h — (ti)edy
el p* V(1 +pp) o ?) nyn
C / . . .
— gde;P(r 1), Quod f1 jam hac quatio cum illa

7 . . .
dn=gdx—~all' dx ¥ (14pp)comungatur, poterit cli-
minari
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sninari quantitas 1 , hocque padto inveniri zquatio pro cutvi
quefita.  Hoc autem modo calculus fieret maxime tediofus, ac
minime tractabilis. Adminiculum vero fummum afferet ultima

zquatio in hanc formam tranfmurata: S48 — GHDd/(1+pp)
? oy n
nCdx(1-pp)

o7 » cui expreflioni ante 2qualis effe inventus

eft valor ipfius 4V erit ergo dV == Cip% & V=D —
4
C C . .
o . — -—y(—rj"-z} 2), Jam igitur habemus duas
® @I VI all p
@quationes has g’ff: (nti)dxy/(1+rpp)
I ‘/ I o . s o ’

. nCdx(r-[—pp)’&“D__g_g: I __cV (nx 'pp)'

12 &P o Vo nmp

Ex quibus fi elimincetur 1, habebitur zquatio inter p & » ejufs
modi, ut nufquam x fed ubique tantum 4x occurrat , ex quo
illa aquatio poterit conftrui atque adeo ipfa curva. Vel faci-
lius ex pofteriori @quatione detcrminetur p per i, hicque valor

in xquatione fundamentali dx = — L fubfti=
| : g —amn V(Ipp)
tutus , dabit valorem ipfius » perm , erit feilicer » ==
dm dnm
[ - atque y =/ ﬁ-— .
g—an V(- » g—an V(@4pp)
Conftans autem D itadebet accipi, ut pofito x ==z, quo cafu

fit C = fiat D ==

feu tum effe

p I S
vin(r+pp)’ gvn(4pp)’

C
debet 5 ==gp.
SCHOLION IL

47. Inhisigitur duobus Capitibus , Methodum expofuimus in<
veniendi lineam curvam, in qua, pro date magnitudinis abfcif-
fa ==a, maximum minimumve fit formula fZ4x, exiftente Z

func-
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fun&ione ipfarum x, 5, ., 9,7, &c. five determinata five indeter-
minata. Functio autem determinata nobis eft, que, fialicubi dentur
valores litterarum x, y, 2, 9, » &c. ipfa affignari poteft , five algebrai-
ce five tranfcendenter. Fun@&io autem indeterminata eft,que per da-
tos iftarum litterarum valores, quos uno in loco obrinent, affignari
nequit , fed omnes valores pracedentes fimul involvit, quemad-
modum hoc evenit, fi figna integralia occurrant. In Capite
igitur fecundo Methodum tradidimus omnia Problemata refol-
vendi, in quibus Z eft functio determinata; in tertio vero hoc
Capite perfecuti fumus eas formulas, in quibus z, vel ipfa cf
funétio indefinita, vel talium unam plurefve involvit; fimulque
Mecthodum exhibuimus pro iis cafibus, quibus functio illa inde-
finita nequidem per formulas integrales repracfentari poteft, ve-
rum refolutionem aquationis differentialis requirit.  Nunc igi-
tur eos cafus evolvamus, in quibus expreflio, qux maximum
minimumve efle debet, non fimplex eft formula integralis, uti
haétenus pofuimus, fed ex pluribus ejufmodi formulis utcun-
que compofita : atque fimul Methodum aperiemus plura alia

Problemata, qux non ad coordinatas orthogonales fpectant , ex-
. A o F 5
pedite refolvendi.

CAPUT 1IV.
De Ufn Methodsi haltenus tradite in vefolutione

Varii generis qmﬁionum.

Prorositio I. PROBLEMA,

1. INwm're aquationem inter binas variabiles X &y, 1taut ypre
dato ipfins X valore, puta pofito X ==a, formnula {Zdx ob-
tineat maximum minimumve valorem , exiffente L functione ipfarnm
X5V, P> Q> s &c. five determinata five indeterminata.
S oL U TTI O

Ex quacunque confideratione variabiles « & y fint nate, ex
Euleri De Max. & Min. R fempex




