AD CURVAS INVENIENDAS APPLICATA 3%

niat. In has autem trattationes natura formule /'Z4x, que
maximum minimumve effe debet, ingens difcrimen infert pro-
ut Z fuerit functio vel determinata vel indeterminata; quemad-
modum jam obfervavimus.

CAPUT IL

De Methodo maximorum ac minimorum adlineas cyr-
Vas inveniendas 4éfolum.

ProrositiIo . PROBLEMA.

1. S I in curva quacnngue amz una applicata guevis Nn an-

geatur particula infinite parva nv; invenire incrementa vel
decrementa , qua fingule quantitates determinate ad carvam pertinentes
binc accipient.

SOLUTIoO,

Quantitates determinate ad curvam propofitam pertinentes
funt, praeter abfciffam % , qur non afficitur, he Vs P>y 7y S,
&c. cum f{uis derivaris valoribus, quos in locis vel fequentibus
vel antecedentibus fortiuntur. Quod {i nunc ponamus AM - =«
& Mm==y, erit Nn=4', hujufque valor per translationcm
puncti n in v augebitur particula nv, relique autem applicate
Y5975y, &c. pariter ac precedentes y,, ¥, 9., ¥ &
non afficientur.  Cum igitur fola applicata y crefcat particula n v
ex Cap. prac. §.§. 51 & feqq. colligetur quantum incrementum
relique quantitates omnes capiant ex incremento folius applica-
te y'.  Omnes fcilicet quantitates , quarum valor pendet ab Y,
mutationem fubibunt, relique vero, qua ab ¥ non pendent,

!
manebunt invariate. Ira cum fic p =—> ——2 hxc quantitas p

v /
. : ny e teae
crefcet particula T At cum fit pl == 5> haxc quantitas

p de-

{
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. n . oge . bl
p' decrefcet particula 2-’% . Similique modo reliquarum quanti-

tatum incrementa vel decrementa reperientur , delendo in ea-
rum valoribus fupra exhibitis omnes valores ipfius y> prater
hunc 5/, hujufque loco feribendo ny. Hoc modo omnium quan.
titatum  determinatarum , que quidem mutationem patiuntur ,
incrementa in fequenti Tabella congeflimus

ngt.
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Atque ex hac Tabella etiam ultetiorum quantitatum, fi que
occurrunt, inctementa vel decrementa facile cognofci poterunt,

Q. E L
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ax
2>

CororL I

2. Cognitis igitur incrementis harum quanticacum primaria-
rum ad curvam pertinentium, inde omnium quantitatum ex iis
compofitarum incrementa, quz oriuntur ex aucta applicata ', de-
terminari poterunt, f{i ratio compofitionis fpe&tetur,

CororL1L IL

3. Harum fcilicet quantitatum incrementa exhibita, confidera-
ri poterunt tanquam earum differentialia.  Atque fi propofica
fuerit quantitas quacunque ex illis compofita , ejus conve-
niens incrementum ex tranflatione punéti n in v ortum invenic-
tur , differentiando illam quantitatem, & loco differentialium

fingularum quantitatum , fcribendo ea incrementa, qua his quan-
titatibus funt adfcripta.

Corovrri III

4. Si igitur habeatur hxc functio y'v(1+4pp), cujus incre-
mentum, quod ex tranflatione pun&i nin v oritur fit determi-
nandum ; ea funétio primum differentietur ; unde prodibit 2y’y/(x

+ pp) + 7&—%; hicque loco 4y’ & dp feribantur incre-

menta quantitatibus y° & p convenientia, nempe 4 v 8¢+ 2

:‘;i
eritque functionis propofite incrementum ==+ nv.y/ (14pp)
P ST

dx (1 +rp)

CoroLrL 1V.

5. Expedite igitur per differentiationem fun&ionis cujufcunque;
incrementum , quod ex incremento n, applicatz y oritur , af-

fignari poteft; id quod ex infpeétione figuree difficulter & mini-
me generaliter fieri poteft.

Euleri de Max, & Min, E SCHO.
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S CHOLTION.

6. Probe notandum eft hunc modum incrementa functionum
feu quantitatum ex v, y, 2, 4, &e. harumque derivatis y/, 5",
2’2", &c. datarum incrementa inveniendi > tantum ad fun&iones
determinatas patere , minime vero ad indeterminatas extendi pof-
fe. Quod fi enim funétio propofita fuerit indeterminata > feu
formula integralis indefinita, integrationem neque algcbraice ne-
que tranfcendenter admittens, tum- differentiatione nihil confe-
quimur ad ejus incrementum inveniendum. In fequentibus au-
tem, ubi ejulmodi maximi minimive formulas /Z 4 x fumus con-
templaturi, in quibus Z fit functio talis indeterminata, in hu-
julmodi functionum incrementa fumus inquifituri. Sin autem
Z fuerit functio determinata, propofiti Problematis folutio fuffice-
re poteft ad folutiones Problematum huc pertinentium abfola
vendas,

PrRorosiTIo II. PROBLEMA.

7. 8i fuerit L functio deseyminata ipflarum x & y tantum, in-
venire curvam AL, in qua valor formule {Z.dx fit maximms wvel
minimus.

S LU TTI1IoO

Concipiatur abfciffa A Z, cui maximum minimumve formule
fZdx refpondere debet, divifa in innumerabilia elementa aqua-
lia, fingula per 4x denotanda; pofitaque abfciffa indefinita AM
=wx, & applicata Mm =y, ex formula /'Z4x elemento MN
refpondebit Z4x; atque fecundum receptum notandi modum,
elemento fequenti N O refpondebit Z'dx, & fequentibus cle-
mentis OP, P Q &c. refpondebunt valores 2’4 x, Z"dx, &c.
antecedentibus vero elementis LM , KL, 1K, refpondebunt
Z,dx; Z,dx; Z,,dx, &c. Quare fi curva az fit ea ipfa que

quaritur , debebit effe Zdx + Z'dx+2"dx 4+ &, unafiza:lm
1GX
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Z,dx+ Zdx +Z,,dx 4 &c. maximum vel minimum. Quod
fi igitur una applicata Nn =" augeatur particula ny , illa cx-
preflio eundem valorem retinere , atque adeo valor differen-
tialis formule /Zdx , feu fummz terminorum Zdx+ Z' 4x +
Z'dx+Z"dx+ &c.una cum Z,dx + Z,dx Z,dx <+ &c.
evanefcere debet. Singulorum igitur horum terminorum valo.
res differentiales, quioriuntur ex tranflatione puni n in v, ine
veftigari debebunt ; eorumque aggregatum erit valor differen-
tialis formule /Z4x refpondens, qui pofitus ==o @®quationem
pro curva quzfita prabebit, Quoniam autem Z ponitur func-
tio determinata ipfarum x & y; habebit ipfius differentiale 4 Z
hujufmodi formam Mdx 4 Ndy; itaut fit 4Z = Mdx -+

Ndy. Valorum igitur derivatorum ipfius Z differentialia jta fe
habebunt.

dZ' = Mdx 4 N'dy dZ, == M,dx 4+ N, dy,
dZ" = M'dx 4 N"dy" dZ,==M,dx + N,dy,
&c. &e.

Cum nunc valores differentiales terminorum Zdx, 2'dx, 2" v,
&c. itemque ipforum Z,dx, Z,dx, &c. inveniantur, fi hi ter-
mini differentientur, atque loco #y’ in differentialibus fcribatur
ny, loco omnium reliquorum differentialium vero o ; manifef-
tum eft folum terminum z'4x habiturum effe valorem diffes
rentialem, quoniam in ejus folius differentiali occurrit dy'. Scrip-
to itaque #v loco dy’, erit termini Z'dx valor differentialis
= N'dx. zv, qui fimul erit valor differentialis totius formule
Szdx; quia reliqui termini preter Z'Zx nullam variationem
patiuntur. Loco N’ autem ponere poterimus N, quia eft N’
==N+dN, & 4N prz N evanefcit. Pro curva igitur quz-
fita, in qua fit /Zdx maximum vel minimum , ifta habetur

xquatio Ndx. #,=0 feu N=o0; exiftente 42 — Md %
+ Ndy. Q E I ‘

E 2 Co.
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CoroLL L

8. Si igitur‘curva debeat definiri, in qua fit /'Z 4x maxi-
mum vel minimum, atque Z fit fun&tio determinata ipfarum x
& y tantum ; tum quantitatem Z differentiari oportet ; quod cum
habiturum fit hujusmodi formam 4Z-=—= Mdx 4 Ndy, hinc
formabitur zquatio pro curva quafita, que erit N=o.,

Corocrrr IIL

9. Cum ergo N fit fun&io ipfarum x}& y determinata, in
zquatione pro curva N=o nulla inerit} quantitas conftans ,
qua non fuit in formula maximi minimive /Z4x ; & hanc ob
rem curva inventa crit unica & perfeéte determinata.

Corori IIL

1o. In quaftionibus igitur fub hoc Problemate comprehen-
fis , curva fatisfaciens ex fola maximi minimive formula determi-

natur ; neque licebit infuper punéta aliqua prafcribere, per qua
curva quefita tranfeat.

CorRoLL IV.

11. Quod fi Z fuerit fun&io tantum ipfius ¥, ita ut y non in-
volvat; erit tum/Z 4 x fun&tio determinata pariter ipfius x tantums
cique adco omnes curvae eidem abfciff refpondentes xque fa-
tisfacient. 1dem vero hoc monftrat calculus; hoc enim cafu,

quo in Z non incft y, flet N=o; ideoque nulla prodit xqua-
tio pro curva quefita. .

CoRrRoLL V.

12. Statim etiam intelligi poteft, utrum detur linea curva ;
in qua hujufmodi formula /Z 4x fit maximum vel minimum. Si
cnim cx differentiatione ipfius Z ejufmodi valor pro N reperia-

tur,
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tur, ut per xquationem N=o nulla curva exprimatur; tum
etiam nulla curva extat in qua propofita formula /'z dx fit ma-
ximum vel minimum.

CoroLL VL

13. Denique etiam perfpicitur , hanc maximi minimive pro-
prietatem non uni alicui ‘determinate abfcifle efle adftri¢tam;
fed fi curva pro una abfciffa reddat formulam /'Z 4 x maximum
vel minimum , eandem pro quacunque alia abfciffa , pariter ma-
ximum minimumve valorem efle habiturum.

SCHOLION L

14. Na&i ergo fumus methodum facilem, inter omnes curvas
eidem abfciffe refpondentes, eam determinandi, in qua confti-
tuat formula /'Z 4 x valorem maximum vel minimum, fiquidem
Z eft funcio determinara ipfarum x» & y tantum. Simul vero
ctiam patet curvam fatisfacientem femper fore algebraicam, fi-
quidem Z fuerit fun&io algebraica ipfarum x & 5. Curve igi-
tur hoc modo inventa ifta” erit proprietas , ut fi ad eandem abf-
ciffam alia quacunque conftituatur linea curva, tum pro ea va-
lor formule /Z dx certo vel minor vel major fit proditurusquam
pro inventa; prout in inventa formula /Zdx vel fuerit maxi-
ma vel minima. Cum autem adhuc dubium fit utrum in cur-
va inventa valor formule /'Z dx futurus fit maximus an mini-
mus; de eo in quovis cafu particulari facile fiet dijudicatio; in
genere autem nihil omnino decidi poteft. Interim hoc certum
eft, {i unica prodit @zquatio, tum tantum vel maximum vel mi-
mum locum habere pofle; hoc eft, fi curva invenra fit pro ma-
Ximo ; tum minimum non dari, fed valorem formule /Zdx in
infinitum diminui pofle. Pari modo, fi unica inventa fuerit
curva, in eaque formula /Zdx fit minima , tum valorem /Z d x
in infinitum augeri pofle. Quod fi autem folutio nullam prorfus
prabeat curvam fatisfacientem , id indicio erit valorem formula

E 3 [Zdx
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Szd x pro quacunque abfciffa tam in infinitum crefcere quam
decrefcere pofle,

SCHOLION I

15. Ex eadem etiam folutione reperiri poterunt ille curvae
haximi minimive proprietate praditz alterius generis fupra me-
moratz, ad quas non pervenitur per valores differentiales eva.
nefcentes, fed infinite magnos ; quod maximorum & minimo-
rum genus ab illo maxime difcrepat. Repetientur autem iftz curve,
fi valor differentialis Ndx. #, non nihilo, fed infinito &qualis
ponatur. Quoties igitur hzc zquatio N== o lineam aliquam
curvam fuggerit ; tum in ea pariter formula /Zd x maximum
vel minimum obtinebit valorem : Hoc feilicet eveniet, quando
pro N prodit frattio , cujus denominator nihilo ®qualis pofitus,
prebet xquationem pro aliqua linea curva. Hoc itaque patto
plures curve reperiri poffunt, quz eidem queftioni fatisfaciant;
quarum aliz maxima continebunt, aliz minima. Fieri etiam po-
teft, utplures quam duz curve Problemati fatisfacientes reperian-
tur, etiamfi bin® tantum oriri queant @quationes, {cilicet N== o
8 N == oo. Sienim N fucrit quantitas ex fa&oribus compofita;
tum quilibet factor, vel nihilo vel infinito zqualis pofitus, dabit
aquationem pro curva fatisfaciente; conftat enim fepenumero plura
maxima pluraque minima locum habere poffe. Hzc autem omnia

clarius enodabuntur in fequentibus Exemplis in hoc Problemate
contentis.

ExEmMrruwm [

16. Invenire curvam Gua 5 Inter omnes omnino curvas eidem 45/-'
ciffe refpondentes , habear (XY dx maximum wvel misimum ; deno-

vante X funidionem ipfins y, & Y ipfins y tantum.

In hoc igitur cafu fiet Z= XT'; ideoque dAZ=14X 4

XdY = M dx+ Ndy. Erit ergo M = !ﬁg& N:%ﬂ: ;
&
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ob X ipfius x & T ipfius y funttionem. Pro curva igitur

quzfita erit N=— ij‘l;f_ == o : quoniam autem I eft fun&io

ipfius y , ponatur 4T = e dy; erit e pariter funtio ipfius
y; ideoque pro curva quefita, fi qua fatisfacit, habetur hac
aquatio X @ =0, ideoque vel X=0, vel @ =0o; qua-
rum cum neutra lineam curvam prabeat, apparet huic quaftio-
ni nullam omnino curvam fatisfacere, fed valorem propofitum
S XY dx in infinitum cum augeri tum diminui poffe. = Fx xqua-
tione autem @ ==o, quia @ eft finio ipfius y, fequitur y =
Conff. quz zquatio prabet lineam reGtam parallelam abfciff
A7Z, cujus diftantia tanta eft, ut fiat fun@&io T maxima vel
minima. Partet enim, fi quantitas I’ maximum minimumve va-
lorem admittat, tum etiam formulam /X1 dx fieri maximum
vel minimum. Altera autem zquatio X—=o, quia prabet x —
Conff. nequidem lineam retam quaftioni fatisfacientem exhibet;
quia prabet lineam retam normalem ad abfciffam , qua propterea
non data abfcifle cuipiam, fed tantum ejus uni puncto refpondebit.

Fxemprruwm L

17. Invenire curvam, qua , inter omnes cidem abfiife re[pon-
dentes curvas, habeat valorem formule {( ax — YY) ydx maxi-.
mum vel minimnm,

Si hac formula cum generali /7 dx comparetur, fiet Z==uxy
—J’, ideoque dZ =aydx 4 (ax —3yy) dy; ita ur fiat
M:-—=4y & N=4x— 35y; unde pro curva quefita habebi-
tur ifta zquatio 4x—3yy=o, feuyy = Lax, quz cft
pro Parabola verticem in A, axem AZ"& paramctrum —la
habente.  In hac igitur Parabola, erit valor formule /7 ax —
¥y )ydx maximus vel minimus. Utrum autem fic maximus an
minimus , reperietur , fi aliam qu:mcunque lincam loco Parabo-
le fubftitvamus , atque inquirarmus utrum pro ea valor formule
propofitz major fit an minor quam pro Paravola. Sumamus

igicur



40 DE METHODO MAX. ET MIN.

igitur lineam re@am cum ipfo axe congruentem, pro qua erit
y == o. Pro hac itaque valor formulz [(ax—yy )y dx fiet pa-
ritet = o, pro-Parabola autem idem valor erit affirmativus ,
ideoque > o; ex quo fequitur in Parabola formula propofite
valorem non effe minimum , fed maximum. Poterimus autem
algebraice indicare quantus futurus fit valor formule propofit
pro Parabola : cum enim fit yy== 1% ax ,abibit formula propofi-
ta in hanc flaxdxyiax =71 ax* yiax. Quod fi autem
ponamus aliam aquationem , puta y=#X¥; abibit formula
propofita in hanc fdx(#axx— wx)="Lnax? — jn’x*,
quz femper eft minor quam valor formulz qui pro Parabola
inventa prodiit : id quod quilibet facile , fubftituendis locox
definitis valoribus , experietur, )

ExemepruowMm I1L

18. Invenire curvam, in qua fit , inter omnes omning curvas ad
eandem abfeiffam relatas, valor hujus formuls {(15a*x’y — 152°%y
+ sa’y® —3y* ) dx maximus vel minimus.

Erit igitur Z == 154*x"y — 154°%y 4 54"y  — 35’ » qui fi
differentietur , pofito x conftante, prodibit Ndy=154"x"d}y
— 15a’xdy+ 154%y* dy— 15y*dy; hincque N—=—15(4a"x"
— & xaty*—y*); qui valor, pofitus == o, dabit xquatio-
nem pro curva quafita : erit itaque aaxx—a’x +a’y’ —y*
= o == (ax—yy ) (ax -3y — aa). Ob binos hos factores,
prodeunt binz curva fatistacientes, quarum altera exprimetut
hac zquatione yy==4x, altera hac yy ==4a— ax; utraque
pro Parabola. Ut nunc apparcat utra fit pro maximo vel mini-
mo , ponamus abfciffam effe minimam, ac prior zquatio yy ==«
in formula fubftituta dabit /—- 104’xdx v 4x. Altera vero for-
mula yy == 42 — ax, feu y==a, fubftituta dabit f24°4x. Quod
fi autem ipfi y alius quicunque valor tribuatur , puta y==o0'
tum formula propofita abit in fo dx =o. Ex quo patet cur-
varum inventarum alteram yy=—=4a — 4¥ effe pro maximo, al-
teram autem yy == 4% pro minimo , fcilicet pro maximo pega-

tivo.
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tivo. Facillime autem perpetuo hec dijudicatio , utrum maxi-
mum an minimum in curva inventa locum hdbeat, inftituetur,
{i abfciffa «x ponatur infinite parva; tum enim integratione non
erit opus, fed ipfa formula Z4x monftrabit valorem formule
SZdx hoc calu.

ExeEMrPrL UM IV.

19. Inter omnes curvas cidem abfiiffe refpondentes, definire ecam:

in qua fis formule {(3ax — 3xx— yy)(ax — xx — 4 xy
YY) dx valor maximus vel minimas.

Ex hac igitur formula prodibit fequens ipfius Z valor evo-
lutus '
t 347K —qaxTy t2axyy 4§ xyt —yt
Z=— — 6ax® + 4x°y —2xxyy
F 3" ,,
quz differentiata, pofito » conftante, ac divifa per 4y, {equen-
tem prabebit valorem pro N:
N=—gax* + qaxy +yxpy — 4y’
+ 4%} —gxxy
«quee expreffio, nihilo xqualis pofita, dabit aquationem pre
curva quaefita, Erit itaque
P —xyy + xxy 4 axx — o
'  —axy— x°
que duos habet factores, qui totidem prabent wquationes,
hafce
L.y — x =0, pro linca tea
I yy—ax Fxx=0, pro circulo.
Ponatur x infinite parva , eritque ex ®quatione y == x, valor
iplius Z == 34°x*; at ex xquatione Y ==ax —xx, feu y==
Vax, crit Z = gaaxx. Quod fi autem ponatur y== 4, pro-

dit Z == — 4*, unde apparet uttamque lineam inventam cfle
pro maximo.

- Euleri de Mux, ¢ Min, E SCHG.-
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S CH OL I 0 N

20. Problemata etiam refolvi poflunt per Methodum maxi-
morum & minimorum vulgarem.  Quando enim curva quari-
tur pro qua valor ipfius /'Zdx fit maximus vel minimus, id-
que pro qualibet abfciflz; manifeftum eft fiquidem 7 fit funétio
determinata ipfarum x & y, formulam /Z4x maximum mini-
mumve cfle non pofle, nifi elementum cjus Zdx ac proinde
ipfum Z tale fit. Quamobrem quaftioni fatisfiet, fi quantitas
Z differentictur pofito x conflante, ejufque differentiale pona-
tur =o. Lum enim perpctuo Z habebit valorem maximum
vel minimum, ac proinde ctiam Zd x & ipfa formula /Zdx,
Qurod fi autem functio z difterentietur, pofito ¥ conftante, pro-
dibit Ndy; quoniam gencraliter differentiando pofuimus 4Z =—
Mdx+ Ndy; fatsfietque ponendo N=—=o0: qua eft cadem
folutio, quam per Mecthodum traditam invenimus. Quamvis.
autem hinc videantur ifta quaftiones {imili modo refolvi pofle,
quo in Mcthodo maximorum & minimorum vulgari ; tamen hoc
tantum evenit , fi Z fuerit functio ipfarum x & y tantum; nam-
que. fi in z preterea infint quantitates ex differentialibus orte
7> 9, v, &c tum vulgaris Methodus nullius amplius nfus efle
poteft. Etfi enim tum differentictur fun&io Z pofito x conf-
tante, tamen in differentiale etiam ingrederentur differentialia
dp, dq,dr, &c. quorum relatio ad 4y cum non conftet,
zquatio inde ad maximum minimumve determinandum apta de-
duci non poterit.  His igitur cafibus. utilitas & neceffitas nof-
tre Methodi maxime cernetur,

PrRorosiITtTIiIo III. PROBLEM A.

21. 8§i Z fuerit funitio ipflarum x,y, & p determinata, ita ut
fit dZ.=—=Mdx +Ndy + Pdp; invenire , inter omnes curvas eidem
abfeiffe refpondentes , eamin qua fir {7, dx maximum vel minimum.

SOLUTIO
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SoOLUTIO.

Sit amz curva quafito fatisfaciens, atque concipiatur applica-
t quecanque Nn == auoeri narieeie - dahebit valordif
fereatialis formule /Z 4%, feu quantitatis huic xquivalentis , pu-
taZdx+ Z'dx 4+ Z"'dx + 7 dx 4 &c. una cum Z,dx +
Z,dx + Z,,dx + &c. efle =o. Totius igitur quantitaris
JZdx valor d:fferentialis ex translatione punéi n in v, habebitur,
fi fingulorum illorum terminorum , qui quidem hac translatio-
ne athciuntur, valores differentiales quarantur & in unam f{um-
mam addantur.  Ex translatione autem punéti n in, illi tantum
termini mutationem fubeunt, in quibus infunt quantitates 5, p
& p'; idecoque tantum termini Zdx & Z'dx; nam uti Z eft
functio ipfarum y & p praeter x; ita Z'{imilis et functio ipfarum
7’ & p’. Quamobrem hi termini debebunt differentiari , atque
in corum ditferentialibus loco dy’, dp, & dp’ feribi oportet

iy

. . n .
valores fupra indicatos + #v;5 4+ 72 & — 2-1’ Sicut autem cft
X

dZ =Mdx+Ndy+Pdp,ita erit d2' = M'dx + N'dy’ +

P'dp’. Hinc itaque valor differentialis ipfius Z erit 2. :—;—" » &
X
i

iplius Z' erit N. #v— P'. =2 ex quo utriufque termini Z 7
ax
+ Z'dx, ideoque integre formule /Zdx valor differencialis
erit = any. (P+N'dx—r'), Ateflt P/ — P—d4pr, & loco
' fcribi poteft &5 unde valor differentialis erit — v, (N dx
—dr). Quare cum formule /Z 4 x valor differentialis nihilo
zqualis factus prabeat xquationem pro curva quatita, hac crit
dr .

0o =Ndx —dP, vl N— 1 =0, qua xquationc natura
curve quafite exprimetur. Q. E. I

CoRrRorrL L

22. Quod fiergofuerit Z fun@io quacunque iplarum ¥, y, item-
que carum differentialium dx & 4y, feu loco horum differentialium,

F 2 ipliug
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ipfius p; exiftente dy==pdx; differentiale ipfius Z hujufmodi

habebit formam, ut fit dZ==Mdx + Ndy + Pdp. Atque
hinc reperictur curva, in qua fit /Zdx maximum vel mini-

mum , formaride haic aquationem N — 2_5: o feu Ndx —

dP.
Corororn IL

23. Aquatio hec igitur femper erit differentialis fecundi gra-

dus , nifi in P plane non infit p. Nam f{i p continetur in 2 ,

tum in 4P inerit 4p; quod ob p = 'jl—i differentialia fecundi.

gradus involvet.
CoRrRorr IIL

24. Quando ergo in differentiali ipfius 4Z = Mdx + Niy
+Pdp quantitas P adhuc in fe comple&itur p; tum, ob &qua-
tionem pro curva quefita differentialem fecundi gradus, duee
nove conftantes arbitrariz per integrationem ingredientur. Ex
quo ad harum conftantium determinationem, duo curva punéta
prefcribi poterunt ;. alias enim non una. fed innumerabiles curvas:

veperirentur..
Cororr IV

25. Ut itaque hujufmodi Problemata determinate proponan-
tur , ita funt cnuncianda , ut per data duo pun&a curva duci’
debeat, quz, inter omnes alias curvas per eadem puncta duétas,
pro eadem abiciffa x valorem /’Z 4x maximum. minimumve coms-
plectatur..

Cororr V.

26. In P autem quantitas p non inerit, fi Z fuerit funcio ip-
farum ¥ & y tantum, perp vel per z+4-p, denotante # nume-

rum
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rum conftantem, multiplicata. Sit enim I funéio ipfarum x
& y tantum ; ita ut fit V= Mdx+ Ndy; atque Z =V (»
+p), erit dZ=(n+p) Mdx+ (»+p) Ndy+ Vidp. Hinc-

que @quatio pro curva quafita erit o= (#4p) N — av

. dx’
feu (#n+p) Ndx ==dV == Mx + Ndjy.
Cororr VL

27. His igitur cafibus, quibuseft Z = V(irtp), exiften-
te I” functione ipfarum x & y tantum, non pervenitur ad 2qua-
tionem differentialem fecundi gradus: quiadp in ea prorfus non
ineft.  Verum nequidem ad differentialem @quationem primi
gradus pervenitur ; fed adeo ad algebraicam.  Nam cum fit
pax ==dy, erit (n4p) Ndx==uNde 4+ Ndy; quod ipli Mdx
~+ Ndy ®quale pofitum, dabit @quationem per 4x divifibilem,
adeoque algebraicam:, hanc # N =M, fiquidem V fuerit func-
tio algebraica.

CorRorLL VIL

28. Quoties autem hoc evenit, maximi minimive formula,
qua eft /Zdx, erit talis formee ; [(Vrdx+ Vdy), vel pofito
#» == o, talis [V dy. Hujulmodi igitur maximi minimive for-
mule pariter ad quationem determinatam pro curva quafita de-

ducunt , itaut non liceat unum plurave puncta prafcribere, per
que curva tranfire debeat.

CoRotLL VIIL

29. Polita igitur V7 functione ipfarum x & y, ifta maximi
tinimive formula /P4y pari modo tra&atur quo [V d x.
Nam, pofito 4V = Mdx+ Ndy, formule [V dx refpon-
det 2quatio pro curva hec N=o0, ita alteri formule, [V 4y
refpondet 2quatio M =o. Ex quo perfpicuum eft coordina-
tas x & y inter fe commutari pofle.

F 3 SCHO.
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SCHOLION I

30. Apparet itaque in folutione hujufmodi Problematum ;
quibus queritur curva va.orem formulae /Z 4x maximum mini-
mumve habens, exiftente Z funétione ipfarum x, y, & p , per=
veniri ad ®quationem differentialem fecundi gradus, nifi in Z
quantitas  unicam tantum habeat dimenfionem. Szpe nume-
ro autem ifta @quatio differentialis fecundi gradus integrationem
adinittit, de quo in f{ingulis cafibus erit vidindum. Interim
hic annotafle juvabit, gencraliter integrationem fuccedere , fi
in funétione Z omnino non infit x, hoc eft. fi in ejus differen-
tiali dZ—=Mdx + Ndy+ Pdp valor M evanefcar, ita ut
fit tantum dZ=Ndy+P dp. Cum enim pro curva inventa

»

fit hac =quatio ———j—i =—o; multiplicetur ea per 4y, &
quia cft dy==pdx, ca abibit in hanc Ndy —pdP =—o,
cui zquivalet ifta Ndy + Pdp — Pdp+pdP —dZ, cujus
integrale eft Z4+C—=~Pp, qua xquatio jam tantum eft diffe-
rentialis primi gradus.  Quoties ergo inter omnes curvas ei-
dem abfciflee refpondentes ca quaritur, in qua fit valor formu-
le /'Zd x maximus vel minimus , atque Z tantum fit funéio ip-
farumy & p, ita ut fit AZZ=Ndy+ Pdp; tum, procurva fa-
tisfaciente, ftatim exhiberi poterit aquatio differentialis primi
gradus ifta Z+4 C=Pp. Deinde vero etiam, fi Z fuerit func-
tio ipfarum x & p tantum, atque dZ = Mdx -+ Pdp, evanel-
cente termino Ny, tum pro curva prodibit aquatio dificren-
tialis primi gradus. Nam. ob P ==lo, erit P ==C, quz pro
curva quafita dabit zquationem differentialem primi gradus tan-
tum. Quod f{i autem infuper M evanefcat, feu Z tunéio fit
iplius p tantum, & dZ==Pdp; xquatio inventa P = C tranf~
mutabitur in iftam Pdp==Cdp==d4Z, quze denuo intcgrata
dat Z 4- D= Cp. Hoc autem cafa, quia Z & P funt funétio-
nes ipfius p tantum, utraque xquatio P=0C & Z -+ D =Cp,
prebebit pro p valorem conftantem ; ideoque @quationem hu-
jus forme dy == mdx , qua indicat hujufmodi Problematis fatista-

cere
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cere lineas re¢tas, & quidem quafcunque utlibet ductas. Nam
in xquatione P=C, cum Cfit conftans arbitraria, valor iplius
p non folum conftans, fed etiam arbitrarius evadet ; ex quo linea
recta quzcunque refultabit. Quamobrem fi per data duo punéta
curva duci debeat, in qua fit /Z 4 x maximum vel minimum , ac
Z fit functio ipfius p tantum , tum favisfacict linea reQa per illa
data duo punita ducta.-

SCHOLION IIL

31. Quoniam fupra jam vidimus in hujufmodi Problema-
tis coordinatas » & y inter {fe commutari, atque, fi commodumn
videatur, applicatam y tanquam abfciffam tradari pofle, idem
hoc quoque cafu confirmari juvabit.  Sit igitur curva invefti-
ganda in qua f{it /24y maximum vel minimom, cxiftente #
functione ipfarum %,y & p, & dZ=—=Mdx+Ndy+ Pdp.
Hec autem formula /Z 4y ad noftram formam reduta abit in
SZpdx:in qua eritd Zp—=Mpdx+Npdy+(Z+Pp)dp:
ex qua formule propofite valor differentialis refpondens erit
(Npdsx—dZ-—Pdp —pdP )uy—= (— Mdx——2Pd
—pdP)ny: & zquatio pro curva quefita crit o=— Mdx
— 2 Pdp—pdP; feu o=—Mdy-—d. Pp*. Quod fi
nunc ad f{imilitudinem oftendendam, quia hic y tanquam abfcif-

fam confideramus, ponamus dx==ndy, erit p=-"& dp =
v
dx i 7 AL

— T=—p dm; etitdZ = Mdx--Ndy — Pppd = —=
Mdx+Ndy+ndr, ponendo m =— Ppp; ut fimilicudo
terminorum confervetur. Quapropter ®quatio pro curva erit o=
— Mdy+dn; quz eadem zquatio prodiiffet, fi in for-
mula /Z dy, applicata y in abfcilam & viciffim abfciffa in appli-
catam tranfmutctur. Propofita igitur quacunque formula indeter-
minata ex x & y horumque differentialibus compofita, que de-
beat effe maxima vel minima; coordinatarum x & y utramlibet
licebit tanquam abfciffam tracare , ad camque maximum mini-
mumve accommodare.

LEXE M-
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ExeMrerrumMm L

32. Inter omnes curvas ad eandem abfciffam relatas, eam determi-
nare, in qua fit ((1dx + [Z] dy) maximum vel minimum ; exif-
temibus T ¢ [ 1] functionibus quibnfcungue ipfarum X &'y . ita ut
fit dZ=Mdx +Ndy ¢d[Z] = [M]dx + [N]dy.

Ut formula hac /( Zdx +[Z]dy) ad formam receptam redu-
catur , ponatur p 4 x loco dy ; habebiturque hac formula /{ Z
+ [Z]p) dx maxima minimave cflicienda. Differentietur ergo
valor Z 4 [Z]p; eritque ejus differentiale = + Mdx+ N4y
- [M]pdx + [N]pdy+ [Z]dp.

Jam per regulam inventam, hinc pro curva quafita ifta pro-
dibit ®quatio, 0 =N+ [N]p) dx—d[2Z] = (N+[N]p) dx
— [M]dx— [N]dy: quz , ob [N]pds = [N]dy, per dx divifa
dabit hanc @quationem pro curva quafita algebraicam feu fi-
nitam N — [M] == o. feu N == [M]. Hinc intelligitur {i formu-
la propofita/(Z dx + [Z] dy ) fuerit determinata, feu differentia-
le Zdx + [Z) dyita comparatum, ut integrationem admittat ; itum
nullam lineam quefito cffe fatisfacturam, feu potius omnes li-
neas zque fatisfacere. Nam fi Zdx - [ Z]dy integrationem ad-
mittit , per {e erit N==[M]; uti alibi de formulis differentiali-
bus duarum variabilium determinatis demonftravimus; ideoque
his cafibus prodit 2quatio identica o ==o. Hincque luculen-
ter intelligitur , quod jam ante notavimus , maximi minimive for-
mulam oportere effe formulam indeterminatam ; alioquin enim
omnes linex curvae xque fatisfacerent,

_EXEMPLUM I1.

33. Inter omnes lineas ad eandem abfciffam relatas , determinaye
cam , cujus longitado [is minima; [en in qua Jir fdxy (1 4+ppd

INIIMUM,

Primum quidem apparet in hac quaftiong maximum non da-
| i,
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1i , cum linearum longltudo in infinitum augeri queat, manente
abfciffa eadem. Ira minimum tantum habebxt locum, id quod
ex 1pfa Geometria elementari conftat, in qua demonftratur li-
ncam re@®am inter omnes alias lineas intra ecfdem terminos fi-
tas efle breviflimam. Hoc igitur Exemplum idco attuliffe vilum
eft, cum ut confenfus noftre Methodi cum veritate aliunde
jam cognita intelligatur , tum etiam ut circumftancia de ducbus
punctis arbitrariis, qua ad hujus generis quaftiones addi debet,
melius percipiatur. Erlt igitur , formula f@x v (1+4pp) cum

genemh [Zdx comparata Z =+/(1+pp), & dZ ‘7{{_{*_-%)
= = _ 7
unde fit M—o0, N=—o0, & P—VU+PP)' Quare , cum in

)

genere @quatio pro linea quafita fit N — ?J} ==o0, habcbi-

mus hoc cz}fu dP ::o; ideoque P —= TG +PP) = Confl. ex
qua xquatione oritur p = Conff. =—=n, feu dy=—ndx , qua
denuo integrata dat y== 2+ »sx. Non folum ergo patet lineam

quefitam efle re®am, fed ctiam , ob duas arbitrarias conftan-
tes « & #, reCtam utcunque ductam. Quare fi per data duo
puncta linea duci jubeatur brevifima, erit illa rea. Similiter
autem intelligitur . fi linea debeat inveniri, in qua fit /Zdx,
ubi Z eft functio ipfius p tantum , maximum vel minimum ,
tum lineam rectam tantum [atisfacete ; uti ante jam notavimus.

ExemerprumMm 111

34. Inter omnes curvas ad eandem abfiiffam relatas, determina-

) dxy . .
re eam, in qua fit { —Y (\'/:- PP saximum wel minimunm.

Hzxc formula oritur, {i queeratur linea celerrimi defcenfus ;
in hypothefi gravitatis uniformis, ponendo axem in quo abfcif~

e capiuntur verticalem. Erit igitur Z :::&(—Iv::_l’l’_)_ & 42z
Euleri de Max. ¢ Mix. G —

———
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—eA)( —_—
= TVt ¢ pdp e p MY ()

234/ V(1+pp) 2xyx

= 4 = -—-_..P____ H e
N=o0,&P ISy Cum jam curva quefita expri
matur zquatione N-—-—--{;—E =o0; erit dP=0, & P (==
\/x(l+np)) = Conff. — 7:— ; que redufta prxbet 4p* =x
+px, &P~~ , feu y = fdx v , qua

a———
®quatio indicat, curvam qu:ef tam cffe Cycloidem fuper bafi
horizontali natam , & cufpidem in fuprema axis regione haben-
tem: qua adeo per data duo quecunque pun&ta duci poterit.

ExeEmMrprum IV,
35. Inter omnes curvas cidem abfiiffe refpondentes, eam deter-

minare in qua fir {y" dx (14pp ) maximum vel minimum.

Pro hac ergo formula propofita erit Z=y" Y (14pp) &

dZ == uy" " ' dy(4pp)+ — ; itaut fiat M=o, &

v(x-{- )

N=12y""" "W(1+p) atque P*"ZT?FD

Q:ioniam i igitur eft M ~=o ; fatim pro curva quefita habe-
bitur ifta 2quatio femel jam integrata Z +C="Pp (30), quz

noftro cafu fit y* V(14pp)+ md *V(‘y_‘_”’) Quod fi

ponatur conftans « =—=o, prodibit 1+4pp =pp. feu p = oo,
fatisfacietque linea recta normalis ad axem. Generatim vero

. . ~ . . - ° . n

linex fatisfacientes reperientur ex aquatione, qua abit iny
" 2n 21 21,

+ma V(l-}-pp)__o, feuy™ = m*a™ 4-m*a""p’; qua dat

o= = NGO =) gy mi'dy
ma : Vi ma)
que

5
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qua linca per data duo puncta duci poteft. Si fuerit 2 —

. . nd I . .
— 1, itaut/ xvV (1) debeat effe maximum vel minimum;
pariter prodire debet linea brachyftochrona ad axem horizon-

talem relata; eritque pro ea x==/dy v —— ; qur cum

V

pracedente omnino congruit, dummodo coordinatz x & y in-
ter fe commutentur.  Erit {cilicet, ut ante, curva fatisfaciens Cy-
clois fuper bafi horizontali rotando generata, qualem per data
duo quaecunque punéta ducere licet,

ExeEmMmrrum V.

36. Inter omnes curvas eidem abfiiffe refpondenses cam determi-
fydy?
dx*4-dy*
Formula heecad formam confuctam, ope fubftitutionis dy == pd,

3
reducta,abit in hanc /2 P_;i’;}; caque reperiri folet, fi quaratur

nare , in qua fit maximum vel minimum

folidim rotundum rotatione curva circa axem ortum, quod fe~
cundum axis diretionem in fluido motum minimam patiatur
refiftentiam : refiftentia namque hoc cafu proportionalis cenfc-

dy? 3 I . ' p3
tur formule /° Zg—z%i? feu /'I’ -I-)l- gp"“, Erit ergo z=— — _91_ PPP,

p*dy ydp(3pwr*) . A
. Z — 31t —
& d IiPP+ (Tp7) ita ut it M=o, N

— P (3 4pp) . .
— 1+pp&P—_' CETLE Cum igitur fit M=o ;

una integratio generaliter fuccedit, eritque ®quatio pro curva

3 3
uzfita Z 4C == Pp, feu2l— 4 223 +mw) oo s
fl + Y T o (aepe )t q
in hanc «(x1+pp)* ==2p’y. Hujus zquationis autem evo-
lutio non ita poteft inftitui ut eliminetur 25 quare conveniet u-

tramque coordinatam y & X per eandem variabilem » definiri.
Ac primo quidem eft y = "—(—'2—';%’@—2. Deinde, ob dy ==p d x;

2 crit
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erit dx = d_;_'. & x:fdy::—y— fyj—P Quod fi ergo

loco y valor inventus fub[htuatur, prodibit » = (! ;‘;”P :
( :
+ ftIP 1+PP) (3 +_ +14 Ip): ex qui-

bus curvae con&ru&xo potcrxt conﬁcn, logarithmis in fubfi-
dium vocandis.

L -

Exemrprum VL
37. Invenire curvam ' in qua iffa formala {yxdx v/ (1-+pp)
fit maximum minimumuve,
E:it ergo z =jyx v/ (1 +pp), atque dZ = ydxv/ (1+pp)
F xdyy (i4pp) + 92740 Hunc ob rem habcbitur M =

v{i+mw)
3V (1+pp), N=x \/(I+/'p)&P—~7_/y_f__;i?P—)- unde
zquatio pro curva formabitur hec Ndx = 4P, qua {uggerit
d Y xdx-}-ypdx .’xdp . o
dxVQten) = v(t+pp) (14 pp)32? feu
axdp

xdx —ydy = , ob dy = pdx. Hxc eft zquatio dif-

X +-pp
ferentialis fecundi gradus , & quanquam, ope idonearum fubfti-

tutionuin ea ad formam fimpliciter differentialemreduci poteft, eo
quod variabiles x & y ubique eundem dimenfionum numerum con-
ftituunt;tamen @quatio ifta differentialis ita eft comparata ut neque
integrari neque feparari poflit; deduci {cilicet poteft ad 2quationem
hujus forme 'i, + = dv le('+u . Qood cum ita fic,

u

‘ dp
neque xquatio inventa xdx—ydy —-—yl :_ ad formam vel
fimpliorem vel commodiorem revocari potcf’r hincque nihil
admodum de natura curve invente judicare licer. Interim ta-
men illa ®quatio potentid duas arbitrarias conftantes invelvit ,

ex quo cwrva fatisfaciens per bina pun®a dara duci poreft.
EXEM-
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Exemprprum VIL
38. Invenire curvam, in qua fir {(xx +yy )" dxy (1+pp)

maximum vel minimum.

Cim hic fit Z = (ex+y5y)"V (1 +pp), it dZ =

: (xx d
anex k) (xdxtydy) Y Gi+p) + 'iv‘_(i:ﬁ—)ppmp

ergo N =22 (ot gy )" gV (1hpp) & P=2 ?—;fyp/p )’
€X quo. pro curva quafita ifta babebitur  2quatio

25 (xx499) ¥ yd —a Gxtr)r
n(xetyy)' T 7 ydey (14p) )

2n(xx+y2_)_-__p(xdx+ydg) dp’ \x-l—-yy)
vV (1+4pp) + (14pp)¥® > que per
(xx+yy)n ! divifa, ac per v/ (1+p2p) multiplicata, abit in
— (xx—5y) dp 2 1 (ydx—2xdy)
znyd: = anxdy + T feu Py
- +PPP - Hujus aquationis utrumque membrum integra-

bile eft per quadraturam circuli, fitque integra'e 2# A tang —; ,
== A ung. p+ A tng. 4 = A ung. P+i unde fier = ==
y
tang. -}-Atang "i’;w— T; eritque T functio algehraica ip-
fius p, dummado it 2 » numerus rationalis. Cum ergo fit x
dx xd r

= Ty,fcuy———- erlta’]-—pdx.._-—f—— : , five xdT"

— T : .__{T_[,,, Tdp
=Tdx— pTTdx; 1deoque -; wT—~pTr + =7

Tdp
!—,:_-’; s unde prodit £ x = - =7 -f — T qua qui-
dem ad conftruendam curvam abur: dc 1at sfaciune., Vcrnm ut ha-

fum ciarvarum, qui pro definitis exporenti: # valor’bus prodeort ,.
matura melius cogrofcatur , Cafus nonnulios contemplab 'mur,

LSits =2, & an=-1; eri Atang. ~~Atang Atr,
i—kp
G 3 ideo-
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— ktr _ hdx+dy
T a—kp dx — kdy’
kydx + ydy; que integrata prabet x* —y* =2 kxy + C;
qua eft zquatio pro Hyperbola aquilatera.

ideoque —0;* feu xds — kxdy ==

ILSit n=1, & 22=—12; crit 2A tang. _}.: A tang:
’{+‘P 2xy ___ o _.li_ﬂ ;5 unde fit
—ir° feu A tang.”%m_ A tang. T— i

2xy _  kdxdy

Jyy—xx *—dxmltd_y’ A
—kxxdx Syydy—xxdy; quae integratadatyx* == #£y* x — L £ x°,
33" +C, five y 34y x — 3y x* — kx> =C.

feu 2xydx —2kxydy ==kyydx

IIL Sitz2= 1, feu 2 # ==3; erit 3 Atang. :y’-c- == Atang,

0 Zan .3 . .
3—;—9—%%;:: A tang. fix—_j%g;; hincque 3)* x dx —
.3 ky*x dy —xdx 4 4 x’d]:‘:éy’dx—{-—y’dy—3éyx‘dx——3yx‘dj;
qua integrata dat Zyixt —ky'x — Lxt kgt — Lyt =

C, feu y* 4 4ky X — 6y x* — 4 kyxt 4t :QC
Ex his jam cafibus colligi poterit ®quatio integralis pro valo-

o« o . X
re quocunque ipfius . Cum cnim fit 2 # A tang. 5 = A tang.

2”y2n—~ Ix - 211(271——1)(214————2) y2” ""‘Bxs + &c.

1. 2. 3.
21_ 2n/2n—1) 2n—2xz+_2i(2n—1)(2n- 2)(2n-—3) M4 4 _ &e.
I. 2. I. 2. 3. 4.

— Oy — G —ay—0% o kx4 dy
O —D Py - 1y —xy ~1)/ dx-—Akdy
GFxy —1)""—(y—xy/ — 1)
O Fxy 0"y — 1 y—ay —D) "y —1
bet #dx(y+x v —1)y—1dbde(y —xy/—1)2/ —
tkdy Gbxy — 1) —kdy (y—xy — )
= dy G5V — )"V —1 +dy (y—xy/—1)? y—

¢ (y 3y —1)*" v ( j—sv— 1) cujus integrale
cft

5 quae reducta praa



AD CURPAS INVENIENDAS ABSOLUTA. 55

etk (gt oy — 1T b (g —y — )V = —

— Gtxy —r?" = (r—xy—pP

+ C, feu C'———:(y+.xw/~—--1)2n"l-‘I (#V—14+1)
+ G—x v—1)" (—ky—1) At
gencraliter (y+x¢—1)2”+l + (j-—x\/—-~1)2"+1 _
2 () +‘xx)(zn+l>:2 cof. 2 » A tang. yi’ atque

) 27141 2nt1 .
(vdxy/— 1) ;/___:_(_{_hx‘/ —_—1) — (”_*_xx)(!zn—}-l).z
fir. 27 A tang. —.Quibus valoribus fubftitutis, prodibit xqua-

J

tio integralis ab imaginariis libera hzec 2 4 (yy 4 xx ) (27112

fin, 2 » A ung, —;CT = (yy+xx)(2"+ D2 cof. 21 A tang, ?

- C: vel, ob conftantes arbitrarias # & C, ifta C =
(yy+xx)(2"+l>:2 (4 fin, 22 A tang. % + b cofl. 22 A

tang. 3;— )» que @quatio femper eft algebraica, dummodo fuc-

rit » numerus rationalis, Vel fi arcus quidam circularis arbi-
trarius ponatur =g, curva quafita hujufmodi xquatione C
an=f-1):2 x . .
=(])’+xx)( +o fin (g4 27 A tang. y_) exprimi
poteft; pofito radio circuli, quem hic contemplamur , ==1.

SCHOLION IIL

39. Siergo, inter omnes curvaseidem abfcifle refpondentes,
¢2 debear inveniri, in qua fit /Z4x maximum vel minimum ,
exiflente Z tunétione ipfarum »,y & p, ita vt (it 4 Z = My
+Ndy + Pdp; pro curva quafita ifta habebitur xquatio

g
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N— j—fc ==o. Quoniam autem in Problemate przcedente
annotavimus, fi Z tantum fuerit fun®io ipfarum x & y, tum
Mecthodo vulgari folutionem abfolvi poffe: nam ut /Zdx fit
maximum minimumve, etiam Z 4x, ac proinde Z tale efle opor-
tet, refpeGu ad x habitos & hanc ob rem differentiale ipfius
dZ, {fumto x conftante, nihilo zquale pofitum dabit aquatio-
nem pro curva quafita. Similis Methodus fuccederet in pree-
fente Problemate , fimodo in differentiali iptius Z, quod ori-
tur pofito x conftante , atque eft Néy + Pdp, relatio inter
differentialia 4y & dp pateret , ut per 4y divifio inftitui, atque
valor finitus nihilo @quandus erui pofler. Cum autem iftam
relationem inter 4y & dp , fine qua Methodus maximorum &
minimorum vulgaris adhiberi nequit, a priori definire etiam-
num non liceat, poterimus eam a pofteriori affignare: Quia e-

. . . dP .
nim inventa eft 2quatio pro curva quafita hec N — >— ==o;

intelligicur, hanc ex illa Ndy 4+ Pd4p, feu N+ %‘;Ji oriri po-

wifle, f conftitiflec effe — 52 =42, fewo— 4P+ 242 ;
ob dy =pdx. Quocirca relatio illa inter differentialia 4y &
dp ita erit comparata , ut contincatur zquatione pdP -+ Pdp
==o0; qux proprietas ad hanc redit ut confiderari debeat Pp
tanquam conflans. Hinc ad Problemata refolvenda, in quibus
curva quaritur habens valorem formul® [Z4x maximum vel mi-
nimum, exiftente dZ = Mdx + Ndy+ Pdp; valor ipfius Z
debet differentiari , atque in differentiali Mdx+ Ndy+ Pdp,
loco Mldx poni debeat o, N4y immutatumrelinqui, tum vero loco
Pdp {eribi — pdP; & i(f quod emergit nihilo @quale poni.
Hoc enim pa&to obtinebitur Ndy — pdP =03 que zquatio,
ob dy ==pdx, tranfit in hanc N — g—i == o0, que eft ca ipfa
quam invenimus. Defideratur itaque Methodus a refolutione
geowmetrica & lineari libera . qua pateat in tali inveftigatione ma-
ximi minimive loco Pdp fcribi debere — pd P.

Pro.
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ProrosiTiOo IV. PROBLEMA.

40. i Z fueris functio ipflarum X,y, p & q, ita ur fir dZ
==Mdx 4+ Nd y+Pdp + Qdq; invenire, inter omnes cry-

vas cidem abfiiffe refpondentes, eam in qua fit {Z dx maximun:
el minimum.

S OL U T I O

Valor formule integralis /Z4x evolvitur in binas has {eries
Zdx + Zdx+2'dx+-Z"dx +&c. & Zdx +Zde 2, dx
=+ &c. quarum aggregatum maximum erit vel minimum , fi fin-
gulorum terminorum valores differentiales , qui oriuntur augen-
do applicatam y particula nv, colligantur, & nihilo @quentur.
Tali autem applicate y' incremento mutationem patiuntur litre-
1295 2,954,954 adeoque ii tantum termini in quibus if-
te littere infunt, hoc eft termini Z,dx, Zdx & Z dx. Ad
horum terminorum angmenta, ex tranflatione punci n iny orta,
invenienda, differentientur ii, eritque |

d. Zdx— dx (Mdx + Ndy + Pdy + Qdq)
d.Zds=dx(Mdx + Ndy+Pdp +Qdyg)
d. Zdx=dx(Mdx + N,dy, +P,dp, + Rdg)
Jam vero, quia ablciffa x ab illa tranflatione non afficitur , "po-
nendum eft ubique dx ==o : deinde vero reliquorum differen-

tialium valores ex tranflatione punéti n in, orti, per primam
hujus Capitis Propofitionem ita {e habebunt:

& =k | dp=—"r | df =+ ]
dJ:: o dp =+Z——x'-' dq Z_:Z:
dy, == o dp,=—= o d7,=ﬂ+§;";,

Euleri De Mux. & Min. H His
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His differentialium per n, expreflorum valoribus fubftitutis,
s . - 4 p o

prodibit fequens valor differentialis, . dv (N — 3= + =t

— 28, QN 4P, ddo,
=+ dxz)_._.nv. dx (N i Lt ) = dx
(N ———‘%’ -+ %%8) ob 4dQ ==ddQ. Quamobrem pro cur-
va quzfita ifta habebitur @quatio N — %—P iR —
X dx

Q. FE I
Corortr L

41. Quod fi ergo in maximi minimive formula /Z4x infint
etiam differentialia fecundi gradus, feu, quod idem eft, fi 2
fuerit functio ipfarum x, 5, p & ¢; ita ut fit 4Z = Mdx
+ Ndy+ Pdp + Q4g; aquatio pro curva quzfita erit N—
g—l-) d eo; qua facile ex differentiali ipfius z forma-

x dx®
bitur.

Cororr IL

42. Si quantitas Q ipfa involvit 4 vel differentio-differentia-
le ipfius y; tum 44 Q continebit differentialia quarti ordinis, in
hocque generc erit zquatio pro curva inventa. Ex quo cur-
va fatisfaciens per quatuor data pun&a traduci poterit..

Cororrr IIL

43. Siigitur in @ contineatur 4, tum Problema ita deter-
minate proponendum erit, ut inter omnes curvas per quatuor
data pun@ta duftas ea definiatur , in qua /Zdx fit maximum
vel minimum.,

SCHOL1ION L

44. Ponamus in Q_non contineri ¢, ut inveftigemus cujuf-
' nam
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nam gradus futura fit zquatio diffcrentialis refultans.  Accidit
autem hoc, fi maximi minimive formula propofita fuerit hujuf-
modi [Zgdx, exiftente Z fun&ione tantum ipfarum x, y &
p: ita ut fit dZ== Mdx 4+ Ndy+ Pdp. Hinc igitur erit
dZg=—Mgdx+Ngdy+ Pgdp+ Zdg: unde pro curva
Pdgq-+ gdPp

dx

, feuo=2Ny¢

quefira orietur zquatio hrc o == Ng —

+erlx+ ANdy 4+ Nddvy 4 Pddp 4 APdy
dx*

+dM;l;PdN, vel o=2Ndp 4+ dM +pdN: que 2qui-

pollet tantum aquationi differentialis fecundi gradus , propter
ddy
dx
[Z4dx maximum vel minimum , exiftente Z functione ipfa-
rum x, y & p, atque dZ = Mdx+ Ndy+Pdp; procur-
va quxfita habebitur 2quatio o = dM +:Ndp+pdN.

dp =2 quod ineft. Si igitur curva defiderctur , in qua fit

CoRrRozrrL 1IV.

45. Ut revertamur ad zquationem inventam N — :—;—I-’ 'Ili%
X ax

=o; patet cam fore generaliter integrabilem fi fit N=o,

hoc eft fi in Z non contineatur y; prodibit enim integrando
d .. . .
C—P+ g%:o. Siinfuper {it P == o, altera integratio fuc-

cedit , qua prodit Cx 4+ D— Q_=o.

Corortr. V.

_46. Si fit M==o0, pariter una integratio in genere fucce-
dit: cum enim fit d Z== Ndy + Pdp + Q4 4; multiplicctur

xquatio N— ’{%: +- ff—lii ,Q = o per dy, feu pdx , habebitur Ndy

— pdP 4198 —o. Addaur 4Z—Ndy—Pdp —
H 3 Qdg
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, . dd :
Qdg=0, otietur dZ — pdP — Pdp - %—x—Q — Qdyg
==o0; cujus integrale et Z— Pp + ijQ — Qg9 =0C.

CorRorr VI

47. Si fuerit & M=o & N==o0; erit primo, ob N =0,
ut fupra, C— P+ -j—‘% =0, Deinde cum fit 4 Z == Pdp+ Qdy,

multiplicetur illa 2quatio per 4p, feu gdx, erit Cdp— Pdp
- 4+9dQ=—=o0: addawr Pdp + Qdg— 4 Z —o; prodibit
Cdp +Qdg+ 9dQ — dZ=0, cujus integralis et Cp
+D+ Qg9 — Z-=—=o

§ CH 0 LTI 0N L

48. Si nexam zquationis inventz pro curva quafitz, qua
habeat /Z dx maximum minimumve, cum differentiali ipfius
Z infpiciamus ; determinare licebit relationém inter differentialia
dy, dp & dg, ut differentiale ipfius Z nihilo zquale pofitum,
prxbeat xquationem pro curva quzfita. Cum enim fit 4 Z =
Mdx + Ndy + Pdp + Qdgq; comparetur cum hac forma

. dpr dd Q ‘ - L
zquatio pro curva, N— '~ + = == o, feu hzc per

dy==pdi multiplicata, qua erit Ndy— pdP 4142 —o;
unde patet , in differentiali ipfius Z, loco M4 x {cribi debere o,
at terminum N4y invariatum relinqui, porro loco Pdp feri-

bendum effe —pd P, ac loco Qg poni debere £ iliQ Ve-

rum quoad haxc apriori pateant, praeflabit formam aquationis
inventx retinere, quippe qux facile memoria teneri poteft. Cre-
terum notandam eft Problemata huc pertinentia omnino efle no-
va, neque adhuc ab iis qui alias de hoc argumento fcripferunt
pertractata.  Alias enim Seriptores maximi minimive formulas
contemplari non confueverunt, nifi in quibus ad fummumf dif-

crens
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ferentialia coordinatarum primi gradus ineflent. Quamob-
rem eo magis erit opere pretium naturam hujufmodi Pioblema~
tum accuratius indagare, atque inprimis oftendere, quomodo
curve fatisfacientes quatuor punéta, per qux tranfeant, ad fui
determinationem admittant. Hunc in finem fequentia Exem-
pla adjicere vifum eft; atque in fingulis indicare , que ad ma-
jorem illuftrationem facere poterunt.

ExeMmepruoMm L

n
. . ddy , o
49. Invenire curvam, in qua fie { _ynT_y maximum vel mi-
- : x dy
wimum.

Ifta maximi minimive formula, ope fubftitutionum dy =p 4x;,

& ddy == gdx*, abit in hanc f—{—nm ; que cum fit fi-
X p
tilis formule §. 44 tradtate [Zgdx, ubi in Z tantum x, y&

n
7 contineri pofuimus, fiet , comparationcinftituta, Z = 2

>

"
x
my dx wy —'d *dp : f
& dZ — — 'ym“ +’,;1 2 ’m p;unde eric M
x P x p x p*
" , " H— 1 I
—— sz » & N= -—?—r;——;i hincque Np = ym
% ? % P x

Cum igitur pro’ curva queafita, inventa fit hec zquatio o =
dM + 2 Ndp + pdN =d M + Ndp + d. Np, habebimus

”
» . m(me1)y dx
pro noftro cafu hanc aquationem o == ——~xm e

9 I Yo Y
nny dy

n : B o2
) d Lo '
Ly + my Jdp +n_ym p+n(n 1)’“} dy
® 14

mti
“

X .

?
H 3 —.



62 DE METHODO MAX. ET MIN

=1 mte
Yy dx x P

— — i Que multiplicata per X

mutatur in hanc
mt 1

x J
o =m(m+1 ) ydy —mnxpdy + mxydp+axipdp +
n(n_‘ly)x rdy mnxpdy, feuo=m(m+1) )y dy
—mrxypdy + n(n—1) x*p*dy + mxy*dp-+nxypdp:
qu cft zquatio differentialis fecundi gradus, qua, pofito y ==

vd x . -
d reducetur ad iftam primi gradus m (m + 1) vdx + mxdv
—m(2n—i1)xvdx+tanx*vdv+r*x*vidx—o. Quod
fi autem ponamus m =—o, ita ut maximum minimumve efle

debeat fl@‘i@—' ; habebitur hec xquatio (#—1)pdy+ydp

e=o, qua integrata dabity’ ' p== Cjifeu y* ' dy=Cldx;

haxcque denuo integrata prabet y° = Cx+4 D. Sin autem po-
namus»=—=o, ita ut maximum minimumve cfle debeat hc for-
mulafd‘fn’ ; erit (m+4-1) dy+xdp =0, feu (m+1)pds + xdp
x dy
=0, cujus integraleeft Pl Y=C leudy=—=Cx" " Vdx;

que denuo integrata dat y =— -+ D. Patet autem in

m
%

his curvis inventis formulam propofitam fieri maximum , non
vero minimum ; nam {i fumatur linea re®a, ob 44 y =0, mani-
feftum eft valorem formule propofitz minorem fore pro re@ta li-
nea quam pro curvis inventis. _,

SCHOLION IIL

so. Ratio hic affignari poteft, cur hujufmodi quzftiones, in
quibus /Zgdx maximum minimumve effe debet, deducant
tantum ad xquationem differentialem fecundi gradus, ideoque
quftionibus przcedentis Problematis potius fint adnumerande ,
fiquidem z fuerit fun&tio ipfarum x & y & 2- Nam per re-
duétios
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duGionem integralium formula /Z4dx, feus Zji’ , reduci po-
teft ad talemformam T + /Vdx,in qua T & V fint funéio-
nes ipfarum x, y & p tantum, non amplius involventes . Cum
igitur T fir quantitas abfoluta, atque idcirco in maximi minimi-
ve inquifitionem non cadat, formula [zg dx fiet maxima vel
minima, fi /¥ dx talis reddatur ; adeo ut hujufmodi formule
[Z gdx reduci queant ad precedentis Problematis ftatum; unde
mirum non eft , quod pro curvis fatisfacientibus xquatio differen-
tialis fecundi gradus duntaxat reperiatur. Quo autem memo-
rata reductio formule /Zgdx feu[Zdpad ¥ + [V dx me-
lius percipiatur ; ponamus, cum ¥ fic fun&io iplarum x, y & p,
efle d¥ == pdx + cdy +rdp —= (o+opldx + vdp; &
ex xqualitate [Zdp =T+ [Vdx, erit Zdp—=(po+ap )dx
+ 7dp + Vdx ; unde concluditurs =2 & V=—-—p—op.
Quamobrem ipfa hxc reduttio fequenti modo inftituetut ;
mtegretur formula Zdp- pofitis ¥ & y conftantibus, & integra-
le erit fun&io ipfarum x, y & p, qua vocetur ¥. Deinde dif-
ferentietur haxc functio I, ponendo p conftans, & differentiale
negative fumtum dabit V'dx, eritque V' fun&io ipfarum x, y
& p non continens ¢.. Quoties .igitur reddi debet hujufmodi
formula /'Z¢ 4 x maximum minimumve, ac zeft fun&io ipfa-
rum x & y & 5 tum quxftio, etiamfi videatur ad prefens Pro-
blema pertinere, tamen ftatimad Problema precedens reduce-

(4

7]
tur. Ira fi fumamus formulam/: A feu f—-—’-;ﬂ,- hzc facile:

J
dy
wansformatur in y"/p —n»/¥"  dylp:unde maximum vel mi-
nimum effe debebithec formula/y” ™ 'dylp, feu fy" " pdxip,
quz per precedens Problema traata, dabit z— yn_l 2ip&
dz = (n—1)y" 2dyplp+y"~ 'dpQa +1p); eritque M

=0, N=(»—1 )yn—_zp/p' & P:yn—l( 1+/p). At ob
M=o, fupra §. 30 pro curva quefita inventa eft hazc ®qua-
tio £+ C=Pp, qux ad nofrum cafum accommodata prz-

bet
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ber J”'Mlplp-{— C—::y""—lp -+ y"'—'—l pips five y‘"_‘fp:
C; que eft ea ipfa zquatio, quam ante pro eodem cafu in fo-
jutione Exempli invenimus. Hanc ob rem ad Exempla huic

Problemati propria progrediamur.
Exemerrum IL

s1. Tnvenire curvam A mygue cam fua evoluta AR & radio ofculi
m R i guovis loco applicaso minimum [patinos A R m includar.

Pofitis abfciffa A M ==x, applicata Mm=y; erit radius
ofculi mR == ——MZ; area autem AR m eft =
fimR.dxv(1+27) ;qex qua minjmum effe oportet hanc for-
mulam f(_‘_'tfif)—zil—x Erit itaque Z== (—‘—tq—’)ﬁ) &dz

q
_ 4 dpp)pdp (1 2p)7 44 ynde fit M=o,
19

9
N=—o P—__—M &Q‘-:::—-——(—‘—-—-tj—a)—‘-. Cum
b q b .. qq .
nunc fit M=—=o0 & Z==o; crit,per Coroll. 6, xquatio pro

curva quafita Z=D + Cp+ Q39> fcu(-—'—'tq@-)—i—_: D+

CP_...(__I_'_"'.EM’—’, hoceft 2 (14pp)° =Dg+ Crg. Quoniam

— _dp s (DECpIdp
porro eft dp =gdx, feu g== 7, erit 2dn ="
a a4 bp

M H — P —
B t l g — . [
cujus integrale eft x - PP+2é/' ST AR,

3 &f : _‘i_" prt < ¢: mutatis pro lubitu conftantibus, habebitur
x = "—j—l”—{*_'*;‘;—”—? + b Atang, p. Deinde quia eft dy =

pdx, erity =/[pdx — px — [xdp; ideoque y ==

v-va)1+b__P’+CP' +prtang.p-——f(“+bP +cppldp ______b/'d’

1-4pp itre
Atang.p

i
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A tang.. :“Lﬁ‘ﬂ_ﬂ’_ akerr)dp i}
tang.p I+PP —/ — Y’ bbfdpl;\ta:_ p
—"———"é A o, _ ap 4= hp*
7 A tang — b L : + v . Hinc erit y=f+- _._____.__—+ 2
'r-(c'—~4)Acano r— P_~f+<a—-c>p+<b+f)pp

+rr
-+ (¢—«) Atang. p. Atque ex his quidem 1pfarum x & y valori-

bus per p inventis, curva quatita per data quaeior puncta duci at-
que conftrui poteﬁ Verumut ipfa curva qualis fit Cognoicatu' eli-

a (‘
% y? v or
minctur A tang.p; eritque A tang. p == — —

T-pr
(b /“.
= e, T e s e hine (e—d)
__fac——aa—bf) ¥ 2b" c~—zz3p+/cc-——ﬂc———bh'—‘l’f\m’
Ut pp

Quoniam autem 1pﬁ curva non mutatur , mef' coordi-
natz conftante quantitate vel augcantur vl diminuantur , erit

(c—a)x *-—6]_“‘ bb—1{(¢ *alj—:—:ﬁ(c—-—zz)p ; poﬁ.O-

. | bbh— 7 17t)_

que « loco ¢ — 4, habebitur «x — by == I“_’;_':'PQ A

’ . __——aat2abp—1bbpr
& fubtra&g conftante 44, erit ax — by=— Sty ,

hincque v (by—ax) = ‘/bcp ‘: :P . Ponatur arcus curve

=—w; erit dw == dx v (1+pp); unde emerget ifta aquatio
—ad
Jw_..\—/b»%%—_——_%, atque porro w==2y(by—uax). Ex-
primit autem 6y — #x multiplum abfcifx fuper alio quodam
axe fixo affumtx, cui adeo quadratum arcus refpondentis eft
proportionale. Ex quo intelligitur curvam quefito refponden-
tem efle Cycloidem , qua per quatuor data puncta dcrcrmma,-
tur, atque fic defcrxpta inter omnes alias curvas per eadem qua-
tuor puncta ductas, minimumcum fua evoluta concludxt fpatium.

Euleri de Max. ¢ ‘Min. I Con-
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Conclufio hzc ideo aliquantum difficilior faéta eft, quod Cy-
clois pro refta quacunque inftar axis aflumpta quafito fatisfaciat,
atque quatio pro axe quocunque admodum fiat intricata., Si
autem vel « vel 4 pofuiffemus =o, quo quidem extenfio fo-
luti{gnis non fuiffet reftrita; aquatio pro Cycloide ftatim pro-
diiffct.

Exemerum IIL

. . . n :
s2. Invenire curvam, in qua fit fo" dw, denotante o radium
ofenli, & AW elementum curve, maximum vel minimum.

Per pofitiones ante fadtas eft dw=—=dxv (1+pp) & ¢=

\ 32, (3u41):®
(l—%&l——;-undémaximiminimiveformula erit /° (14p) - s
: (3ntr)a *
hincque fit 2 — (1+P:) &dZ —
q .
(3n41) (1 "}","PP‘)(;"_!)'ZP.(ICP__ n(I+PP)(;n+.f):z dq«'
nt ¢
g g S
‘ (32 —1):2
Quamobrem erit M— o, N—o, P::(gn+lxl+z ) P>
o (3atr)y
& Q= —n0 :;fP) Cum autem fit M — o
9
& N =o, erit, pet §. 47, Z== Cp + D + Qg ; ideoque:
, (3nti1)2 _ (3ut1):2
‘l+”;)’ = (Cp+ D— n(l+Pi) » few
q 9
(n1) (14 pp) B T2 —(Cp+ D) f" 5 arque
" Qj_PP)(;ni-l):zn dp
inc g=—= F(CEDp) = ;. & &80 dx ==

dpy
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/
”, C+Dp —_ » C+Dp
dpV GaryTs @ dtque dy==pdpy \wm“
(x+rpp) (x4 pp
Hic autem merito fufplcarx licet, ®quationem futuram efle fim-
pliciorem , fi alius axis accipiatur. Hanc ob rem concipiamus
alium axem in quo ablciffa fit == ¢, applicata = v; fitque

dv=—ysdt; ac.ponaturx_—:—_.it_.;_t_@l &j__:@t——;aru
pofito y=1+/ (&* + B ). Eritergo dx== adt ’i: Bsde
. Bdt——asdt dy __  B—as
& dy = 5 atque = == p= oy
y* (14s5)

. e _yvds -
(I+PP)’—_‘ <“+B;),:)&dp— (“+'0JJ . POI‘

ro autem erit C+Dp == “C+Bzi’[g?f“aD) &

(3+1):n
V4

b

» &

Guti1):2n

)(371—}-1):3;1% (1 455)

(a+‘85)(371+1):u
fubfticutis, erit dx=— 242F08dv __ alatB)d: " 0
v (I+IS>U” Jiait

to B C=—aD, & mutata conftante. Porro autem fit 4y

__ Bdt—adv __ “(B“T;;;?)flzi,&conjun&improditdt
Y (1455) ' )

C1+pp

His

ads asds
— (;nm-zn’&d”— — .  Cumnunc

(3nt1)ae
(1455) (14355)
has coordinatas @que x & y appellare poffimus ac precedentes,

ad
fiet s ==p, atque dx == (!_*_‘PP)(P;n'i'x):zzz » & 4y =

, que ex precedentibus oriuntur, fiibipo-

apdp
(I+P )(;n+x)zn
natur D==o0: ex quo perfpicuum eft, latitudini folutionis fu-

perioris , in qua inerat C+ Dp, mhll omnino decedere, etfl
ponatur D ==o. Eadem {cilicet prodit linea curva, quicunque

I 2 valor
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valor littere D tribuatur,. etiamfi alia a:qu:mo inter x & y pro-
veniat; verumtamenad alium axem relata. Notare interim con-
venit pluribus cafibus curvam algebraicam fatisfacere ; quorum

quafi primus eft fi =1, quo erit x = f———f'd—P“—z— =

(14rpp)
‘LZS_L;H_PI;) Sy— f,if_if;____?“_;;, unde fiet
(1+72)’ (1+M) (rtrp)°

quibus fubfti-

332____ a
CGdpp ) == 35 9”

tutis rcfultar x=C2¥ Y + V(2 —1), zquario
9 99’.7
ExeEMmPrprum 1V.
dx
53. Invenire curvam , in qua fit valor éu]m Sformula { XZ‘-_%T

OMPIAIN mInImus,,

Patet primo. maximum locum habere non pofle, quia in li-
nea re@a fit ddy==o; ideoque valor formulz propofitz infi-
nite magnus.  Quamobrem v1dcndum eft in. quanam linea cur-

va fiat valor formule /7 (l-yj minimus. Haec autem formu-

la per fubftitutiones. noftras abit in hanc /22 -—é— 5 eritque Z ==

)’P , & dZ =— p‘;ﬂ +.’jp .7_?._5‘_1, erltergo M—0o, N=—

J)— , & P== _q_ & Q‘———— Qlomam autem eft M=o
<urva quefita fequenti exprxmctur zquatione Z — Pp —Q g4
+p Q"—— C, ut Coroll. 5 eft oftenfum. Quamobrem ifta

9P P g9 g_a'_? adc __ pdy
dx" gy C.fe T =
yobdy=pdx. Qt_uavcro eft dp=—=gdx,

erit

proveniet zquatio ==

24r _ Zypdq
q9 9°
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s 9dp___ydx ___ydy . adx __pdy 2ypdg .. 4
efit —S=—="— =<2, ideoque — = L&Y___ 2)P%9 L]
99 g rq’ E 79 PEaE

‘,’—:f — ’f% — 3%—‘1. Si ponatur conftans 4 =o, hxc zquatio
)Y —dr__pdp

fict integrabilis, eritque y =649 & 9=y T =
unde fit pdp == dy V%—;. atque integrando P—zf =iy vy %_
=+ ¢, feu, mutatis conftantibus , pp :2-‘-/2—_:;%/—5 , & p==
32 32 3.2 N
\/l-—_—t—f—'——-— ::;l—'y; hincque dx=4dyy _‘%— —3 Po-
b? : X y : + 2 :

by e

natur denuo 2===0, erit x = & xxy ==+b'c; qux cft

xquatio maxime {pecialis pro curva quaftioni fatisfacicnte.

ExEMPLuUM V.

54. Invenire cxrvam , in qua fitx valor hujus formule {q"dx,

n
ddy . -
Sen {————=, maximus vel mwinimus.

n.—— I.

dx

Habetur ergo Z=4q", & dZ = ;zg”"'— ' 47 : unde erit

M=o, N—=o,P=o0, & Q— ”771——- . Cum igitur
®quatio pro. curva fatisfaciente fit- hac ’—J;x%:o serit 4 ==
adx & Q':—gm—.l’::mx-—{-— B hincque = (a x+8) 1)
—dp . o n:(n—r) . dy
= 55 o quo fia p= (x0T gy 2,
& tandem y : (ax"-}—'B')'(Z}l——I):("_-”—‘}- yx 4 Jd;
ubi coeflicientes per integrationes ingreffos in conftantibus fumus.
complexi. Curvae igitur fatisfacientes perpetuo funt algebrai-
c#; excepto cafu, quo eft =1, tum: cnim poftrema intcgra--

I 3 tio

3
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tio pracbebit y ::~;—l(¢x+8) +yx+J4. Quod ad ca-

fum # == 1 attinet, ille in inveftigationem maximorum
& minimorum nequidem incurrit ; cum formula /¢ 4 x non
fit indeterminata, fed determinatum valorem, puta p, ob g4x
==dp, referat. Cuwterum patet , evanelcente termino (@ x

+B)(2n—-x):(n—-x)

> lineam retam quafito fatisface-
re, ob y=yx+ &. Scilicet fi quatuor punéta data , per que
curva quafita tranfire debeat, fint in dire@um pofita; tum ipfa
linca re&ta, pre omnibus reliquis lincis per cadem quatuor punc-
ta tranfeuntibus, quafito fatisfaciet.

ExeEMerprum VL

: . xpdx
55. Invenire curvam, in gua fir (=}

maximum wvel minie

n,.

: . dx xpdy xdp
tia cft Z:fl- erit dZ:P—{-———-—-_—_,. + bl 98
Q yq’ yq P Y
xpdg, - P . Xp . x
Loty ideoque M= L N—= — L, P — 2. & O —
994 1 yq’ »q’ v &
o—d 2 uorum terminorum cum nullus evanefcat, aquatio
q

Jq
- - —— I
pro curva quefita erit e ;P — e L g, X2

dx 5q dx? : I

xpddx® dx* xdxdy xdxdgq pdx

o, feno="7— f — —TE78L)_ XexLq 4 PX
g Y a yq e ye T4l

— Y ’;iq’i—-—gﬂ;?i)s vel 0 =¢"dx* (374—2p")

Y4 J
Cr—xp)—ayqddy (xyg—xp* +-9p) + 6%y’ pdy* — 239" pgddy.
ux eft equatio differentialis quarti ordinis, qua utrum inte-
grari poffit, an non, haud facile patet ; neque etiam opere
pretium eft in modum cam integrandi diligentius inquirere ; quo=
niam hic cafus non ex folutione Problematis alicujus utilis eft
naus ,
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natus, {ed fortuito excogitatus. Hoc autem Exemplum ideo ad-
jicere vifum eft , ut cafus habeatur, quo folutio non folum ad
®quationem differentialem quarti ordinis afcendit , fed etiam
neque per fubfidia gencralia fupra allata ad gradum inferiorem
perduci queat. Pracedentia enim Exempla cun@a ita funt com-
parata, ur per regulas generales in Corollariis expofitas ftatim

xquatio pro curva quafita inferioris gradus differentialis crui
potuerit..

PrRoOPOsSITIO V. PROBLEM A,

56. Invenire ciurvam, in gua fit valor formule {Z7.d % max-
mus vel minimus, exiffeme L einfinodi funitione, que differentia-
lia cujufvis gradus’ involvat , ita ut ft dZ=Mdx + Ndy
+Pdp+Qdq+Rdr+ Sds+Tdt + &c.

SOLUTIO

‘Quoniam’ translatio puricti n in v praecedentia clementa ma-
gis afficit , quam fequentia ;- unicum enim fequens elementum
afficit, at in pracedentia eo ulterius extenditur, quo altiorum
ordinum differentialia adfint ;- hanc ob rem expedict- aliquam an-
teriorem applicatam , uti Foh, pro prima accipere, ita ut muta-
tio ex particula nv applicatz Non adjea non citra- H h por-
rigatur; id quod eveniet fi in Z differentialia non ultra fextum:
ordinem afcendant;  Sufficiet autem’ valorem ipfius 4Z ad ter-
minum T4 ¢ ufque extendere, quiaex ipfa folutione modus fa-
cile colligetur eam ad’ quotcunque ulteriores terminos accom-
modandi. Praterca, quia inhoc Problemate precedentia om-
nia continentur, conflabit fimul folutionem perpetuo candem-
prodire , quzcunque applicata particula quadam infinite parva,.
ut nv, augeawur. Sit igitur AH==x, & Hh =y, refpon-
debunt fingulis pun@is abfciffe H,I,K, L,M., N, O &c.-
valores litterarum 75> 9> 75 5, t & ut fequitur :

Iy

Fig. a4
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H |y

Liy, #
K1y, p,
L8
N }'\/ ? ;\/ ?

’
> 9, r, S. 2

s Ps g, F, s, 2

[

o /s

4 74
, s, ¢ ,
X743 7’ /7 224
Al (Y /\/ AU
ro, 5, t

\/ K v

\/
N 9> r, KO z.

Hi autem finguli valores a tranflatione n in v fequentia aug-
menta accipient, qux cx Propolitione prima, debita mutatio-

ne fignorum adhibita, ita fe

habebunt.

‘d)"”/_‘ o 2y]l\r: o q’,)\/___:_*__ 2y

" WHy

o |gf'= "=’

I |

4

4

d}/ - 0 "dy’: o ’1)”::: o
d}) - o a:p’: o - fp‘”: o
dg=—= o ‘dy': o |['77= o
' 7
dr= o |&'= o |#'== ;1-;’;
o e P e A
) d.f — (o] d.f _— + d.X l’ . dx4
dt =+ il =— | da

dx

: 7 ny " 21 \/ ny
dg ——d — g == g —
1 +{lxz/q dn? 7 +dx.7'
dr/\/ — e .3-”_11 C! ,\/:—}—- a_ilgdrw:—___'—-_ -——_1_1_2.
dx? dr} dx?

’ Gyl v 4ny ;v My
a’s”: — |ds =l — —_—
, + dx* dx* . +dx“'
. dt///_:: _ 13717 dt’\,::-i— 51" jt\/= _ _ZZ_V_
) da’ dx} dx*

Quoniam porro valor formule /Zdx abfciffx A H refpondet,

ifque a tranflatione pun&i n in
cifle elementis valores formul
Tabula exhibentur.

~ Elemento
HI
IK .
KL
LM
MN
NO

v non mutatur , fequentibus abf-
& [Zdx refpondent, qui in hac

refpondet
Zdx

Z'dx

Z”dx

Z" dx

Z!\/ dx

Z\/’ dx

Adho-
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Ad horum valotum incrementa , ex tranflatione punci n in »
oriunda, invenienda, fingulos hos valores differentiari, locoque
differentialium dy, dp, dg, dr, ds, d¢ cum ipforum derivati-
vis valores fupra affignatos & perny expreflos fubftitui oportet;
eritque ut fequitur:

d.Zdx ::nv.dx(ZZ—;-)

., . SI {T"
d.2'dx=—ny. dx(———dx,, — =
. R” 48" | 107"
vlls ) LU Cee -
d. 2"d x=—n V’dv,(dx’ It -+ A’ )

77 177 27 rrs
2= ny de( 2. 3R 687 10T
d dx ny dx(dxz d x3 ~+ TxF d xS )

Pl\/ 2»()/\/ Al Sl\/ T/\r
d.2"dx—ny.ds (o200 3 — 40
] - v B :QV_ L 1_{_\_: sY T
.z dx——n__y'dx (N dx dx* dx3+d;\* ;ZT)

Quia jam haxc fola clementa a tranfpofitione pun&i n in » alte-
rantur & incrementa capiunt , fumma horum incrementorum da-
bit integrum valorem differentialem , quem formula /zdx ad
totam abfciffam A Z extenfa accipits qui igitur crit

[+ N
PV pv

i, U
+
S
l
»
&
+
S

nv.dx

dx*

S\I___4SI\/+6.S///___4S//+37
-+ P

NT\/+$TI\,'_"“ OT,”"*-'IOT,/——-(T,—*— T
L d xS’

Singula autem hxc membra per differentialia commode & fuc-
cincte exprimi poterunt : crit enim,

Eoleri de Max. & Min, K -—P"

pp—
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___._PV_}_P'\’_:_*____“{[PI\I

QI —2 Q4 Q" = 2"

— K+ 3R — 3R L R R

8 — 48 65— 48§ =t a*S

— T +5T’V—~XOTW+ 101" —5sT' 4+ T =—=~—dT

Quamobrem formula /'Z 4 x integer valor differentialis ex par-
. . d[,l\/ ' ddQ'// d;R.U
ticula nv ortus, erit=ny, dx (N'— 2 4 4" 4R
> ( dx dx*® ax’®

ars’ AT " . ..
+ ;,+ — 75 )- Hic autem, quiz omnes termini funt homo-

genci . fignature tuto omitti poffunt , evanefcit enim difcrimen
inter N & N, itemque inter ZP'" & 4P, reliquaque.  Quo~
girca habebiwr formule fZ 4x ifte valor differentialjs

(NP L o PR a5 Ty
ards (N— 0 + 78— 5+ 5 — )

ex quo fimul valor differentialis formule /"zd4x colligi poteft ;
fiin Zaltiora ctiam differentialia ineflent, Quare fi curva quae-
ratur , qux habeat/"Z 4x maximum vel minimum pro data abfciffa,
fueritque d2=Mdx+ Ndy + Pdp+ Qdg+ Rdr+Sds
+ T 4dr 4+ &c. crit primum formule /"Z4x valor differentia-
lis hic:

Y N
ﬂy.dx(N'——?d—x E‘;‘_—dm‘ EF“E}““‘&C?)

Hincque pro curva quafita orietur ifta zquatio

dAQ IR

dpP
o=N—"" + dx*> dx?

d x

da*s T
-+ :z,’;;——*;z?"l‘ &ec. QE L
CororL1i L
s7. In formula /Zdx, uti cam traGavimus; quantitas Z

continet difterentialia quinti gradus : fi quidem in differentiali
ipfius



AD CURVAS INVENIENDAS ABSOLUTA, =

iplius dZ==Mdsx + Ndy + Pdp + QAg4 Rdr + §4s
+ T'ds terminus Td# eft vltimus,  Cum i itur in T adhuc in-
fint differentialia quinci gradus feu #, perlgicuum cft @quatio-
nem pro curva quaita fore differentialem decimi gradus.

Cororr IL

58. Hinc intelligitur perpetuo zquationem differentialem pro
curva ad gradum duplo altiorem afcendere debere, quam fue-
rit ipfa formula maximi minimive. Ponimus enim, in ultimo
termino T'd¢, quantitatem T"adhuc # in fe compledti : nifi enjm
hoc effet, duobus gradibus ®quatio deprimeretur, uti ex §. 50
colligere licet.

Corovrr IIL

59. Siigitur in Z differentialia gradus # contincantur , tum
2quatio pro curva differentialis erit gradus 2 #: & hanc ob rem
totidem novas conftantes arbitrarias poteftate in fe continet.

CoRrRoLL 1IV.

60. Ob tot igitur conftantes arbitrarias, totidem punéta ad
Problema determinandum propofita cfle oportet; jra fcilicet
Problema, ut fit determinatum, enuntiari debebit ; Inter omnes
curvas per data 27 pun@a tranfeuntes, determinare cam in
qua fit /Zdx maximum vel minimum , fiquidem quantitas z
completatur differentialia # gradus.

CororL1L V.

61. Ob » igitut numerum integtum, numerus punctorum ,
quo Problema determinabitur, femper erit par. Sic, vel nul-
Jum punétum, ve! duo, vel quatuor, vel fex, vel o&o punéta,
& ita porro, ad Problematis determinationem requiruntur,

K 2 SCHO-
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62. Ex gradu differentialitatis igitur , ad quem aquatio pfo
curva inventa affurgit, velex numero punéorum per que cur-
vam fatisfacientem tranfire oportet , hujufmodi Problemata com-
mode in Clafles diftribui poterunt.  Ad primam igitur Claflem
ea rcferentur Problemata, in quibus abfolute queritur linea cur-
va, qua pro data abicifla habeat valorem /Z4 x maximum vel
minimum; talia Problemata cum in Propofitione fecunda con-
tinentur, tum ctiam in tertia, iis cafibus quos § §. 26 & 27
cxpofuiinus 5 his feilicer cafibus folutio prabet curvam determi-
natam quxfito fatisfacientern.  Claffis fecunda ea compleétitur
Problemata, quorum folutio ad aquationem differentialem fe-
cundi gradus perducit: hecque duo punctaad fui determinatio-
nem pofeunt; & ita proponi debent, ut inter omnes curvas per
data duo punéta tranfcuntes ca definiztur, in qua fit /Z4x ma-
ximum vel minimum: cujufmodi Problemata in Propofitione ter-
tia foluta dedimus.  Porro ad tertiam Claffem pertinent Pro-
blemata in Propofitione quarta traftata, qua ita fe habent
ut inter omnes curvas per quatuor data pun&ta tranfeuntes de-
terminctur ca que habeat fZ4x maximum vel minimum. Simili
modo quarta Claffis poftulat ad determinationem fex punéta ,
quinta o&to , &ita porro , quas Clafles omnes in prafente Pro-
blemate fumus complexi. Caterum etfi 2quatio inventa ad tan~
tum differentialium gradum afcendit, tamen fepius generaliter
integrationem unam vel plures admittit, cujufmodi cafus in prae-
cedentibus Problematibus nonnullos exhibuimus. Hanc ob rem
videamus ctiam quibus cafibus 2quatio noftra generalis integra-
tionem, vel unam vel plures, admittat; ut in allatis Exemplis
fratim videre liccat, utrum ea in his cafibus contineantur an fe-
cus.  Hujulmodi autem cafus potiffimum funt duo, in quorum

- altero eft N=o,in altero M=o, a quibus decinceps alii ca~
fus pendent, quos hic evelvemus.. '

C A
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Casus I .

63. Sit in maximi minimive formula /Z 4 x terminus N — 03
itaut fit AZ=Mdx +Pdp 4+ Qdg + Rdr+ Sds 4 &,

. . 1P
Hoc ergo cafu @quatio pro curva erit hac, o ==— 2L +

dx

3 d* s T ...

%é.g"" % -+ T T g + &c. qux, per dx multipli-
cata, fir integrabilis , prodibitque

d dd s *r
o:Aej—P-i-;z—xg_z;ig ‘d:s""”:ﬁi"l‘&c'

CAéUS IL

'64.. Sit & N=—=0 & P—0 , ftautfit 42 :Mﬂ'x+Qd(1
+Rdr+ 8Sds +Tdr+ &c.

Quoniam eft N==o, una integratio jam fucceffit, habetur-
que pro curva quxfica ifta aquatio modo inventa, pofito ctiam
. ——= 01

: 3 4

o

qua per 4x multiplicata denuo integrari poterit , critque

dR |, dds 4T
o==dyx— B+Q—+ 70— + &

Casvus IIL

65."Si fuerit & N =0 & P=0 & Q =0, ita ut fic
dZ=Mdx+Rdr +8ds +Tdr + &c.
Bini valores N & P evancfcentes jam prabuerunt hanc xqua-

. . dR dds

tionem bis integratam o == Ax—B 4-Q-— = 4 'd g
X ax

T . -

gw~ T &cin qua fi ponatur Q—=o0, & multiplicctur per

dx, obtincbitur fequens xquatio ter integrara :
: ; I d
= Ax*? -—Bx+C~—R—}—§f -—67,112[' +4- &c¢.
X [
K3 Ex
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Ex quo jam apparet , fi infuper fuetit R =0 , tum ctiam quar-
tam integrationem locum habere, & ita porro,

Casus IV.

66. Sifuerit M—o, ita ut fitdZ=Ndy 4 Pdp+Qdq
4+ Rdr 4 §ds 4+ &c.

ZEquatio pro curva qufita ante prodiit 0 =— N— g—g -+
AddQ d* R a*s s 1
Axt ik T g — &c. que multiplicetur per dy =

pdx, & tum addatur dZ — Ndy— Pdp — Qdg —
Rdr — §ds — &c. prodibit.

o=—dZ -—-——de-}—Pdd"Q Pd;&_l__i’ «?____&

— Pdp— Q_dq———Rdr-—-—-Sa’.v — &e.
cujus integrale affignari potcft; erit enim

o:::A+z...—pP+£€19\, Pdd&_*_pds&d

qdl{ deS
“‘"‘2‘7'4— dx dﬁa
rdS
— Ry 0
— s
vel o==A+2z—Pp + 14 Q — Q.dr pAAR — dpdR 4~ RAAy

d x*

p DS —dpdd S+4 c,zfzp — Sd%
+ d x?
quomodo ulterius progrediantur, fiin 4 Z infint fequentia diffe-
rentialia T'dr, Udn &c. fponte patet.

Casus V.

67. Sifit & M=o, & N=o; itaut fit dZ=Pdp
Qdg+ Rdr+-8ds 4 éo.

Quia ¢t Y=o, una integratio per cafum primum inftitua-

) tura

—— &c. cujus termini,
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tur, habebiturque o = 4—P 4 ‘%_ —d-flf\ 8 —&ec.

d x dx?
qua multiplicetur per d p==g4x, ad camque addatur 6 == —.
dZ+-Pdp +Qd9+Rdr+ 854 s+ &e. quo facto prodibit ifta
@quatio integrabilis
L ddR s
o=Adp—dzZ + gdQ — o+ IS — &
+ Q47 + Rdr 4+ Sds + &
cujus integrale erit

0 =4 p—DB—2Z+ Qg — 74R% + %dz:g &e.

d x
dx
+ S
feu O=Adp—B— 240 4 —_— +
qd/lS—rlqu+Srlrlq qd? T——dqdd'T4-dTddg—Ti13 4 e
> — X C.
d x* dx?
Casvus VL

68. Sit & M—0 & N—o & P==o, ita utfit 4z ==
Qdg+Rdr 4 §ds + Td: + .

Ob N=—=oc & P—o, pet Cafum fecundum,duz integrationes lo=
cum habent, eritque @quatio, pro curva qufita , hec,
O:Jx'——B_{_Q___ dR + dds __ d’r + &
© dx dx* dx’? :
ad quam per dg = rdx multiplicatam fi addarur 0 — 4 Z — Ndg
— Rdr—§ds— Tdr — %c habebitur ifta @&quatio dcauo
integrabilis

o:dxdg———Ba’g—de%de"!“ e "
~—Rdr — 8§ds ——Tdr — &c.

7’,’!{] R' r{l’ T

cujus integrale eft
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ds 44T
o dxg— Byt Cha R LS —
—Ap — 55+ 4T &
— T
§—3S84
feuo:A(x~7—-—p).~.Bq+C+z__Rr+"_‘i7x_.__.f
. rdle————-rl;iT—}- Tddr T &
X
Casus VIL

69. Si fuetit M=o, N—=o, P—=0, & Q —o, itaut
fitdZ—=Rdr+S8ds+ Tdt 4+ &c.

Ob N=o0, & Q =0, Cafus tertius iftam fuppeditat
kquationem pro curva jam ter integratam , '

o:Ax‘—~—Bx+C—-R+ilZ—‘i —%f— -+ &c.
ad quam per dr==ysdx multiplicatam addatur o =—42

+ Rdr+8ds+Td:+ &c. quo fadto prodibic ifta zquas

tio,

o=—=Ax*dr — Bxdr +Cdr—dZz +:dS——~S—'f—lfi~T+&c.‘
+8ds + Tdr+&ec.

qua integrata dabit hanc, |

o==Ax'r—Bxr+Cr—D—z+§s — 4T 4 g

—2Axg+Bg ‘ + 7T
+ 2 Ap
fen o==A(x'r—2xg+2p) —B(xr—9¢)+Cr—D

sdT — s
—Z S — "—d*xﬂf -+ &c.

scHo.
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SCHOL1O0ON IL

70. Horum cafuum ope quorum numerum ulterius auge-
re'liceret , {i commodum videretur, fepe-numero Problemata ad-
modum cxpcdnte refolvi poterunt. Quod i enim Problema
quodpiam contineatur in aliquo iftorum Cafuum, qui unam
plurefve integrationes per fe admiteat, ftatim formari poterit
®quatio pro curva, femel vel aliquoties jam integrata,, qua pro-
pterea ulterius facilius tractari poterit.  Quod ut diftinctius pa-
teat, fimulque ufus hujus poftremi Problematis , quo in maxi-
mi minimive formula /Z4 x differentialia fecundum gradum {u-
perantia infunt, declaretur, unicum Exemplum afferre juvabic.

ExEeEMPL UM

»Y. Inter omnes curvas cidem abfiiffe refpondentes , definire eam,
CHfus cvoluta , cam [ua ipfius evoluia, intra radios evoluta maximum
minimumve [pasinm compleciatur.

* Pofitis, pro curva quafita, abfciffa == & applicata =y; fit

clementum curvie =——d w, & ejus radius ofculi ==,; erit cle-

: {

mentum ipfius evolute ==d,, & hujus radius ofculi == p! do
aw

unde area comprehenﬁ inter evolutam curve quxf itz, ipfiufque

=/ é’d—;v«; quz crgo expreflio maxima mini-
mave eft reddenda. Cum autem fit dw =dxy (1-pp).
3

& Q:Q_-*q-_ﬂj_)‘s <:r1ta’§'—---3(1-}-;:]7)"5 pax — . ..

Gebpp)irds Lo gyt e (1 ok pp) A (9pp —

99
(14 pp)r (v dpp irr e ___T+pp :
23 + 7 ) atque T == Maxi-

gdx
mi minimive formula itaque eft /° LI—';-:H)—Z de Copp —
Euleri e Max. & Min, L 6
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(7( 2.2 , ,/ 2 6( wpy3
r+PP)r+(1+IiP)7 ):fm(wm-;-pp) Sty

(3o pt 3
S I sP”)’

4
)s ex quo Z erit funéio ipfarum p, ¢ & r; unde
differentiando prodibit :
A2 —180dp 4pp)x43p) _ oppdg(i4ppd* Gzlr(r_-frp)’

q ) 74 1 &

36prdp( 1 pn)* 18rdq(1=4pp)? 2rdr(1 4-pp)*
—_ ; -+ e + 7

4 8rrpdp(rpp)*  srtdg(i4ppi*

(1 6

2 .
Comparatione ergo cum forma generali inftituta , erit M == o
LY =20

z— 901 (1 +pp )t Sl (r+z;p)"r‘

3

q q q
P— 1821t pp)(a 4= 3pp) _ 36pr (1 - pp)? 4 8rre(x +-pp)?
- 3 [}

q q N q N\
e 9br (1 Fpp)? 18r(1fppi®  grr(1-fFppi*
="y T
6( 1+ )3 or( 1 +
Ree—SCrHtrp) +pr)

9 . -
Cum nunc fit M=o & N==o, folutio cadit in Cafim quin:
tum, eritque @quatio pro curva quafitahac, ‘

ca:dp——-B——Z+Qg+Rr-—-q—j?K

quz , factis {ubftitutionibus , tranfit in hanc

‘ . N3

o= Adp— B— ISPP(rqj:ﬂQ o x6pr’rq-;!-vp,»3 1
_2dr (i pp)* + 36 Catmp)*

q*dx q ’

qua zquatio nimis cft complicata , quam ut ejus ulteriores in<

tegrationes fufcipi queant. ~ Cieterum apparet hanc zquationem

cffe differentialem quarti ordinis, ita ut per quatuor refiduas

integrationes quatuor conftantes adhuc ingrediantur : ex quo fex

data oportebit effe punéta, per qua curva tranfeat, ut Proble-

ma determinetur,

rr(a-fpp)*
S

CAPUT



