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METHODVS VNIVERSALIS
SERIES SVMMANDI

VLTERIVS PROMOTA.
AVCTORE

Leonb. Eulero.

B Ethodus vninerfalis feries fummandi, quam ex~
B cunte praeterito anno expofui, latiffime quidem
patet, cum ex {olo termino generalj feriei da-
to exhibeat formulam fummae feriei aequalem; interim

~ tamen difficulter ad eiusmodi feries, quarum termuini ge-

nerales algebraice exprimi non poffint, fed vel expo-
nentiales quantitates inuoluunt vel etiam tranfcendentes,
accommodatur. Cum enim pofito termino X, cuius in-

dex eft x, fit fumma feriei a primo termino vsque ad X

. pd ax d¥x
aequahs fX dx—‘f—x_o: +,1.z.3.=d?_:.2.3.4..5.651:\‘.“ —~ efc,

facile apparet fi X faltem huiumodi quantitates 2% in-
volmat, tam expreffionem [Xdx quam differentialia
ipfins X ad logarithmos deduci, vnde maxima oritur
moleftia in fumma quaefica faltem proxime affignanda.

§. 2. Praeterea etfi X fuerit quantitas algebraica,
tamen faepius eius differentialia, quae ad fummam cb-
tinendam fumi debent, tam fiunt complicata, vt non
folum difficulter exhiberi queant, fed etiam feriem non
multum conuergentem praebeant, vti id euenit in fe-
rie L& 5 etc. circuli quadraturam continentg.
Cuius difficultatis ratio in eo potiffimum verfarur, quod
' T 2 indi-




148 METHODVS V'NIVERSALIS

indices terminorum vnitate crefcentes affum{i, quas fi alio
pumero crefcentes fomfiffern , terminus generalis X forte
tracabilior -prodiiffet. - Denique fi terminus generalis X
ne quidem exhiberi poteft, vt id in plurimis {eriebus.
accidit, tum data formula fammam exhibens ne vium
quidem habere poteft. .

§. 3. Bis difficnltatibus quomodo Occurrere poflem:
din_fum meditatus , tandemque obferuaui ex eodem prin=
cipio, cuius ope illam formulam inueniflem ; alias'quoque
formulas elici poffe ad quasque feries -fummandas ~idg-
neas; quibus exhibitis pro quauis oblita feric , enfor=—
mula fit eligenda, quae effet commodiffima.  Ex -quouis o
autem huiusmodi formularam genere - conueniens yifam
eft, vt binze formulae tradantur, quarum’ “alterd+apta
fic ad {eries a termino primo ad datum vsque_termingm
fammandas, cniusmodi’ exat forrhula’ iam ante 2 mé
communicata , altera “yero ax feries: 4-dato ~sérmino i )
infinitnm vsque fummandas. - Quamuis enim hacc. "pos
ferior fummatio ex priore fluat, tamen expediet pro
hoc cafu peculiarem formulam praebuiffe.

§. 4. Incipiam igituy a fericbus, quarum terminus
generalis algebraice poteft exhiberi, pro quibus etiam
methodus in praecedente {chediasmate data inferuit ; fed
indices in progreffione quacunque arithmetica progre-
dientes afflumam , quo: formula inuenta latius pateat fae-
piusque commodiorem: calculum fippeditet. Sit igitur
{erics ab initio ad datum vsque terminum {ummandd
cum indicibus fequens: : : :

;
A
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o i 7 a4-b a2k .

e A"-}—-B+C—~~—-_+X::S
¥bi indices quantitate & crefcunt, primique termini A
index eft @ Ponatur huius feriei fumma =5, in qua
expreffione fi loco x fubftituatr x—5, perfpicunm eft
eam exhibituram fummam eandem demto X few forg
aequaler ipfi S—X. At fi in S loco & ponatiy x-b

+

o« bdS_, b?ddS _ bTAS | o
fum prodibit S= g = 5 adwr — 1adx & 2e~—ete.vnde-ha=
bds b*dds p3d3ig  BHAAS

bitur fequens aequatio X == gz — 7 ider T tradet aaaan

~}- ¢tc. Ex hac vero aequatione elicitur ifta formula
o __ pXdx X bdX psdsxX b5 ds X

S —) 5 —+ ;-_—;'—‘F'" Tz.5.20%  1.2.3 T.5.60%% Te2af =~ = . 74 Iﬁd.;o.fj'

b7 d7X s9di X 's_g._z‘bi‘d”K L

T 2.3 - = - ~ g.sod? - TTes - - = 11.60%% T 3,28 - P

350 5473 X — 36:7bT5 AT aa2z2gebt7dITE

+1.2.3 T . = 15 2dx'? re3-o-- :7.300[.9;15'-1—-;,-;.3 ——— g ispodnt®

ctc. cui expreffioni tanta quantitas conftans eft adden-
da vt pofito x==a fiat S=A, vel pofitc x=—a—b
fiat S— 0. -
§. 5. Si ponatur X—=ux*, feu fi inuenienda fit
famma huius feriei a”—{.—(cz—%—l_?)”—-}%aﬁ}—zb)“—-.i:——.»
' . xn—-i-:: dX::ﬁx“‘"" dgx .
e, erit [Xdy— ———3 5= — =
’ / nt-1’ dx * dx

(n—3)(n—2)a*~* etc. Hinc ergo erit fumma quae-~
KT X" nhx™ n(n-;)(n—-a)bzm”'ﬁ;

fie Sd@r—;)z'—_‘— 1.2.+ 1.2.3._ 1.2.3.-4.5.- 6
ﬂ(ﬂ—-l)(ﬂ—-z)(.7?-'—3)(11—4-)55,.&1?”’__5_&&___32; _
1.2.8.4.5-6.7.6 ' (n—t+1)0

7 M1 : e R at—s
LA ﬂ’f._._—l-_- M”"MT:__H____._“ e
1.2 1.2.5.2 I. 2. 5% 4 540
| - T3 . n{p—1Y
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— — —_ —A.) B ot -
pp—1)(n—2)(0—3) (—a)bra™= sdieta debits
"1.2.3.4.5.6.7.6
conflante. Summa ergo feriei zz+(4+b)+(d+ 25 -
-+ X erit —= zb+ —]—- zb+“ b ——~a";.bac+rzﬁ

In —

?

atque ﬁlmma feriel @ i~ {@v-0)* -+ (@4-2b) 4 -~ = -

bxe &3 qa* ab m‘—m""&-va’—pm’b-;-b’x—-ab“
g 36 i i —-'_h- ~ e — 6b

Quae e:Zple{ﬁones ﬁmlles funt eis, quas pro fummis po-

teftatum numerorum npaturaliom in fuperiori dlﬂ'ertatlo-
ne dedi, atque ex iis quoque facile formmtm.

§. 6. Sit nunc ad alteram huius genena formulam
. Inueniendam feries a dato termino X, cuius index ﬁtx
in infinitum vsque fummanda, hacc fc111cet -

’ by xtpob

X 4 Y - Z — ete. 'infinitum =S,
In fumma ergo S fi pro. x feribatur, x ——4& prodibit S— X
— z z,
erit adeo X =348 1Pdds. BB cic. vnde'vt {igee

1.8 T r.zdxE Tr.z.3 d%%
- N : —_— Xdx X badX PR N4
P]‘a lcperletur S_‘“f & T 2 T.z.z.20% i 1 2.5 4.5.60%%F
bSdsx b7 d7 X \ s09d9X
1.27 -~ = 7,63%% + Iﬂzu—-gmd:c" Izz-nﬁdm-’
sor BEIAIIX " 2sBI34I5 X 2617b1 5415 X
2 I.a3===r13.2700d05 1 " I,2.3 ——=~=15. 2dx13+ 1,2.3 == ~~17.30dx*3
425270017 417X
- e e -+ ete. . Cui formulse tanta con-

flans eft adiicienda vt fiat S==o, {i ponatur x=—ov;
fi enim terminus X iam fuerit infinitefimus {feu vitimus
in ferie, fumma debet effe euanefcens, i quidem feries
finitaim habeat fammam, pro quo cafti haec formula
eft accommodata. :
§. 7. Quo vfus huius fogmulae appareat, fit X—5
fen it feries =z -+ 5555 - eg— efc. in inﬁn}tum
S um-
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s : aX o d5X .,
, firnmanda erit ob SXdr=—z, dx == 5t g gar o TS
ebita : —a 1 B3 55 b7 . P
. etc. Ir_b?"-_-*i_ 2" -—}"!6_50—"—?63? T Tew T nad U Germe
i ma  _6otd 7B3 3617b1 % 242725017
e T agzomit 6253 T ogiy - 3:5:[2:;.‘1—5‘“"'— ctc. quac CXPl'Cf"‘
+=Z, fio conftantem non Fequitit, cum per fe euaneftat po-
Sy o fito a—o ‘—*EOﬂn—agfiSﬂ'tl'tCmﬁO1]uffgiII haec feries
x—gb® quo maior fuerit x refpectu ipfius 2. Quaré fi datae
. po- ferici aliquot termini initiales addantur actu, reliquormm
Jtio- + hac methodo fumma jndents il aggregato addita dabit
fummam propofitae feriei in infinitum continuatae,
prop
dam §. 8. Sed miffis his, quae priorem regulam tan-
ft » tum commodiorem, reddunt, progredior ad feries fumea
- mandas, ad quas illa formula non fufficit. Sit nimi- | i
ram feries fummanda, in qua figna terminorum  altep '
, nantur, vti
_.X’ a,/ 45y Gend, agush; %, b -
¢ fi- A-B-{—C—D--u——'—}‘—X—Y::S
T . it qua ferie cum fit Y talis fundio ipfius a7 qualis
hprere 4 Ca . bde |, E2dix bR h
i - X eft ipfius x, erit Y=X T ae T g
E»ﬁdx’ -+etc.  Deinde fi in S foco » ponatur x—24 proe
- . . Y 5*dds |
awTs dibit S~X —4-Y'; erit ergo =Y X iohs didds
T sb543 s 16b%d4s L Lapsdfg . —__ bdX prazg
-on - 1.2 3828 =g +.ﬁ;+‘:.2-.3.4-5d.¢55 '_' edtc"‘ —; 8% 1.2du%
ML B8 d3X bty .45 adx Bdzx
;_ iz de¥ Tianade ot Ponatmr 3T— %2 e
- YaSX | sdsx - T e .
aries —="3zF —- g% etc. et comparandis terminis homologis .
. e X sbdX BAAX  sBaEX patX ey "l
nula prodibit S=C—F—30- % o Ex T
' ) _ V' ompie Qe xp Bix
— etc. et introdncendo ¥ efit S=Co-Y &y DIX —
I . PR
s e B3 IX EL ) S ! Faue i it A — B
tu;:‘]. oo Zre o ool RT "_‘!—;n.:z-z‘.ie-'oé'.iﬁ»-zd?@:‘s CEC« A.tgllc Jidgg S@rll‘tA R
. o -
m- T :
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' ' — o , BiX
—-I‘C*-D"‘{”—E'-F - "JF'X._-COllﬁ‘ +§+!_;_za;i
PBX b5 d5 X _ > ,
o -t sadat CfC. vbi conflans wt ante
ita debet cffe comparata, vt fiat haec fimma —A po-

fito x—a.

§. 9. Viterius antem huins formulae terminis cone
tinuatis prodibit pofita fumma huius feriei

Wy,  B=b; o—=iby o-=35;

K-B-+C-D

—_— gy X bdX DTAIX shS 45X . -
S - Conﬁ:' +1.2+1.2.2d—xh‘1.g,3,+_2m+l T g T

1-2.3.4.5.6,2 A%®
BT AR 15509748 X zopzbil gt X
TP IPR vt s el Y PRSP g re. ndatt
zg2276 b3 d1EX S. i . i d
-t T Bede=mmmm 14 20%8 etc. 1 crgo quacrendas it

valor huius progreflionis &> —{e—4-8y-+{a--24) —
(a-+3b) ~4-etc. ~ -2, qui fit S: exit ob X
- —aygx, S=Conft.—+% ~+%. Conftans vero C in-
uenietur ponendo ¥=g eritque S::"f—_“—Lj'fﬂ“ EXémpli
gratia erit I—4-49—16-}25 -~--+4-321=66.

¢. -10. Confideremus nunc huinsmodi feriem in in-
finitum  produdam., filicet
Xy Wby  Xdm2D

S=X-—-Y -+ Z —etc. in infinitum.

Y - bds t2dds b3des :
Erit ergo - S - i.dw - :.:d:cz —+- :a?"ax?"l—' etcet.

2

=S~-X+Y, feu XY= i_bddms - f,b?iif etc. vnde
: vd 2d AR L .
cum fit Y =X 27 0 A4 de - etc. in-
X bdX 34X h5dfxX
o2 1.2 2 dm+ To.5. 40008 1.2.3-4 §.6.20%F

1707 A7 X 15509 d9X Aty k220l 13 41350
1.2 3 om e = 8. 2087 1 2.5w=- :o.zdoc9+;.z.z-- “1z.28% T T2,3 14 2d%E

~—- &IC.

penietur S =
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%ﬁ .,.}« etc. - Conft, Quae conftans ita debet efic com-

nte parara vt fiat S—o pofito x=—co, Huius -lgltur for-

po-" mulae ope plurimae. feries lente conuergelstes, in quibus
terminornm figna alternantur, mldc PrOPe fumman po-
‘terunt.

R« ‘

— : ._I-L._Slt—X -—j_ltaq_vt_muemﬁ_debeat_fummj
huins feriei &= 2 it — 55 —+ ctc. i infini-
tm.  Cum ergo fit X—% erit o=, e —=2F,

P CX =24 hineque fiet Sk - o — ,,lfx*"f’ :f;ﬁ, .

rart :7:::! +I;szzfo f:’jzﬁ—i—ﬂziﬁ’ff etc. vbi conftantis ad- :

,,,,, it _ ditione non eft 0pus,,, Ve fit b—a -atque. X==25, erit R

2; feriei X 55 65‘ —1—- 3-,-;- etc. fimma == 35— -:62 _

5= 2 L | sen

in~ —o0, 020797471918 q. pr. ad quam {i praecedentivm
npli ferminorum 1-——-—}—‘ Ietc, —-w——g aftn inuenta

6. fumma addatur, Pl‘Odlblt quarta penphenae pars radic

) @mﬁ:ente =1

in- S

§. 12. Hae iam formulze "ha&enus tladxtae, quo
facile expediri queant caleulo, requitunt, vt X fit fun-
@io algebraica ipfins &, cuius differentialia cuiusque gra-

cet. dus-commode exhiberi queant. Vix enim vel ne vix

nde guidem iftae formulae in vfium vocari poffent,, i hu-

) fusmodi quantitas e:xponcnnahs #" in termino gcnelah ,

1n- progreffionis ineffet. Pro huiusmodi ergo progreffionj-

—+ bus, hoc termino geperali X#®, vbi X vt ante deno-

1% tat Tanionem algebraicam- 1pﬁus ¥ contentls peculia~

etc‘

Lom. V III . \'i res

€
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res formulas fummatrices erui conueniet,  Sit ita'qué

ifta Scues
: 2 a-b. . Gt} X
a—f= a
An A-Bpt? - Cpt 2 . DLl Xﬂ

ad {ummandum propofita; ponaturque. fumma —S#*.

Haec formuls autem pofito x—4& loco & abibit in hanc
b g_bAS_ LS BLS .
w0 (8 — Gt g raades T etC ) quae aequalis efle

debet priori fummae S#* demto vltimo termino Xa%.
Habebitur ergo iffn aequatio S#°— X nb = _BdS

2d2s  BIdES pHdss AR
T caw— ett.  ExX qua aequatione-

valor ipfins S erui debet. . :

§. 13. Ponatur igitur nl’*’m, eritque S =2 -

abdX gp?ddX YB3 dix SOHE
(MM J2d :.z(m-x)g dx® T 1.2.3 (Me—1)tox? -+ 1.2 54 (m— )3 d® T
eb5ds X . . . :
g —+ete.  Hinc -terminis homologis com~
pmanchs pofito breuitatis ergo m=3=p vt fequitur
R L
E—aa-{mp
v =386+ 3ap-t-#mp*
S=4y - 68p--4ap~t-mp
§==50 10y p~1I0 Bp* 5 ap’-t-mp*t etc.

vnde pro littexis o, {8, g § etc. fequentes obtinentur
valores:

[ R/

—2m-mp

' =6m-+Omp-t-#p*

S = ogqm-+ 36 mp— 14mP* —~mp*

§=120 Mi-1-240 MP—150 i =t-3 C mp* —-nip* ete.

hic




Aque

Sn”.
hanc
seffe
X n®,
ot
tione

;tC,

lentur

5+ etc,
e
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* hic quilibet numerus eft mulnplum ﬁ:prafcnptx cun
' Praecedﬁnte néi, vti : .

| . go=—a(x -1—14.)
\ 150 =3(14--36) .
240==4(36 24} -

I20=5(24-F ©)
vel reftitito m—x loco p, vii ,fequi'turi
I.o—m
2. e=m—+t-m?
8 vY—m- 4472’—[— m‘

4 C =M= TT 1* - 1T 15 Y- g1

$, S —~26 M7 —~ 66 M5 —— 26 11 |11t

0. Z -5 W—1-302 P-4~ 302 mt-i-3 7772‘-—}—#2’ ete,
qui valores itz progrediuntur » Vvt {it coefficiens W/, cu-
ws index eft £, —m - (2*~ ”H"’ Py e - ( g gh— i ok
B (g ek _Seh
o +mk

§ 14. Ex his ergo colhgltur feriei propoﬁtae

Aﬂ "}"Bﬂq‘—'}'B-—}—Cﬂﬂ-zb ——— _]_an
famma — #* ( 7 X whdX (w12 B2 d A

I T Ty T2 (Pt fdr

(ot 4. nﬁ-[-—nf") Fd:X  (W-esimtramtn®)ird X
T2 g(@-xyda T 102, 3. 4 W—1pdan
| V2 - ~~Conft.

etc.)
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—1-Conft. quac ita debet efle comparata vt pofito #==a
fat fumma —A#®. Si ponatur n”’=—1, abibit feries
in pure algebrajcam, in gua figna terminornm  alter=
nantor ; hincque eadem formula penendo —1 loco 7,
refultat, quam pro codem caftr iam fupra §. 9. inueni~
mus.  Seriei vero in infinitum excurrentis L

x* x—f-b . Y, ]
XA = Y 4 A= Zn P et
in infinitum fumma eft
=X hdX (@hewprddX
=T\ -1 + L(—1yde T.2(P—1pdx™ —+
a1V X (P Amx w1 Pttt X
1.2 a1y dE . L. 208 4 {@—1ydat
' 4 etc.) 4~ Conft.

guae conflans ita debet effe comparata ¥t pofito v — o
fumma fiat —o: quod quidem femper accidere folet
per fe, ita vt conflante non fit opus, fi quidem feries
conuergit, fummamaque habet finitam.

6. 13. Ex priore formula pro huimsmodi feriebus
ad datum wvsque terminum fimmandis intelligitur, i X
foerit finctio algebraica talis ipfius &, vt tandem altio~
ra eins differentialia ‘enaneftant, tum terminum {fumma-
torium renera exhiberi poffe. Quamobrem fi feries cu-
jus terminus generalis eft X fuerit fammabilis, tum
quoque feries, cuius terminus generalis eft X%, erit farm- .
mabilis.  Sic propofita ferie «° n® (g n -
(@t-2b) 19+ = = m = = A a7n® exit-cius fumma :*gx"‘

(° x=
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L x 2nthx 2Bt b

| (;%%“ @73 1y —+ (;,2( nj: ?j ))ab >—+— Conft. quac con-
fans fa®o x—a et fumma =425° prodibit — gt
[ nar sbab  (WB-nb)p

§. 16. Altera praeterea formula ingentem praeftat
vtilifaternin feriebus “infinitis—fummandis;-quod—vt clf'f -
3 . ﬂw nw-—}—z nx-}-q.
jus pateat propofita fit fexies —- o e
rius p propofi x+x+2+x+4,_{_'

el

x4 6
—_ L
et X =%, vnde fiet fumma S=r" (G = pelymm .

{nt4n?) s (nf4-mton?) ns(n“-1~nn6+,m4+n)
A T (W—arat (n*—1)5 x5 —etcet.}

Sit nunc x¥—25 et #2—~—1 fen ﬂ.._ﬂ, -, etit )

87253

+et(:. cutus furmma fit =S.  Erit ergo b=z,

folet
e . I E

sries — T — hm e eteet.) == oy (S

e T e L Cum igitur in cir—

culo radn =1 ﬁt qreus triginta graduum. = (%

A D Ay Ja—etc.), fi horum terminorum a&u

12 addantur, erunt fequentes rehqm S m— i
____; —_— __ T I 5 _ .
14,-6tC ) a“ 4 25 prpyally il 252 | Ga25T 1-6.z5.‘"+ 8,257 i

28.3

etc. /

§. 17 Si termini {eriei fummandae ex facoribus
fueunt compofiti ita vt' fcnes hmusmod1 habeat formams.
a R, tdir B

A+AB+ABC+-~——+—ABC,..V‘K o
V 3 ~ poma~
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matar fomma =S ABC=----- VX. Abibit erga
haec fumma pofito r—b loco ® in hane ABC ~ - v

de pzdds BT AES . .
(S"r d:x: Ta.da%  1.2.3.d%F 7 €LC. ) quae %quall‘s ele de-

fimmae demto termino vitimo, id eft huic

bet priori
quantitati AB----V(SX—-X). Hanc ob rem ha-
nds |, brads _bRAES

bebirur ifta aequatio S X— X =5—5da 7 rada e dat

b d*¥s
— 7e’7t’c v

ERENTE . :
Ex hac aequatione valox ipfiss S erutus erit ifte

S= —+—E+F—+—G+etc qui termini ita progre=- -

—bd
progwdmntur, vt pofito =D fit E__—(x_—;?m':. F=
54T 2ddE

e—bdE e T
J{X—-l)dw"—‘r‘l 2(X——1)dm‘7 G"‘"‘I(ﬁﬁ-—:}d’w'{-l Z(X—z)docz =

b3 45D

08 Drse; atque ita pourG, Adeo vt famma feriei
propofitae. fit —ABC--=~=-VX(D+E 4 F-+G
im - mwte.), Seriei vero in infinitum continuatae

LA, )

ABC VX 4-ABCD -~~~ VXY -} etc.
fimma erit =— ABC----- VX (:-D-E-F-G
= = — = etc. ) - Confl. Vi fi quaeratur fumma- huius

feriel -—— =z~ —— W_{_I — ~t-cte. in infinitum

123 JPE -

erit h—=1,X—=%,atque D= Tum vero E—=

sy F'ﬁ:’ff“’x) etc, famma e1g0 feriei propoﬁtae ob

conftantem euanefcentem erit = 5 {1 -z Fan
- (ai”'fﬁ etc.). Ex his vero traditis facile mtelllgltur,
cniusmodi fimmae formam affamere oporteat in quouis

caf oblato, quo fumma minimo labore innemiatur.

CVR-




