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XXIL.

Commlmuo Fragmentormm ¢x Adversar iis ma t hematicis
deproimforum,

(Conl. supra pagg. 157 ad 266.)

1. Supplementa numerorum doctrinae.
o1.
(Lewell.)

Proorems. Invenire numeros p, ¢, £, 5, ul haec formula
Alpp —+ 88) (g4 + rr)
pgrs (pp — ss} 4y — T7)

fiat. quadratum.

SoLoTI0. I..-_.'l;ri.m&'po;lam’r pp 4 55 = (aa S bb} (m:r: -+ J‘J) et
gg—i—-’ﬁ‘:{cﬂ-—l—dd] (@ - yy)
p—-aa:+by elfqicm+dy

‘ b.a:-——ay L p=—dr—ey;
o facto, quadratum esse debel haec formula | -

A (ag —+ bb) (e —+~ dd}
pgrs (p—~+38)(p — ) g+ 1) — n

1. U{ numerus facioerum diminuatur, staluatur r =—s, sive
' a—c. -
: d.cc—ey_bw——ay, unde ﬁt— erE il

at-ergo rx=—a—=c. et y_._b——d

iideée.{;l-ligitur _p.==aa = ac -i= D bd. g == a6 eC i bd — il et ) . ST #

5 _._r__ab—bc——ab-—i—ad——ad—bc, hmcque

p—l—s_—:'aa—ac+ad+bb—bc—bd,' g-r —-ac——bc—cc—l—bd—i—ad—-dd

p—§==o0 — at = ad bb - e — b, g——r_-ac+bc—cc+bd-—ad — dd.
ormula ergo quadratum reddenda erit |
R T ft(aa—n-bb) (ee - dd)

pq(ﬁﬂ-s)(p*s}(q+r)(q~r) )
4 — ac + bb — bd ad. quam resolvendam statuaiur d= a,
b

- TIL I‘1a1 porro p= oo dd sive cc -+ dd = a

.emque ce. = —ac—t—bb—-ba, sive 0—-———-cc-—ac+bb—-mb seu cc+ac—bb+ab__0 quae per ¢ -

ivisa dat a + € — b = 0 unde f.il o= b — a ex:stente d =a. Habeblmus ergo

aa + ab = bb
)T

A (aa—-l—bb) ‘ ’
(‘3a = (b— 2)a (8o —b) o= a) @b ) (22~ b) (26— a)a(3b— da)’
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z‘L(aa+bb) )
(2a —b)(3b-—4a) —

3 (20— b} (3b — ha) {da 4 bb) = 1.

quae reducitur ad hanc formam =ita ut h_abeatu‘r-haec -condilio

‘NorTa.: Si N I]I _posnissemus_ d—-—_fw_aw, habmssemus e — bb a6 — ab =0, quae per = b'

praebet c+b -0 =0, sive ¢ = — a-— b, unde. porro fit
'P:—_(a+b)2+aa:cc+dd qm—[3a-—|—b) (@—-8), r=1s=— (ga—ab— bb)
p—-s==(2b-a) (b4 a), p—s—~a(3a~|—b) q—]—rﬁ—a(ka+b), g —tr=—(2a -+ ) (b4-n) '

Unde quadralum esse debet haeu forma
A (aa, —- bb)

— (.3a+b)(a+b)(Q.b+a)(b—a—a)a(3a+b)a(4a—|—‘!b)(9a+b (20-.-:;)

.slcque quaestio reducitur ad hane formam —2 (aa + bb) (Qa —+ ) (lm —+ Bb) =0, Hie imprimis notatu d]gnu
oceurrit, quod per positionem tertiam, qua fecimus p — ee -+ dd, praeter expeclahonem, quatuor parla blmp
cium factorum ex caleulo discesserunt.

Conditioni teriiae p = ce - dd sequenti modo genera]iler salisfieri potest : Quum sil

A A L O | B e e R w=ld; s ve
(20 -+ a)* — 5aa = (2b — d)* ~— 5dd, sive (2c4-a)® — (2b — d)* =5 (9a — dd) et
Ce+a—2+d Qet+a+20—d =05 @a+d) (@ —d) = Smnu;

my -+ nt . mi — ni
= ——— ¢t d — ——3
2 ' 2

inde vers 4c -~ 2 = 5mt -+ nu et &b — 2d = Smf — nu, unde fit

fm—n)ta-{n—mu ot b__(E')m-—n)t—-{n-—'m)u
4 ' - ] ’

Hinc p =[5 (Smm — 2mn —+ nn) 1t — 2 (5mm — Omn -+ nn) s -~ (Jinm — 2mﬁ —+ an) wu] : 16

¢ =

g = [~ 5 (Sl — Zmn o ﬁn) it + 6 (5mm — 2mn < nn) tn — (Smm — 2mn - nn) wu] 16

Bmm — 2mn 4+ an

sive p= i (et — 2t +- ’fi‘) e
(5mm — 9mp 4 'nn) St — 2mn <+ nn
1=— = (5:zferl¢+uzﬁ) =1 = )t — w) (5t )
,— s = Smm — 2mn —+—nn (— 5u 4 ). O e I
16 . .
Sit bravitatis gratia (smm_fgm_{—m) = C, utsit
Cp=C (5 — 2 wu), g= — € (i — u) (Ei——ia), r=s=0C(— 5t 4+ un)
eritgue prs=—20u{l —u), p-—s=2Ct(5 —u)

g-r=—20u (3t — u), ¢—r=2Ct (5 — 3u)
ag - bb = C (58 -+ 2 4 uw) ;
quare formula quadratom reddenda est

A (B - o= )
(¢ — ) (52 — w) . — Dne(t — u) 2 (5t — 1) . — Qe (B — ) 2 (5¢ — Jue) ’

quae veducitur ad hane conditionem : A (56 4+ 20w —+ mi) (3t —w) (5 — 3w} = 0. Statwatur »— :;‘—t fiet:
A (Gt} (i — o) (Br—3v) =0 ; seu posito 2= erit X (ww 4 vp) 7(91%: - 'u} (o — 3p) = D quo ‘
habebitur P == ww - (w—)?% g=(w—y) Fw—1) et s e Py ey — ww.
Quae solutio ¢um praecedenle prorsus congrunit, ex quo paiet illam soluttonem mulio esse genera]ioren],: q
initio videbatur. ' '
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[SUEA RV

flinc alius modus solvendi collipitur: Pondtur p-s=af, p— =46l g 4-r=0y, ¢ — r=¢n; tum vero

q_,;—_,-__:]ﬁﬁ.-.--rﬂiuc .ob r:ss,sﬁt;%;::" eli—'—:—.?;"-ideoque sumalnr g=15 — [ el =y — 3; -deinde 2B ==y -~ &, ba-

bebllm Bpl ==2ny — yL — fn et ﬁ 3Z:j .Statuatyr . ergo .f =: “'_f-ﬂ:?,:Eg;_?, a:n_;‘;“§;3t5—fz,
argo P:"'ﬁﬁ_—i}’i_ﬂ, gr.-ﬂ;——tj),?f_:sl?f’fh_,“%g;ga e
consequenter Pp -+ ss_ﬂ(ﬁti-—(igq_;;?m Gt

9q+- rr——(%g"‘?ﬁ;’i;;w) (;E_%);_.:-;_ R B

unde plaecedens solutio nascilur. Impmms hic motetur, tolum negotlum pendere ab his tribus rationibus:

I Y NN SIS S

T e, /.’i' gr el § n, neque ipsas quaniitales alisolutas in compulum vefiire.
Solutio generalior.
Maneat pa-s=af, 11-——3:5@‘, gr=uoy, §—r=é, ut sit

aff - &t ef—:,. . . ay-rg ay — ¢
p=m FETE T AE TR r==g

HH LS AT R R

al it res=f:g el g==h3L; et pr]mo
ey ar % focﬁ—-ffi—gay'.
Ponatur ergo o= fi— g7 et E—fﬁ—-gg’, deinde habemus ' )

2L = oy ey =yl — 27 + {61, unde iﬁ (2h§ — )= (ft— 2.

i o R

Ponatur erga §—fl —2¢1 et y= 2k§' f'q em{que )
) Co=ft—gn et ,ez(ﬁ'..—ﬁgh)ﬁ—fgn._

Hinc ergo consequimur

p s ={tL — 3fgln -+ 2, o p—s = (ff— 2gh) {f — foly

atque ‘q+r_'_2fk§§— (ff -+ 2gk) Y EnS g, g = (f— 2g%) In — fom;
unde fiti - i il iiup=fff= gh) 8 == &fglniggrmywit wise=g By S gl £ 2w an
T T T =k, (f§—2g7; r == f (R flrrmgmmphere inil uinaiea 1

pp -+ 85 == {f* = 2ffgh -+ 2gghh) [* — 2fg {2ff — gh) 830 - Tffggllim—=:6fydlntw-gin* riviieh
qq & 1 = 2{fRhE — fh{(fFa- 2gh) Ly (- 2ffghi-t- hgghh) Sy i 2f%bnd o fogn®,

quac forma ut divisibilis fiat per p=(f — gh)ll — 2fgtii =+ gy hae duneconditiones requirinturt v = " o

“Primo [ -gh == 0, “secundo. — 37t 4 ﬁ"gk . TngMa = 0

[ e o
HEREY o — R

. fum vero quotus erit A P .
ffvm-l—(gﬁ —|—£I h) §§ 4‘

At prior conditio dat gla._e-]f vel et altgra condmo ., quae ¢ est . L -

T A e e 8 . LSRR (I IE
b !l ]L 0, . ' :
{ff—}“g g i ’umu\ Yourpnssil wn ki sunihier oo el
i

¥ ,,ium veroe. qﬂ@m“ erl’t‘ Womeery gren sndainn o d e H A

; e - i
| P T ""“-‘.xi':..‘: BN NRY]

b Ap&0 ‘implétil;‘:i‘. ~Htaviit Hsbeamus ==

3o 1Y © ffnm - RAEE. ' N RN LRI
Delnde vero ob gh=—f, formila Pp -t 55 it - SR
L,Euleei Op. posthama T. L 62
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e =P — Bl - gty - g0’ -2ttt gy
cujus fastores- sunt (fftL +ggm;r} (5fFCE — Gfgln +2gpymitts Quibus:- valor:hus substltutm formula nostra quadratn

reddenda fiet R ] . —
' ' Ty Z(Sfﬁt—ﬁmﬁrz-l—ﬂyy’fﬂ res S yyfm) (ffw-i-ﬁ?'-ﬁi) T T e
hfiw (9’@ —1m :

- 5 L I

quae ut solublhs fiat, nece.§se esf, ut bini” supérlores (factores co R ey

G g et i -1 hALT
coalescant, quod fit ponendo ff: kh—-gg f[‘, q:md sponle evenit ob ff— — gk, ita ut res hue redeat

A e — Gfgtv = Zggnn).. Vei 2 (5ff§§ — By 2g9m)
ﬁz(r’e—-%ﬁ) e e yvtﬂfc—r-mz)

IR $E A L A PO H I T

(A1

i jeti : --.{,. Amel iy e

. ;9-2. ST e . LI ’ !’a‘;z’té‘?"
v Euler) co T

Turonema. Si formula aapp-—l—-bﬁgg ducalur in formulam abrr—l—aﬁss, productum ent

P

ocb apr == ﬁgs + aﬁ aps &= bgr)

Hujus ergo productl forma est abwm-s—aﬁ Yy ex;stente

! ) Lo e

w_..apr—'-ﬁqs ety _

~ LAY e T

o e LT
B ‘.'{I:- - } [T 7 (LBXBI]) ' ) }‘ ' )

T

*

Prosrema. Sifuerit: ® =—a~et propenatur formula.fax - gac—l—k quasrere. mu]hphcatorem pmm-l—@wue*

ut productum fiat numerus: rationalis. -
Sovurio. Cum productum--sit . . "v - a0 o LT et el o S e
Fp® i (f 4 gp) &F = (fr 4= Fp 4 g 2B - (gt ) By o
ob 2° _a, hoc productum reducitur ad sequenfem formam L il gt

r+hp+gq}wm+( m+grf+hqm+fq+_qp+hr—-—0
P

unde r::_kp;gq; r:_ﬂ‘?ﬁ_'_hqs r =:@'—_9'p e '-‘..’::‘s.l’rSEEl_“\-i’“!‘i'-’:
r S g L -
K Ty Ty am . :

atque Ipg -+ g =f'pa-+-flg; plhg —F)=q(fh— Y o

‘q o h—if ’
hinc p=fh—gg, g=hg — [f, r—=19of — Ih, alque productum quaesitum erit = 3fgh — ¥ — g — k

Erdar

Hujus ope radices cubicas numerorum Ticebit ad fractlones continuas revocare. Exempl. Proponaturﬁ

continuam converfatur....
. A m. T: L p. 176

ey BiME

— C el

T TR N I B
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{N. Fuss:) -

. Si fuerit g=2z'—6sx--1 et y= k' —kz, erit wx -yy = {2z~ 1% At vero . .

pa-y=xt -k —bzr — b1, -

quae formula’ resolvitur in hos factores
e ' [zz~+~(9+21/9)z—1][zz+ 2—21/2)5-—1]
~quod si jam @ --y debeat esse quadratum, fiat uterque faclor guadraium ponendo
224242V — 1=z A p gV

w4 (2 — 2V2) s — 1= (g 4+-p— V2P

- tum’ enim eril @ -y = {2z ~+ 2pz 4 pp — 2¢¢)%. Jam e;vo’lvatur_ alternira harum positionum, et termini ratio-

' naTes inter se seorsim aequantur et irrationales:
R 2z — 1==2ps +pp-+-2q0
2:V2 =2¢xV2 + 2pgV2. ' ‘

‘Prwr aequatio dat 2z — 2pz =1 -~ pp -+ 2¢¢, unde z_!«'g—(i—m)gg’ ; ex altera antem aequatione per 2V2 di-
visa fit z=g¢&-+pg, hincque z:ifq—, qui duo valores~inier se aequati prachent p._.g;_.%‘-;'——i}
Si hic capiatur g=13, fiet p= vel 18, vel ..—:-—;H " Poni etiam possel g—=— 13, fiereique
— 13 239
P="""q3
hme vel p=21, ve —-‘%3—- S‘l sumator g—13 &t p_.— 13, reperietur z:is—ig--

' Haee methodus ad sequentem redire videtur, quae resolutione in factores ‘non md:get et ita se habet. Sit

' _fo_rmula proposita quadratum efficienda 1_11” genere zt —l—az +bzz+ rL:-H—-d cu]us radm _ponatur x5 -i-pz —i- 1,
ita ut fieri debeat e
z* +2pz - 2rzz +2prz-—|—rr

Seege

B i x,‘.ﬁv.._gm.__...;—_m)zz [ S RN S PP
T —gt gt bzg— ke d="0 - '
termini secundi et tertii ad nihilum redigantur, ande per sz dividendo fiet
O - pp — ‘ : ’
a—2p

ub1 cum prlml termml se deslruant

(2p —a) &+ 21- —|~ pp — b= 0, ideoque 3= Simili vero modo termini quarli et quinti conjunctim

: Corr—d . . .
tollantur, unde fiet (2_pr—c) Ferr—d=10, mdeque z._c_ o Hi duo valores ipsins z infer se aequati

'-dabunt :
B r = ct-bp —p* =V (cc -0 (ad—bo) -+ blpp -1- aepp — hdpp — 2bp* <+ p®).

A . . . .
Nostro autem casu era a=1%k, b==—6, c=—1k, d=1; hinc formula radicalis evadit

SR V(= 6+ 16pp -+ 12p* %) sive  V (pp+4) (p* -+~ 8pp —16),
wae autem formula nullo modo iractari potest, unde patet priorem methodum non reduci .ad hanc posteriorem,

A 'm. T. L p. 276, 277.

R
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. r(Nf “ﬁusﬁ

P P TRV DU SR S -

dmsﬂnl]s fial per datam numerum N.-© ¢ -° 7 o0 S

i

Pr]mum observandum, hoc fieri non posse, nisi fuerit vel N==maa-- nbb» xel A,T —=ad -ﬂ,—,-.mn])h1 “-‘]}1; 3&'

- -4

tnm fuerit, erit

S e 25dp, Vel éliam = N Ryt oo T s weitf, B Bowp

T—'“ﬁN:': kp. et Y= IGN$ bq

‘ubi @, £, p, g pro lubilu sumunlur, =iy -4 b Do e D e T

N Fuss)es

Derintrio. Proposﬂb hirmero guocunque mtegro o, denotet 7ra multltudmem numerorum 1]_]50

arl eumque prlmorum, 1ta eut :n:l =1, m2= 1, 37:3 —2 k=2 71:5_..Le b = 2ete. Unde paiet s

BERTEY sroaTyrs

';pnmus fore Pt O Quo nf:agls autem ‘mimerds & fuemt composuus “ed mmor rit”

ToTEETITe

attmodiim “autem pro quows miithero @' invenits queai, vanr ra, reﬂulam qu1dem *olimh dedl, eJus vero - ‘demon-
tonded bpadt hf I‘}i‘

in nsque ergo occurrent omnes numerl 1p50 ¢ mingres, scll 0 i 2 3 oo a-— 1 .
BRI mm t PR R S N AR S EENR I E A ST S N S L R oo hagsrpad iy mm tﬂ‘

Drmons'rnuw SlL P pI‘lmuE termmus el g dlﬂ'erenua ad a prlma, erit progressm amthmetlca

SO L

1 RELE I PR E ST ETAL DR I e wiyreat L g lf“f:

P p—l—g, p—l—-2g,... p—i‘—(a-—'ﬂg.
I P T T L TR Lo 1L I 1S airluf'll'

. .
”: LA

ne ll

ot e prfeer 0 m ‘\ ST T H‘E‘

Quod si jam singuli termini per « dwldantur facile patet ommnia resxdua mde orta 1naequa11a esse debere [1
HE A

enim hi termini p - ug. et'p +wg,,-uh1 M.et. ¥ mmores.‘gsunt_quam @, idem praebere_nt residuum, eorum diffe-

numerus ipso ¢ minor,

=a, in iis necessario’ ~1‘tapeflent1'1i"’bmnes fraferi 0,"1','2, 3 bte. . @ —1; hempei 1g1tur unus horum nume-

,rorum.-:pengwwerit divigibilig, o mubowing soief Pt b anterp enpioen alinnr e sfuneni ,mfp

’ : N sk {10f
PRAI]PARATIO AD DXMONSTRATIONEM. Sint 1, @, #, y omnes numeri Ipso ‘2 minores ad- eumgue Pril
. N
qumum ergo nimerts per hypothesin —ma, inter quos ergo I]I‘]Il’llJS erit 1, et ullimus a — 1. Hine. constit

antur sequentes series:
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5.

1 e B oo oa—1 a -

a--1 a4 a2 ¢ty.... a—1 Za
204-1 204« 204 20 4y....3a—1 3a
3u+1 oo 3a-1- 8 Jad-y.... ka1 ha
(n-—i)a~1~1, {n—i)a—l—a, (u—1)a+p, -(n-1)a+gr...‘ na—1 . na.

oo o HEEIVTT E

Quemadmodom igitur hm prima series horlzontah.s conlmet Omnes Numeres ad a prlmos ab O usque ad a, ita
secunda series continet omnes ad @ pllmOS usque ad. 2a, lertia vero omnes numeros ad a4 primos ab 2a usque

ad 3a, hocque modo hae serles contmuenlur usque ad ‘ullimam {# — i)a-f—i Omnes igitur, conjunctim prae-

hent omnes numeros ad a prlmos ab 0 usque ad na, quorum ergo numerus est nma. Smgu]ae autem seues

vertlcales LI‘UI][. arlthmeucae progressmnes d:ﬁ"erent;a a crescentes His praemlssu; sequentla problemata faml—

1

hme solventur

Proeioua. Pmposxto numﬁro quocunque a, mveshgare valores formulmum wa®, wa?, ;wa, et in genere wa™.

Sovurro. In schemato s superlore sumamus n=—ag¢, ut quaeratur Jm-' atque manifestum est omnes terminos
illarum serierum , quia sunt primi ad ¢, etiam primos. fore ad-ee. -Quare.cum earum serierum numeyrus sit
n—nun, et cujusque terminorum numerus —=ma,, omnino. habebimus ¢.mg., .cui [ETgo aequalis 7rae, ila ul sit
mag==ane. Deinde sumlo n=aa, ut sit m-——aﬂ qma iterum omnes terrmm sunt primi ad af, eorum nume-

rus erit aame, ideoque wa® — eama. Atque in genere si ' sumatar' n == g” — Y, ut fiat nge—a™, mullitudo om-

[T IE

nium numerorum ad ¢” primorum ‘erit AR
a™ = Vs

Coxnorr. BSi igitur ¢ numeres primus, ideoque wa—a — 1, erit
: : /

* mat=ale—1), we®=aafga—1 et ... W =0"7" " (@a—1)
ProzLEna. Propositis duobus pumeris ‘@ et b inter se primis, pro quibus habeantur formulae 7a et xb,

invenire multifudinem omnium numerorum ad produclum ab prunorum ipsoque minorum, sive investigare valo-

. FLRE L U S ST R O e T

rem 7ab, .
Sovurio. In schemate supemore sumatur n—=15; ut ﬁat na==gb; et quia series horizonlales continent

omnes numeros ad ¢ primos ab 1 usque ad ab, quorum erwo numerns est bra, Jam consideretur prima series

vérticalis, quae est* 1, a1, Qa—l—i UGB A) @-=1, quae qma st ar]thmellca cjusque differentia a est
pnma ad &, nzmerus terminorum ad & pmmorum —rb. Toc idem valet de reliquis seriebus verficalibus, qua-
rum quaehbet nb continet terminos ad' % primos. Quamobrem Tiumerns omnium’ ferminorom simul ad a et b
“primorum, ob nomerum verticalium =, erit —mt mh, “jta ut- sﬂ: :rmb__ym b,

L4

Hmc jam tabula pro ommibus numerls condi poterlt

=1, 71:5--4 S 8=6 " m13=12

rad N

72— 1 5__2 w0=%  m1hk=6
Faborel g n .};'173”—-2 [ N T : - 11;'15 '8-‘ .
:ﬂr&_..-2' " ' 7::16_—7 etc. !

T oo b4y [P P P ‘- R

Hine por'o patet, si fuermt a, b, e, d numeri, mler.fse primi, “tum fore :rmbcd ==gq . wh . me . wd. Hine

Elmlllter 51 proponatur numerus a“bchTdb N, erlt TL‘N =a* —lmg. bﬁ 1 ﬂ;b 07’—-1 e .dd 1 wd.

o . W e

A, m. T. IIL p. 182 — 184,
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Proprrmas. Invenire
singula puncta homologa easdem inter e eneant;, dislantias.: - . oiow oo -
SOLUTID Pro pI‘IOI‘l superﬁcxe sit (Fig. 61.) Z punclum CJHS quodcunque determmatum per tres coordmatas

sy

' VZ_zr‘ :

r.

In altera’ vero superﬁme ldem punctum Z determmatum s:t por ternas coordmatas X —;m, XV_..y,
by

Et quia per naturam superﬁcwrum quaehbet coordmata debet esse functlo !ilnarum vanahlhum, sint = of's hae

CETENETT

duze vanabﬂes a se mwcem non pendentes, harumque funclmnes sint nostrac coordlnatae Nunc con

in utraque superﬁme duo puncla r, s, ipsi Z proxima, quorum iMud » prodeat ex variatione solms r, alteru

vero § oriatur ex varnatlone gola 1psms §, ac per condmonem problematls terna mterval]a mﬁmte parva Zr Zs 5

utrmque debent esse aequaha. Pro puncto autem r n prlma ﬁgura 1ernae coordmatae erunt

S t—l—dr( ) u,—l—dr(r—>,19+dr( ) S

[T

Simili modo pro puncto § in prlma figura’ {ernac “coordimitaé ertit "

\'f‘r 9 § d .k .\"’ 1
t+ds( ) -1—-d5(£); V-—I—ds(v)

Hine quadrata memoratorum intervallorum colhguntur o ayny

Zr? = dr* ((g)z d? ) )

dt

+s2=*<df(->-u—>> +<f cagy i)

quod postremum quadratum reducitur ad hanc formam '

rszﬂ‘-—Zr‘#l—Zs ~—2drds (( )(3:)4-(‘;':) (““)_,_(Z:)( )) s

te or (iter . PRTINY:

Quoda jam loco £, u, v scribentar, lltlerae Z, ¥,.%, habebuntur eadem mtervalla pro altera figura,, quae,. qum

utrinque inter se del)eant esse aequalia, habebimus has tres aequauones- B ST A 17 “mm;

<>‘°<> > \<>'**‘<> < SRR i
- ><> <d">c*“> <><> <><> OGO

in quibus iribus aequationibus continetur so]utio nosm proh‘lematxs. Quem_admpdum autem per methodos cogni- .

R R R 1;.1.5{!: Bi8S

tas iis satisfieri oporieat, neutiquam patet, opusque maxime arduum videtur.
Hue autem superior analysis sequenli modo traduct poterit: Sint lltterae J, G, H, item L, M N functlones

prioris tantum Vauablhs r, et stataantar” nostrae coordmatae
priores ¢ ==/ dr+-Js posteriores &=/ Ldr~i-Ls
u.-—.der—!—Gs nyMdr-;—Ms
V:fHdI"—I—Hs z=deT+Ns



Fragmentorum ex. Adversariis confinuatio. 495

unde dlﬁ'crentlaha eliciuniur (»—) J - et ( ) J, sicque de relxqms Unde tres aequationes, quibus sa-

- tigheri oporiet, erunt

sd\? sdl sd salL sdM saN
(1+%) +(6+%) + (F+ H) =(2+2) (- 2E) o (-5
L P P=L4 M- N
m. 77+ “”) 4G (G ‘dG) -l (54- *"B) =1 (L “”‘) M (M+ ””") + N (N 4 2h
quae manifesto ad tres sequentes aequalilates reducuntur
L G P I M NP

I JiJ + GdG + HiH = LdL -~ MiM -~ NaN
I dF? -+ dG* 4 dH> = dL? +-dM? - dN*

i

guarum secunda jam in prima conlinefur; ila ut tantum duae.éondil'ioﬁes adimplendae supersint.
Quo hae formulac magis evolvantur, statvamus J%-+G* + H* =pp, erit quoque L* -+ M*-+N*=pp.

Quocirca ponamus

J=psinmsinn,  G==pcosmsinn, H=ypcosn

L—=psinpsiny, M—p €os ¢4 §in ¥, N-—p COS ¥.

— Hocque modo alteri conditioni jain erit satisfactum. Pro altera autem haheblmus

o

| (dpsinmsin i—+-pdmcos msin n--pdnsinmeosn)*—-(dp cosmsmn—pdmsmmsmn—l—pdncasmcosn)2+(tlp cosn—pdnsinni’=
(dpsin usiny 4-pducos i, siny 4—pdy siﬂ t €05¥) %4 (dp €08 u Einy — pd,wsm i smv—}—pd:f o6 4 cosY)® -~ (dpcosy — pdy sinv)*

_ riuae reducitur ad sequentem forméﬁl multo simpliciorém ) ‘

dp* -+ ptdm® sin’n - p*dn® == dp® + p*dp® sin’y T+ PP

sive ad hanc dm?® sin®n -4~ dn® =du® sin® ~1- dy®. Sumere igi,turl licet quatuor angulos m, # el g, ¥, utcunque
a variabili » pendentes, dummedo sit o
‘ dm?® sin®*n - dn® — dp® sin*y - dv*

V{dm? sin®n + dn? — B?)

sive tribus m, n et ¥ pro arbitrio assumtis, quarl:us p lta definiatur, ut sit dy — - Vel
N . sin ¥
' o daﬁ— 2 -
eham mtmducto novo angulo § funcuone IIJSIUE r tantum capl potent dm._ % t dy M
el . NERE L 'n,.‘ LL T T SlD.??
: Iuo faclo ternae coordmatae pm*utraque superficle quaes:ta erunt “#””'#"_‘ Tt
T T e A T TS S T L BRI
pro prmrl' 1= ﬁ:dr sm m sm'n s sm msinn; pro POB[EI‘IOI‘J @ == [pdr sin f6in ¥ -4 pg sin y siny
u= /pdr cos m sin n -5 cosmeinn; y =/ pdr cos jt 510 ¥ =i~ ps cos ju sin ¥
v.._fpdrcosn-i—pscosn, - \ z = fpdr cos v -+ ps cos ».

T T S ) [T

‘ubi denue pro p functionem quamcungue ipsius r capere llcet : _ ‘

Apxorario. Probe autem notari convenit hic alteram .superficiem non pro. data Assumi licere, saltem non
Patet quomodo functiones p, m el n -assumi deheant ut prmr superﬁcles datam obtineat figuram v. g. sphaeri-
‘c_am Cum enim in utrisque formulis’ Dhinae variabﬂes ret's in mﬁn:tum augerl queant, facile paiet ntramgue
superficiem necessario in infinitum: ‘proterdi’, -négue - ané exteniéfonem” per “quadpiam 1marrmdr1a tolli ‘possé.
Quamobrem ﬁgura sphaerma Xeque ul]a aha ﬁgum in.spatio finito subsmlens in. lus formulis contenta esse

“ex notis 1]115 ﬁgurxs corporeis, quae -cm‘pora regulaua vocarl solent mtelhgere Imet Unde quatenus superficies

'sllhaerlca ost integra, nullam mutationem admiitit.. Hine patet, eatenus hujusmodi figuras muiari posse, quate-
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nus non sunt integrae seu undique clausae. Interlm patet hemlsphaem figuram : cterte esse muta]:-:lem

_autem mutationes recipere possit, problema vldetur difficillimui,

. = T o - eI ¢ s
, ; . , ( '.KT} ) {7
PR - I L, i J L
. 98 s TR
, v e (Lexel]) o A

; o . : o i P : A R A .5 \;1”..“,'.__ { ot \”J,: Gl
ProsrLEmA. Ex datis ahquot apphcatls aefque dlstantlhus, aream mterceptam curvae proxime definire.

TR . g ol . Do [ER TR
1iadaey \(' 1 l‘nl R I R el

Aa-r—Bb)

i ’a’:r’m”

(Fig. 62). L Area AaBb—"AB(

STl sl T

11, Aa,Cc Y AC W) Vo i
‘ | D HL et AaDd'_AD (Aah*:g.?b +300+D,d), i nraprer b H‘ o

.fiE(7Aa+32Bb+126‘c+32Dd+7136) st eninoent ount

. W o AaEB— 90 o vf

et ita porro. Sit

+§Xm
::..' A AL R o n 0okt rn u -—f-=l

erit I cc—l—p‘+7+6+ éic. :i

area AaX.cc = AX cha —|— ﬂBb g yCc - 8Dd 4-

. [RES . L . .
CRRD L e eils elvoan I

R [ I L TR TSR I ! i.

gt ﬁ—l—-22y+ 3=a+r» st el =

IV. ﬁ—1—2"’y+ 336:-:-|-—.‘&3“’5+‘-.'etc; e= e

it -

i

- h_ T aa Cyefentd et o _..fn.n. ST EST: teds bty Y

s ‘ah applmata AB =1 Ionglludu curvae in infinitum exfel

. ) 'i' aiiiter e i oigEl o
sae BU superat axem AV efiam in infinitum productum quant:tate 'V2 i, [T/ ;’“ Nam sit absoissa 7
Mepgpins ks cEIDIT QY

et PM.._y, “erif y_e — ‘hing dj == — ""”‘dﬁ“"et dlbmartiit i "._d’mV( it il "'"”}Thuim‘ ‘m”

Pt "’f\n

In logarlthmlca (I‘lg GB) culus suhtangens AD =

Fem ot BM — AP = fi (V. iil-‘é“—?m)—n -
quod integrale ab m__.O usqu:a ad #=co Extendl debet. B

Ponatur 'I/(i—l—e"”}—'l.—‘., fiof ¢— 2% 9y st ot B 2w z—i—z’z)',ublﬁf'

= Vi1, o pro @65 =07 bing ﬁaiﬂeféntiaﬁdds G e e Al bt i

Aol sy (1 - —), ergo mtegrzmdo — z+'l{2+z)+1/2 Sk et 3(1 +V fiest

oD i

i, i pudiper

0 et uantitas quaemta g o

ot :.,f T R P L

Sornin L aoniian :;f::‘g"- el

T O V2 _”-1+12:lr(1=+1/9-) T ;1/12!-“—142-17/9_'_1
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300,
(J, A, Euler,)

ProsLema. (Fig. 64.) Pro hyperbola, cujus semiaxis AC == g, posilo AP ==, PM=y, sit ny==V(2az—2x), %
el ex M ad asymtotam CN ducatur MN axi parallela, invenire éxcursum rectae CN supra curvam AM, quando

punclum M in infinitum promovetur.
1 Py

Y
V{1 =4 nn) =Ty CN’ ergo CN == JV 1 - nn)

Posito m==00 fil ny— 2, hinc 1angACN:—3_— el &in ACN =

Tam vero habemus anyy -t~ ae — {a - 2)?, ergo
! nnydy
e ; ) — @& and e ]
x =V (nnyy +-aa) — a, unde dz v e————r

- bine arcus AM = fdy V (i —— i — ﬂ) Hinc

magy -

CN — AM = fity (V@m+ 1) — V(n-n e ] o Tnaa )>

nnyy - oe

nniaa .
Ponalur nunc ¢ — nn -1} — nh — ——) erit
V ( ) V +1 nnyy - ag ’

— NNRae .
—~—;—2VV{9m+ 1) —-vp, sive
nnYyy -+ aa

i W

2p¥ (1) —ve " aa
_a Vnn--ﬂv‘]f(nn-—l-i)-—:—w
L Wy (m+ 1) — oo

Per logarithmos autem erit ‘
2y — 2la =1 (nn — 2v} (o 1) —I—W) —2In — 120V (- 1) — 9v)
dy — @Y ({la-am)a-ed  dv¥ (nn - 1) - vde

Y an— eV (- ew | Y (ma-1) —w

hine aniem vix quicquam concludi poterit.

Ineamus ergoe aliam viam: Cum sit

CN— AM—-Vnn-i-iﬂq (‘I— I 5 ))’

T ana-1 nnyy-+oa

sit 22 ! = co&’q, eril any ——ﬂ— hinc
Pty b S Yy - aa= =AY cos“ch', T T
‘ ' . - a¥ (nn sin2p — cos2op)
—
cos gV {nn—+ 1)
ubi casu y =20 erit cos’p— " et cosp=———r—" et &in —— tan =1 hine ¢ = ACN, et
1 cast Y == P = Tt qJ'_—V(?m—i—i) gD‘——_'/(nn._!_i), ang = ¢ = !

pro y =oo erit @ =90° Ergo integrari. dehet a p==ACN, vel tanggo._._ i—, usque ad =900, vel tang p=co.

ay (nn 1ang2qn — i)

) i
. Est autem ny— Vn 1. Ponatur tang ==t et infegrandum a ¢ ==— usque ad {==co; at sing =

e .
T Hine CN — AM:V(I+mA:V) m/(mH_“ ﬁ/(m“_ i)( 1/(14_“)); vel

nntidi
n J V{@a-1) (antt — 1)

CN — AM=— ; Vit — 1) —

17 1.3 1 1.35 1

' 1 -+ 1
st aulem 1/(1+u) (1-+-n; = 7 ‘3 +ﬂ7§_m' e ete.

gy - f - : _

T _ . 1 o d _ ‘1._3 dt . 1.3,5 dz _
Erit CN. AM=na ( 2 sz(nnft-— 1) 2.4 J 3 (antt — 1) 376 i Vimue—1)
L, Euleri Op. posihoma T, 1. 63

etc.)- Ubi nofandum s&i
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. 1 dt _ —du et w 1 : _ . J
seribalur t=—1 fore e =1 — f Vn _’m)__Arc. cos— — Arc..cos ! et facto =—=co erit hoe integra

== Deindc

(2]

f : f LI T ; e b f s utidn f f — a8
t‘W(vmn: - ’1) Y — mn S5V (ntt=1) 4 Yinn — uu) t’V(ﬂntt — 1) ¥V (nn - 'uu) 1

. pghrm2g _ .Zd : p
- 7 13 whdn | A1 — . -
BLC', I‘mgatur f m A Vi =) 4+ Bu : V (o . wu), ubi terminms algebraicus’ fit == ‘ ta
{(A-eA)nm o . Co B Lo eyt

w="n quam si u—*O erge’ oh A= Tit

A9

f——- wh - 2du (.l —+ 1) nn f — whdu
. Vinn —uw) A2 ]/{'rm —un)

— du

Z o erit B
'}/(am — ’HZB) B ? ’ . : iy

Cum nunc esset

—wnde i f —utdn 1.3 = ot —ufdy _ 1.3.5 s
Vi —ug) 2 2 mt., Yan—uw) 2.4 2 ” f Vi —mwn) - 2.4.6 2 "
quamobrem habebimus - - - I

i.3.5.gg.,n;_'_1.‘3.5.7 1.3.5
2.4.6 9.4 5.4.6.8 2.4.6

etc.

1 1 ;
CN—-AM__ ( 24 T a1 o nb etc.)-

Unde excessus in prohlemate quaesitﬁs CN — AM pro infinito exit

1222 5, 43252 7

. 5 e T,
._ 'mt(2 22 'z‘n 92 %2 Gn WD Bn -t etc’)

i

quae si # fuerit wnitate minus, valde convermt. o S o

Sequenti autem modo hoc problema elegantius solvetur. Gum sit

CN_‘AM-—V 1+mt fdJ(1 1— romaa - - 4 ))’

14-mn mzyJ -+ an

ponatur M —m et ——;—zuu, eri't w 1, hlncque Y = f— M) atque
nn-+1 nnyYy -+ ag e k3 . % B ] P
a dre
dy = —— !,m, H i [ETIVEIES S I 7Y
ubi pro y =0 habemus u_l et pro y.__ w0, w=0. Unde fit" B
du 1=V — mum)
¥ _”AM—_' 1/ m f eV (1 — m2e) o :
1;bi du V0= py altero. memlno el Y — muy =V {1 — mw)~ d. V-
wieV (1 — mar) C o ; {1 = un). )
habebimus _ v " ) v )
fve L - du _ ( — aet) (1~ mutg fondie - e
' fmﬂ/(i - 'ma) V (1 — mr) = 1t f V(4 — mus) o
Lo T : 1/(1 — uu) 1/(1 — ot} (] - mr200) mdu ¥ (1 — wg)N ey s
hincéque ON — Afif= — 7m (— . -1~ m -

At si o evanesmt ﬁt V(l — mem) =1 -—% . amm, et pars mtegrata sponte evanesclf, ita ‘ot jam gt
N " Ty 1 . ce
A dan(i - mz) o ' T Tt

- CN.—— AM:—- CIV Yl — mzm)

quod integrari debet a termino, u—1 u_sque ad »=0; sin antem integremus ab 5=0 usque ad w=1 hﬂ

bebimus V{1 — )
. : ‘. CN AﬂI-——GV m o o it

cujus valor per rechﬁcatmnem sectionis comcae assignari potest uti constat. Quemadmodum revera est dlﬂ'

rentia inter asymtotam et arcum hyperholae vide Noy. Comm. T, VlII pag. 13% cas. IL it
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{N. Fuss.))

Erit enim CN — AM = (tCV'.‘nw—---~am—l (1 — w'Vm) JZ, ubi II est arcus a verlice sumtus sectionis conicae,
m — '

cujus semiparametor =— ¥ et semiaxis fransversus =a, pro {erminis inlegrationis supra slahililis.

8

{J. A, Euler.)
Haee formula fdzn/ 4 — )
¥ (1 — mam)

duplici modo in seriem evolvi potest.

: o 1 1.3 1.3.5
I Moots. Cuam sit (1 — mun) *=1-r 5 -—I—-—Z it - WA mub - ele. et
1 P 8.
A o : -1 (] ) ®
St Al (1 — ) = 4 duV {1 — uu) — i A (] — ) ?,

. . . w o
ubi postremum membrum ab # =90 usque ad » =1 sumtum evanescil; guare cum si SauV (1 — uny = — erit

p)
fuuduV(i—uu):—i—-i
57
. 1.3 =
SutduV (1 —ur) = TS
3.5 =
6 ! .
SV (1 —ul =50 o
_ ele,
oy :rm/m 1.i 8.8 , 14 3.3 5.5 ) . .
-consequenter fit CN — AM=— (’l st 5276 G——Bm -~ efe. Hic notandum si

fuerit m =1, fore CN— AM—= anfdu,, ut ﬁerl debeat CN —— AM — «, unde sequitur fore
. i 1 3.3
=% (1 B WA NI em)

ideoque haec series == %- Alter casus, quo n =90 et m=0, manifesto prodit C¥ — AN =0.

II. Mopus. Ponatur »=sin ¢, ita ut integrari oportcat a go:O usque ad = %.,, et habebimus

» dpoosip. . . . ,m/m__ o dp (1+cos 20 .
CN— AM=¢dVm f Fa—m Fm""?’) — Qm V (1 o+ o 290)

nn
~— gt
D wp- 12

. . . . mn
Sit nune hrevifatis gratia 5 =k =
s m

ll—

CN = AM= o V. L 1fidp (1-+cos2g) (1 -+ cos2p] %,

kR

Jam vere est (1 -k cos 290)_ 2= ] em .,2_ % cos 290 e L kk cosz2qo —_— 2 1%cos®2¢p ~- etc. Porro motetur esse

=]

cos*2p = %— +% cos by

'cos32go--% s299-—|—-£—c056rp
Pt
, .
. 13 4 i
00829‘J.._-27+-2—0055-Cp+§006850
b

0055290 =~'§- cos 2 —-— 56 cos bp -l— g C08 10
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Deinde notetur esse /@ cos 2,'{cp._ ! sin 21, quod casu qo—90° it = 0; unde patet in evolutione: omnes

minos sin 2A¢ continentes omitti posse, unde nostra formala summatoria erit

— 4 1.3 1 1.3.5.7 1.3 '
2/ 3-— — — . L Y ! . I
Sap (14 heos2g) F= fap (14 F51s Bt g e g B ele. )

o
LT

. . _
-3 1 . 1.3.5
) 2 e — . e — .
Jfdop cos 2 (1 -+ k cos 2rp) ; fd@p ( 3 Ic ~3.4.6 2.4 i 3.4.6.5.10

£
frs
]
&
-

consequenler CN—AM=

1. 1.3 _5,353“13574-7771 570 e
"‘”"V R(’ T 44” 448T 44887 443312‘1

casu ergo, quo A==co, fit k=1, hic vero va]or fieri debet —a, unde sequifur

gﬁ (_ L 13 _AB5 4857
= *rriTias %.4.8:8 e)

Propomta autem vicissim ]:mc &erie, EJI.IS valor ita: mvesttgan potest. I"mt k=1zz et ponaiur

4.8, 18057 g .

s__I—l—44 +44 ﬁzq— eLc.et
' 3.5 ' 7. -
t:iz"—:—i"sz"—l-—ii—g— o 4 . ete.

4 4.4.8 448 8 12

D I O 3P3+13 57z e
| ds~ 4 _ 4.4.8
dos 1.3 o 1857 . as
e S N ete. . =2
. as : Ny
hine zdi ~i-tds = Porro . '
dess . 4.8.5 ,  £.3.5.7.9 ,
kil v Rtk v S A
d.tzz_'_i za+ .3.5 t _za.d.sz o
it ._,_44*’"" ete. —"“_dz

hmc s241 4 21zdz_z4ds+sz"'dz En ergo has duas aequatlones, ex quibus ehmmando ds reperxtur -

‘1—:&4)&# (2—#4)1.‘

§ =

unde ’ ds:ddt(—i_ﬁ—-dt(—l—f—S )+z(———2»)dz

zdz
P == &gl - fzdz;
-1 dat (—— — zz) ' T

unde resulfat haec aequatio
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0 == z5ddt {1 — 2%) 4~ sdadt (i — 55%) — ids® (k- 3z1),

(i—z")dt (2—ht
sdz 24
IMa aviem aequatio ad differentialem primi gradus redncitur ponendo ! = e/’ d' dum eril dt —=¢

" pnde i inventum fuerit 7, func erit s—=

JSedz vz

et ddi — e/'% (duds -+ vrds?), quibus substitulis reperitur

xxdy (1 — 2% 4 zzovdz (1 — £%) —-vads (L — 554 — dz (b 32%) == 0.

_ 7 . g gdz {1 — 5z%)
Statvatur ¢ = =g = eril de=—= O A quibus substituiis nanciscimur
qqd.. dr (4-+ 821 _ .
dg - P . =0.

Lrmms. Notelur haee reductio /57" ldz (1 — 5" E—1— 2= e (1 — 2 51, 6 integretar
m—i—lm 8

a z=0 usque z=1.
ALir MRTHODUS EANDEM GERIEM INVESTIGANDL (uacratur separalim series

1.3, 1.35.7
s_iq—fltlm /48&}'.'”'" etc.
1,  1.35 1.8.5.7.9 ., ,
- ) - N et i-——‘] 448’ +m]»+ elc.
~ Pro prioré consideretur formula '
+ 1.5 1.5.9
— kgt — N 1.2 i G132 ,
(1 Nz) i-l- I;Lz + 8].: +4.8.19h -+ elc
hinc erit i
-5 1 1.5
Sdp(1—HsY) *=[dp+ Hef =t dp =4 52 B4 5%dp+ et
Nunc fiat [f&'d '——-i}-fdl et fZidp =j—fz4dp et fvl”da——-l—if**sd erit
zoap = 7 iy [} 3 Brup = 12/~ P
Jip( =Mty E 1.3.5.7 4 o
s= g ) F gl et -
m—-3g 14
Ex superiore Jemmate habemus z——~; = f %, unde fit
P B U | - 3, .
(=5 (0 = -
r xldz 8 pomds . L. 2104z 7 bz
-J—-—‘-—s"—'z— ——-"—g" delﬂ'de *—~*—§-:§- —
(A — )t A — 25 (=% . T(—atyt
N . . zzd . '
i Unde patet sumi debere a’p:.——zz—g, consequenter erit
(1 —af)*
zdz 2274
s=J TS .L:.fr T,
(I =zhHr( — et (1 — 25t
. 1.3.5 . 1.3.5.7.9 . .
Pro allera serie f== Ic+ Y8 B - T 7.55.12 k% 4 ete. Considerotur
_1 o
1 — kh 4 i W)
L—w;j:z—i % bz - :):-—E ’32 +418 -’uﬁzlo—*‘- elc

Fiat f%%dp =~ ﬁa’dp, fzmdp = ﬁz“dp ete, Hinc dp =,.____d.ﬁ,_?, unde sequitor
: —ntt
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Cpds (1 ey NI

|oa wa]s-;

;'czz(fl---z‘i)‘L ‘ (1 = ey - AL

Hine autem neuiiquam: patet quom()do-haec-‘_senezi:.c‘(ammodms exprimi possit. =

L

1L T

E (N Fuosa.) -

Si trianguli latera fuerint S L o o

a=rs{gq 1), b= gt (rr =35, e=(gr-+sh(rt—gs) o rz:"::.

-

s Sy s B . B B T o LR LA 2 .

erit area = qrst (qr -+ st} {rt — gs). °

At & quadulater; circulo inscripti latera fuerint

a=f—pqr, = f—pst, -c--:f'—qsu,! d=f—rm

1 A
p {gr 4= si) 4 g (gs 1), hic smhcet est { semisumma Iaterum tum vero area quadrxlatem emt.jf

TR T PR R T M

10| b=

exislente f—=—
= pgrsiu.
A m T. L p. 326

' ] - (M. Fuss.) -

THEOREMA GEOMETRICUM. _(Fig. 65.) Si quatnor p_u_ncté A,LB_,_ C, D utcunque fuerint sifa, eorumque_bina

junganiur sex lineis rectis AB, AC, AD,’.B‘-U , BDZ CD, inter has sex lineas talis est relatio, ut sequens aeqﬁatm

locum obtineat: ‘ . ,
AB® . CD* (AB* - CD?) — AB? . CD® (BC <1~ BD2+ACZ+AD2)+BCE BD*.CD* ...

7 AC* . BD® (AC? -+ BD®) — AC® . BD® (AR o< AD® 4~ BC 4 CD) - AC* , AD? . CD®
- BC* . AD* (BC* + AD?) — Bcz AD? (AB" - AC* 4~ BD* + CD?*) + AB* . AD* . BD*
i ) . + AB2 AC® . BC2 =0

;

ubi in tertiae columnae quovis termmo tres 1‘ectae trmngu]um constiluentes con_lunguntur in prmrlbus aut

columnis ratio compositionis est manifesta. S

DemonsTnATIO. Sint latera AR —a, BC.._b CD._.c AD_d et dlagonales AC=1p et BD-—g Cun-
a—l-pp — b .

siderentur anguli z et y, et ex trlangul_o fiBG erit. cosy = 2 =u, ef ex iriangulo ACD erit

dd :
G o COBET= = :
{ _ o
At vero ex friangulo ABD erit cos;{ -—l—y) ‘m_""%@ =y; |

Linc ergo erit

sm»—y_.i/{#’a, “cos = y-"V.l_'- sin—;—::s:'-f/ig—ﬁ -6t
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unde fiet sin (@) — ]/(1 - .3)4(1 +4 1/(1 — 3)4(1 —+ )
e fEN U -f) - —p
et c0.~.< 2 ) = ]/ 7 ]/ z

At vero ex terlia aequatione sin (w "é_ y) = 1/1 "; T et cos m;— y) = Vl —; T, unde nascuntur hae duae aequa-
tiones _
VA —flao)a-V 1l —a)(14-f=V2(1 —p) e VI+ala+f—-V{1—a)(l —fH=V2 {14y
Sumatur priesis quadratum et reperietur ¥V {1 — e} (1 — ) = af —y, hincque denuo sumtis quadratis :
1—ox— fif — yy - 2afy =0. Hic igitur tantum opus est, ut pro e, 3,y valores substitnaniur, scilicet
__a.a+pp—bb __fdd—-pp—ce _aa--dd—aqq
&= Qap = Ddp ? V= ad ’
que [aclo et per denominatorem kaaddpp muitiplicando, gi lermini in ordinem rediganiur, erit
aace (aa -+ c¢) — agec (bb -4= dd -1- pp - g9) = aabbpp
- bbdd (bb — dd) — Lbdd {aa =~ ce -+ pp -+ gg) ~1- ceddpp
. = ppaq (pp <= gg) — ppqq (aa ~= bb 4~ cc - dd) —+ aaddqq
-+ bboegg =10.

Multo brevius autem hoc negotium fieri potest, posifo & -~y = 5; erit cosz==cos & cosy —sinx &in y,
ergo sin a sin y = cos @ cos y — cos x el sumtis quadralis sin®w sin*y = cos”x cos®y — 2 €05 & €05 Y COS % — cos’z

at est sin2zx sin%y = 1 = cos*x — cosy ~i- cos”z cos™y,

ideoque 1 — cos%x — cos®y ~ 2 €05 & €05 § cos 5 — 08’5 =0, hoc est
| ! — o0 — B8 —yy—+2afy =0,
reliqua manent,; ut ante. Cum igitur sit

agt-dd—qe

dd ~+-pp — c¢ bg tm;l—pp—bb__ Y
2ad  Bad’

ap _=ETPJ COE?ZT,—% et cosz=
WG~ Taapp  Gaud 3 Taazinp 0 et per &auddpp multiplicando
kaaddpp — aaXX — dd¥¥Y — ppZZ 4+ X¥YZ = 0.

£08 &&=

hincque fiet 1 —

Sumio nunc (Fig. 66) in iriangulo puncto quocungue, ex quo ad singulos trianguli angulos ducantur rectae
%, ¥, % eril qaxat (ta 4- w) — anwe (b~ 6¢ - yy -i= &%) -+ aubbec
- bbyy (Bb a-yy) — bbyy (0a - e - 2 - £5) - aayyzz
- CoxE (0 wio 55) == cezz (G - Db - - yy) ~1- bbaazz
~+ ey =0

- quae ita disponi potest .
aax* — wwyy (o 4= bb — cc) =— agiex (bb -4 o - ag) - aabbec

- bly* — wivzz (e —- oo — bb) — blyy {aa -~ ce — DI

- cox? ~—yysz (bbei- cc — aa) — cox (aa —- bb —cc) = 0.

A m. T. L p. 345. 346.

-
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[PE— . PRI

[N I‘usn )

Pronrema, (Fig. 67.) Angulum ACB, sive arcum AB inmn partes aequales proxime dwxdere
Sorvrro, In AC preducta caplatur Ca__é‘n—-— AC; demde in radio CB capiatar Ch= n—+~CB tum 5

puncta @, b agatur recla arcum secans in O eritque BO. promme L 4B Iasi angulus debeat trisecari, ob n-

erit Ca = ?AC et Cb = Z_CB'W N " . ) . . S
=3 . . .
' - A. m. T. . p. 26,

104.
| . Fuss)

Treonnxa. (Fig. 68.) Si arcus ceruh qumcunque ab in rluohus puncus P et 4 utcunque secefur, semper erit

Einm . ag Slnﬂ bp—sinn. ap sing . bq+sm . ab sinn.pg

ubi pro » numerum quemcungue accipere- licet. -
Hinc si fuerit » numerus valde parvus, erit K : . '

ag . bp=—ap . bg-+~ab . pg.
A. m. T. IL p. 132.

Ili. Ana1y51s.
U g5,

'l'(Lexelii) T

-~

Criterium pro dignoscendis radicibus rationalibué aequationum eubicarum.

Quum aequatmms cubwae {ernae radices ita exprlmantur

I.m$p+Vq+Vr, II‘.?m%p—MV w Vr, I.x=p— .(..:%___3) 15/q — (1*"_;/_—_@ ]s/r

- . a a . “ . . 3 .
hae tres formae rationales: esse nequeunt, nisl Vq-\,et ‘|/r sequenu modo “exhibere liceat : Ve=s+t}Y =

et 'f/r:s-—ij/-& {um enim fiet
o, Loa=p-—+2s, I w-"-p-—-s-—3i Ir. m—p-—s—im3t L B

'tam aulem ipsae litterae ¢ et r similes formas habebunt; erit scilicet g—u—+v} —3 et r=—u— v}/—-3‘

Ilis praenolalis, considercmus, aequationem cubicam: @® == 3fx 4 2g, cujus radicem constat esse

s =V (g Vig— 1)+ Vie—Vigg— 1)

Ut ergo omnes (res raitices sint rationales, ob g =7V (gg — [)=u == vy — 3, evidens est esse deherel

i iy e il
ideoque v = V——M et = 99 = =3, sive | —3 % —g; unde concludlmIIS, q‘lﬂﬂes 7

3.

Vigg— 7 =+ 3,
f_g_Jq fuerit quadralum, eliam omnes tres radices fore rationales: ' X

EXEMPLUM Sint radices I. @ =3, II.z="7 et Il . %= 10, unde aequatio resultat 2% — 79z -+ 210 ””0»

95364
stve @ —*7933 — 210, uhi fr—— et g =-— 105, hinc = 49;239 el gg = 11025, ergo f*— g9 =57 ~ ke 57

. .
(et 1 VR V e JE fit p== 22 o y== — 105,

consequenter 3 81 =3 9
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Tloe idem auiem in genere ifa ostenditur: Sini ternac radices @ =a, & =10, = — a— b, ila ui aequatio

1?-- git 20 = (a* a~ab4 %) & — ab (e b). Hinc Gl

o ata-ab V¢ —aba+b a6 < Ba®h = 6atb? 4= Tabb?® - Ga2hd - 3ab® -1 18
,?(: —_— at 9‘ — ___ﬁ_g__r—, 3 — :
° = a7
a0 —+ 98 - 0218 3 0 4ab 4 §9a5h — 3atb? — 303 82t e §2abY - 410
et 49 == :, i ermo 0 a’b — 3a 2lia Su2b? = 2ab® 4 4b
L. 3 e 3 bi .4
- e Vfﬂ_——ng _ YL 3a21;9—q Bab® — N __ (@ — D) {Qa;; ) (@3-

Ouspuvario I Quum [%— ¢* debeat esse triplum quadratom  scilicet 3vv, sive f*=gg -~ 3w, certum
ost hoc fieri non posse, nisi ipse numervs f jam habeal formam similem min—- 3nn, unde sequitur, si numerus
{ in suos faclores primos resolvatur, unumquemque fore formae Gz -1, cujusmodi numeri primi sunt 7, 13,
19, 31, 37, 43, 61, 67, 73, 79, 97; unde slalim ac numerus { factores involveril vel 5, vel 11, vel 17 ecle.
cerium est aequalionis orones radices mon esse rationales.

Onsrnvario 1L 8 igitur f wumerns hujus formae o —+ 348, el quum sii

(e - 388) (pp - 3g9) = (ep == 38q)° + 3 (eg = B

it " (- 380)7 = (o 2= 3B - 3 (o = ) = (o — 3641+ 3 (200)?
"”—— porro (ax = 300 = (&* — 3aff *= )%+ 3 (2onf o ouf == 38%°
 ideoque vel (- 38B) = (08 —+ 3aBg)* + B (e f 4+ 3%

vel (aa - 3B = (@’ — 9ufp) + 3 (Baef — 357

Rine quum sit fS==gg—=-3vv, enil g=72= (3 — 9088) et v = == (3oef — 34%; yoare si in aequalione
a8 == 3fz +-2g fuerit f==ce—+ 350 alque insuper g==-= (e® — Qcff), tum omnes ires radices erunt ratio-

nales, ef nisi simul fuerit f= co-+ 354 atque g== (e — 9afif), ‘omnes ires radices ralionales esse non

- possunt.
Onservario 1L Sin autem f et g tales habuerin formas, ut sit 2% =3 (oo 4+ 36p) 2+ 20 (ae — 955),
radices certe erunt rationales, quippe gquae erunt r—=2%, =—0-+3F, el g=—0C— 3. Hinc igitur ve-

rilas nostri criterii fla est slabilita, ut non solum praesentia criterii tres radices rationales indicet, sed etiam

_rationalitas vadicum ipsum hoc eritevium involvat.
s . Opgenvario LIV, Videamus aulem quoque.. quomodo hoe. critérinm ad formam generalem aequationum

cubjcarum applicari debeat. Proposifa igitur sit forma generalis 5° -~ Pz®-i- Oz - R=9; primo ergo ad {or-

i . .
mam praecedeniem revocetur ponendo z=—=® — EP’ el aequalio resullans erit

wa-*—(Q-—%Pz)ﬂc—l-%Pa———é—l’_Q—-l-R::Oa

sive waz(%sz—-Q>w—%Pa+%PQ—R,
1

1 1
‘. —I—EPQ—ER,‘unde Gt . |

* . unde pro criterio nostro habebimus f==-5 P? —% Qetg=— E;% P

P—gg 1 L P R N YT S -4
PO ﬁQ SiPR—I—wPQI—z fl?.RR

3 9.36

. ergo per 32% multiplicando, criterium mostrum postulat, ut sit quadratum sequens forma

PR — (P — kP*R - 18PQR — QTR =—=0O.
: A, m. T. 1 p. 109, 110.

L. Euleri Op. posthoma T. I . 64
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Continuatio.

Sit cubica aéquatio @' == f + g omnes radices habens rationales, quae sint «, 8, y; quia earum sumpg
==0, erit y—= — & — f. Jam sint e, [ radices hujus aequationis 2z — pr-1~g==0, ubi propterea erit pp -
“quadratum, haec ergo per z—p, hoc est z-+e-1-f multiplicata, ipsam propositam producere débet, quae erg
fit 2 -(g—pp)z4pg=0 sive s*=(pp — q¢) z — pg; quomrca erit f=pp —gq el g__.---pg Quum Jgn“
sil pp — hg==0, quaeritur quomodo eadem haec conditio per f et g exprimatur, (uae esf quaestio pecuhar]s
naturae. Multiplicelur pp— %¢ per quadratum p* - Boppg -+ cugy, ita ut etiam productum

2% {20 — &) p*g - (ee — Bat) ppgg — hoeg® =0 esse debeat ;
manifestum autem est similem formom nasci ex formula f“‘-—l‘—ﬁgg ; prodit enim p® — 3ptg4-(3 - A) ppég—:gﬂ“;‘u

. . . : . . —ay . . S
pro identitate igitur litterae c, § sequenti modo definiuntur: ¢— % » f= 5 qui valores etiam postremy

membra identica reddunt, ex quo pro rationalitate trium radicum hoc criterium requiritur, ut sit 3 — 27 ggz

De hoc autem eriterio duo sunt notanda: 10 #9 —Hgg dehet esse quadmtum mtegrum 2° hUJusmodl aequa

tiones v* = &fv -8y ad formam .ﬂmphc]orem ponendo ¢ =2z debent reducl a:3-—fm+g

A, m, T. I p. 143, 115.:

o~
166. _,
(Kraflt.) ‘
Proprema. Si habeatur haec series
's _1_ 1 1 1.
T 1T 14a 142  f--3a +_'L_—|—4a_ ele.
¢jus quadratum s* commode per seriem exprimere. Erit autem 7 L
Y =+ 1 PR el
! ’ o (A—tap  (1-+2a° (14-3a)2 -+ -
2 2 2 . .
‘1.(1—!—6&)“(1—;—@)(«14_2&)_(i_’_ga)(l_]_';}a)"' ett. vars (-—-—-——-2./1}
: 2 2 " 23
v it T A aadg Tt =28
2 2 2 S
TT0+9 (A alads Aty deereE—20
ete. 1
Erit vero A= 1 N 1 ete
T 1va el Ix2ndass T o
sive A== (i RN S P . etc)
T e\l 1wa daa 1% 1--2 1 3a )
ergo A==+ +1. Similiter :
—i 1 —_ 1 A 1 1 4 1 1 - 1 ete )
T2\l " 1%  I+a 1-483s  i-+3% d-+4a ' i+3a ‘
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1 i 1 i

1
i T Tabe Ta3e

i 1
_'_a(T__ 1-—!—3a"+.1+a_—1+4a

i -+ 6a

507

-+ elc.)

1 ] ) -
- wo. O
=1 _|_a—i i Qa) el ita porro. Quoeirea fiet
. . .
L I S T S
8 — (i-l a)gbi {14_9“}2"“' (1HI-30)2—! ele.
_F-']H'—%( —a ’i_“’_i—" : )*L- ele
1“" : HI7ANS | {aa @ 1--2a .

cujus partis posterioria ‘valor ifa investigetur: Ponatur

. Qm'i _sz( :| 9z /4 i I )+
AETT e 9 T 14a ( “ia 1—|~‘)a
. z 2 2r sz
erit cﬂw—a'ih’? (1_1_—1_'_a (1 ,'l--l— 1+2)+
wdz Om Qr?
W -3 ”'“—(“‘44- ) -
Jeoque (1--ayds __ 9 Dz 2 + ol
adeoq e T a(d+a a(l--20 &
Ponatur x =—=y%, ut habeatur
(hvyds 2 2y i
awF—idy ilra ad+im ete.
(ls-ySds - 2y gya-1  pd-ti
el ety 15 1o-9a -1- eie.
(1+yds
¢ T ) 20 3a —2
& =— 2~ y—2_; -2y — ele. =y
(A+-yde » dy = ey Ay
ergo Ay g el dr== Ty i
_ j‘J"""‘dy
- - [ 14 1.'
Posilo ergo y==1 erit quadratum quaesilum
| 32:l+_1__+__1___+ ete. -+x%
A—+a® = (1207 ’ e
Hic vero occurrit casus memorabilis, quando a==2, ideogque
. -y e o
S-—i'—'E’ ?—"'7—"!— etc --——4"
tum autem rﬁt s=—2 R == — {Are. tang y)* = — 7?
3 iz S . tang
: it PR SNE S § s
unde tandem oritur == e = Rl e ele. 16
' i 1 1 w2
adeoque | 145 FRL ete. =—g*
Sin autem foerit a=1, ideoque
. 1 i 1
S——i—g—}“—:}—_z-l‘- etc, 10g2
&y

2fdy log. (1 - y)

:t'l].l —
n v

[
w

. —2 f A di+ y
et ponendum erit post integrationem y==1, eritque -

1

dy log. (1 —I—J)
7 —2 [T

—+ ! +__i_+ ele
6 ' v+

— 2
= (log . &* =1 5+ 1

efc.
ele.

ele.

consequenter

A, m T, L p. 162 — 164,

*
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107, e
(N, Fuss,)
Turonema. Proposita serie potestalum gquacunque

8

P=1-a%+af 2?28 4+ ete.

ila pendeInL ah aliquibus pmecedenhum ut sit

- A ]~ /1}’ = ple.

“[”’]~' (n—a) ['""_ o n*—fﬂ) ["'_"'6] LR Ll RS

quae expressio eousque esl continyanda, quamdiu numeri # — @, 2 — @, n -y, etc. non fiunt negativi. -

Demonstrarro. Ponalur PP =8, erit 1§ == AP et EZA_(II,E’ hineque PdS= ASdP, quae acqualifag

: mdP
repraesenteiur P d = AS . Cum igitur sit P_ 1 - 2 4 of - o 4~ ete. erit
2dP :
— = ox® - p’mﬁ - ya? - 8z 4- ete.

Jam in serie 8 occurrat terminus [#] 27, praeter quem considerentur eaé polestates, quae per E}I_J mtﬂliplida
producere possunt potestatem ", qui lermini ila repraesentenlur ’
S=—:....[n]z"[n—a] m’l_“[n-—-—-ﬂ]m’“—ﬁ ete.
Hinc ergo erit ' .
wdP . " e n
}LS—._*_Aa [n — a]a&"™ A8 [n — fla"+ 4y [0 — y] 2" + etc.
Deinde cum ex iisdem termiuis sit

sj_ldmg:n[n]m”—'!—(n——Cﬁ)‘[ﬂ;-—cf.]aﬂ"_la—l—(ﬂ—ﬂ‘)[”'—ﬁ]mn-_'ﬁ"‘" ete. . ol

quae in P ducla, pro pofeslate z” praebet. seciﬁent;;. téfménos :
an]a? (0 —a)n—c]as"+-n—F[n—Fle+h—y) [n—y] 2%+ etc.’
Hi igitur termini " utringne debent poni aequales, unde .erit
WDl —a)[r— 0] - =)l = fl P — Y eto =
Awln —a] - A8 [n — Bl Ay [n — y]1 4+ A8 [0 — 8]+ elc. ‘ ‘
uide conficilur ’ |

n[ﬂ]_-__(u_a)[ﬂ—&] m[n——ﬁ] _(;’E’?)[n——y]h’" ﬁtg Q. E D

non occurrunt, nisi quoram exponentes sunt summa A termmorum hu]us seriei 0, o, {3 y, 8, ete. unde si in:Na
seric S omnes plane pofesiales ipsius @ occurrant, id erit indicio omnes plane numeros reduci posse ad ke
mam A terminorum istius seriei 0, &, 8, y, 0, efe. At i quaepiam polestas £™ non occurrat, tum EJllS coétH

ciens [#] aequabitur nibilo. Manifestam autem est, nullum codfficientem fieri posse negativum..: = =5k

L
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108.
(N. Fuss.)

1
Tronema. Summa hu]u'; serici S—1 — _2_(1 — —) (1 — g+ T y (1 _— n —!!—) + ele.
o i
esl S: _'l§ 1= —E—z“ (lg)"

Drmonaruario. Colligantur primo ulimi fermini cujusque membri, qui erunt:

Fidid

1 i 1 .
’l—|~§§—|~—3—_,,_—1—?2+ ele. ="

Deinde bLis terminis exclusis, colligantur denuo fermini extremi cujusque raembri;

, L 1 o — 4.

—1—+ ! + ! +i—+ ele —-—i—(ﬂm{-ﬁ_
1.3 2.4 3.5 e

Simili modo ultimi sequenies erunt

1 1 1 1- -1 1 1y
= — 5 — 6le, = E('l-—i—--g——l——g—/'

7

1 1 N o . -
Eodem modo sequentium summa eri —1—~ Ta-g 4 _zf) sicque porro. Quare si statuamus
1

z_i——<1—|——>+1(1l+ +3)— (1’ il +f>+ eic.

o Jam istam seriem positremam ita repracsentemus :

= il 1 ! —:—ﬂ(i ! ! (1 5 g t
' “‘“’"‘E(*a) 3 "'“‘E“"E)—— 4)"‘ ete.

unde sumto =1 nostra series ¢ prodit. Nunc autem fiet

a i . 1 1 . 11 AN

35—‘1”""*"(1“‘5) - (1—1—-2—4—?) —_ (1-4- 7 +3+ 4>+ ete.

_unde termini primi singulorum ferminorum juneti dani .

'NZ!

i
g — z?- ele. = .
142z
1
: _ i . —
[ Colligantur porro sepund1 — 5 & — o~ 2* — zt 4 elo) =-—
- . 1
Tertii dabunt 4 — (e - ot 2t — b= ele} = .
. 3 1t+a .
: 1
— 50 +go '
Sequentes erunt ————> 7 etc. Quamobrem erit
1 1 1 4
d_t_i--rg—m+—§mm ik -t elc.
dz ™ 1+
I g @ _ I -+o) o 1 1 ,
fractio, cujus numerator L{1 -+ ), sicque el Cum igitur sit el peu » per

partes erit
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da

=200 —
m ‘,

enjus poslerjoris membri integrale est — %- {1(1 4 )P — % (124%,

Pro primo membro f%m (1~ a), id erit

A xz x3 % Ll
e —F o — = 4= — ele

® 2 3 4 by
— g Tw P wt tc
by i T T
Unde facto =1, erit haeec pars : ' ‘ .
' ! 1 1 24
I—Zz+3 e =g
Consequenter habebimus t:%r —-—% (12)%, ergo summa seriei pm[jositae.
Fi3:4 1 2

TucornMa. Sequentis serfef

3nx

summa erif S=——- 3
32

" DemonsTrario. Colligantur hic iterum termini postremi singelorum membrorom:

1 1 -~ 2 -+ £l + ete. =2
_ "3 " 5 7R T8
His delelis reliquorum ultimi termini eolligantur, qui sunt
1 1 1 - 1
—m—-ﬁ_ﬂ_ efc. ._._——-—2—.1.

" 1 1 Y :
Sequentium ultimi dant +i el = (‘l -I—?); sequentes erunt

1.5 3.7

i 1 N 1N )
~fr-msmsn— o =—¢(1riTE)

R £ 4 2 F O SO R S
s=1=3(1—g)rs(1—5+5)-7(-5+5-

a . ~0 5( 1 1
== <1+3 + ’l+—3—+?)—- etc.
cujus seriei primi termini collecti dant @ — 2° + 2 — 27—+ ete. zf—u_mEE'
T g
3 3 g+ ete 3 1-am’
‘ 1 = F . .
sequentes dabunt 5 oge’ Hioque erit
1 . 1 . 1
& — = & 8% — — 17 - e
ff_ — 3 5 i m + ete. _ Arc.timg =
. dw_ 14w T i
 dw dr s s ‘ 1 . 7 P
consequenter == f ypro— fm: cujus integrale ¢ = -Q—(Arc. tang »)%. Hinc sumto w:_'l?‘(?pt B
1 am  nm . ) aw oz _ 3nw
{= 76— 5 consequenier S§— Bl e

Secundi termini:

Amlgféz’é,
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Conorrantom. Inventa hac summa si ipsam seriem proposiiam ita iraclemus:

=3 DTl teh- -

ul fiat f—__i——mm(i———>—!—w (1 4—?)

. s s {—r o3 ; [} J—
termini primi dant & —- Zh 4= ele. =q——0u
| ik o = d
ndi: — = teplii: —-- ide f
sect 3 1o-az’ 5 1-+an 00 o =z (1 - xx) A — zz
' 1 1 T
Est verg ———=—— — ——— £eI'fgo

& —+ ) x i 4-aw

e de zde
§= fl——mm i—l—wmfi—aam

. . . 1 1 1
Cum igitur sit =@ @ - = & - = 27 - efe
ful R I
. 1 — 3 5 7
: i dao m3 . &8 ? ot ‘
_ery i-—.Z‘.Z‘ ?j 52"*"‘“7—2'—!‘ GlLe.
- Posito ergo =1, erit
f —i+«1——|—}‘l —s—i—!— ete. ==
1 — iz -3 " 52 7R 7B
B2 ., O T »dn .
Quare cum Szﬁ y erit 55— i e f i— , unde sequilor

v

1 —i- i et
-.quem valorem non video guomodo directe erui posset.
Proprrma. Hane seriem, secundum numeros primos progredientem,

I SR NP SO SO SN SR SIS P
3 5 7 "1l 43 47 T 19 93 ) )

“uhi numeri primi formae 4n — 1 habent signum -, rveliqui formae kn-t- 1 signum —, in seriem convergen-
tem converiere. B

Sorurio. Hoe duplici mado fieri potest. Cum enim primo sit productum

4 8 B 7 11 13 T

= ubl denominatores sunf numeri primi, numeraiores vero pariter pares, unitale vel majores vel minores, sequi-
tur fore

x4 A 1 ik m 4.4.8
5_1_?"“?(1_?”’"5 TF i)“" (1 5574 u(l 3.5.9 4)"" ete.
6.6 10 14
571 13

_.:r 1 /m 1 2. x 2.6 = | 266 7
s_.é__{[__g(—z-—i)—-s—(i—'—s—'g) (35 9 ) ‘1:[ 357 ) i)

( 9 6.6.10 :1:) ole.
T i3 . 3.5.7.41

. T . ) .
Tuzourua. Polifo =g, si summae sequentitn serierum ponantur:

i 1

. Deinde eum sit z % .

5 etc. =1, hinc sequitur fore

. quag ambap series manifesto valde convé_rgunt.
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1

1——;—+%——%—+%—ﬂ—~-l— -ete. = Aq.
1+%—lfr2+%+g§+-&%2+ etc. =2 Bqgq.

C1—g 5—’3—-7—13--9—13—“3+ ole. =g ,
14—%—1 ,,14 ,;,17 J—4+1“ - ele. —8§Dg*

caelficientes ita a se invicem pendeni, ui sit

’ ! 4B 240 -+ BB D ;
A=1, B=1, (= , Do 2AC+H D5 E___Qi:f_ﬂw, po 2AEFEBDCC
4 6 8 10
unde eolliguntur isti valores
I _,,i, . _.\‘_5_%, B ﬁ,q IS ;! R |- S
= BP=1 T == = = = —
A=1, , U= 5 y TE= = G 50’ H 3 ctes

tinuavi, quos ergo cum potestatibus ipsius g sequenti modo repraesento. Prier columna valet pro potestatibiis

imparibus, posterior vero ‘pro paribus:

49 =1.9 Bél‘z =1.2¢
cgsg%.ags | ' Dq*zé-sff‘

- 67 :16%.5'6&;[17' - B =g 57 g |
5P :%;stgs S "Eg19:'8;'31 - 512¢10 - B
I 11‘_0_5%9521‘?% 10’24911“ M= 81‘25% 2048 12
aic. eic. |

(uedsi litterae posterioris columnae ordine dlvldantm‘ per hos numeros 2.3, 2 15, 2.63, ete. prodeunt me
1 i

fl?.BtIODESHE—;- 56° 945° Garo’ ete. | _ . P A

Supra babuimus hace duo producta

=)

x 4 4 8 12 12 . = 2 6
'3 'S TG’ ate, —1 et?’?‘?'

10
3 5 7 1M 13 11

i4 e
— . e . =1
= i3 elc
horum privs pec posterius divismm dat: 1 « % . —g- “=e= .2, ete. =—1. Hae fractiones invertaniu®

et sumantur. logarithmi, eritque

(i}
I—-—:—l 8 +l +EE+ etec, =0
i
Cum igitur sit l-4- =1 i lg:l T etc, evolutis logarithmis semissis dabit hanc aequationém
i —x i+ i
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4 i i 4 i i 4N
R T S - B L
1 11 1 1 1 1
T T Ty WM T T Rs T 7 ¢
? cle. =0.

1 1 1 1 | i1
11 I TL 5 148 7117

' SUNE SRR S SRS S SRS B 5
R I R T R S T A M T

Hinc ergo erit

1 1
-1—133—! Vil etc.)

1 1
+W+i_7_5— etc,)

R 1
-—'-I'-‘W'-I‘ﬁ?— etc.)

Unde sequitnr noslram seriem S aliguantillo majorem esse guam -

Ossenvario. Per similes rationes inveni, si ommes numeri primi in duas partes dividantur unitate diffe-

enfes, ac pro numeris primis formae 8a—+1 vel 8n+-3 partes majores pro numeratoribus, minores vero pro

nro-denominatoribus sumantur, productum omnjum harnm fraclionum erit = 1 , hoeo est

1°3 4°5°7°8" % T
", Conorraniuvm. Translormatio seriei S:i— 1 - i1 -+ 1 -1——|— elc. etiam hoe modo referri
. 3 - 5 7 11 13 17 i

1 17 1 1, 1 1. 1
Szg"*“g(f’ (T30 (1 —50) (i) (ele —t 5 — g5+ 5 — et"'))
1

1 ' q 1 ] 1 1
+?@u+@@_@@+ﬁ@m-4+ﬁ—w+muem)
! 1 1, 1. 1 ES
-—1—-—,?(12(1—!—?) (1—--5—)('1-—1“--7-;) (ete...r —-{\1:—!-1‘3'7--'-;‘.—74—117— EJ;C.))

ele. '

ubi P= %Cg’, Q==16Es, R= 6hGg", ele.

Acm. T IOL pe 104 — 107,

L. Enleri Op. posthuma. T. I, ) 65
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Iv. Calculus 1ntegralls. P

'L ':. n 0 'S }
i 109.

P i i i ¥
1
I

Pow e A. i]u‘ler) ty

PR A

(1 (as — B) (o0 — g0) -]deq‘qué

. _bp-ag . A -
8i ponalur y= Pyl erit 1 —yy— .(ap —igE
¥ {aa — bb) (pp — qg) : T (rm - bb) {pdy —wdp)
ap + by VU-—"UJ) o =t (ap —+bg)*
__(pdg — gip) V(aa ~ W)
. Hine fit : i !
e Y —--yJ) (ap+DQ)T/LPP q9) ! ert’:a - ', T T . -
* f(pdg — qipy Viea — ) Al ) .n.bp -1—7aq;. i
St Vop —gg) o apehy o
oo . . [ 8 V{ea —bb) ; A L P . _
L Sit p==1 et g—um, erit Jer VI T l)_._Aac it v R :

I Sit p=1-+az el q_m'V s emt pdy -—gdp—(l — zx) cZwV9 et _pp—gg—‘l ~+ a*, unde ﬁet

d (i — ) V2 (aa"-- bb) A 0l (1 -;—.m:)-i—awV‘)
f(a (7 &8) 1 b/ 2) V(1 5 ) R T b2 V3

, T = A

5 . . IR P v

* l‘io.
R (3. A, Euler.)

: Sp,e.c'im.egn ﬁlre.l:hq.éli fﬂ.cii\is-Anvip‘lysijl infinitorum indeterminatam tractandi.-

1

1. Si{ proposilum problema de inveniendis curvis.algebraicis, quae sint rectificabiles.
Sint coordinatae hujusmodi curvarum z et Y quae ergo quﬂnl]iates alrrebrmcae esse de}sz»lt “el“
curvae = /" V(da® + dy*), qui etiam quanlllas a]gebralca esse debet,. quae it -—"s, atqne habebitu
Bl it s oY (detoe dy?)==ds. sive di® Sdfimmdst b s

- 2. Ponatur ergo dr=dscos !qb' et d J'—' ds sin ga;' ubi i;;in -q’: el cos ¢ 'a']'g'é’hraice' 5 -’éitpl;‘iﬁii'”ﬂeﬁii

quantitatum p, ¢ et o, necesse est ut -&it <t sin fp+dg:—'0 & sdrp CO5' o - dg— s iinde -pa't‘eili

dp . —dg Lo
hae quaniitates a se invicem pend debent. Habehlmu == = uae postertor ael
1 pendere CebeRt : ; Se,rgo.s d”gpsunrp : d«pcusq:’ q, } P
d
praebet dp €o§ c,o = - ng sin gu, hmcquc lanrr g{J = — —p LR,
dg '
N Fis :.)‘-_E.J.':'.,

i : 5 ,

d ° o-—\d

d? 51:“ =z mp > 1deoque ellam 5 erlt quanh[as algebralca,
P deosp _ . . .

quiritur. T T ‘ SR e -7

cos ¢ deflinitur, tum vero acclpl dt,])ﬁt §u==

, (LEXE".) ';-_\‘ .':“'5"' (DL :‘\‘-'J-:; S R R
. s

. 5. At sl curva desideretur algebraica, cujus rectificatio a dala quadratura pendeat, solutio, ita

poterit:
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Donatur da® - dy* —ds*, ila ui jam s mon debeal esse guantitas alpebraica, ac statoatur dy = ndz, erilque

ds == dx’}/ (1 4= na), inlegralia vero slaluantur y ==& —+-p et s = «V/{1 3-nn) 4 ¢, alque habehimus zdn —+dp =0

nxdn dp dg V(1 -~ nn) . V(i —-nn) __ dp Loy
— - — — T e T 1nc _ lb
el oo nm dg=0, unde fil = in -—-——» hincque porro - 2 OE° obtinebimus
USSR S—S VAt —t—nn):——i]p.—-—- Ono valore ipsius # invenlo pro curva guacsita colligimus
' V{apr — dg*) T Vap? —dg%) ' E
dp : o, ndp pdn — ndp dp (1 - nn) e
— X — e e = R . Sl i A S I
&£ dn’ Yy=nL-p== e -1 p an el 8 in g

6. 1lic ergo g non

debet esse quantitas algebraica, sed tamen cjusmodi, ul quantiias d—z fiat quantilas al-

gebraica. Ad hoc praestandum sit /Pdp quadratura illa, a qua rectificatio pendere debet, ita ut summa Pdp

. . s d .
non sit quantilas algebraica, ac ponatur g =/ Pdp, vnde tamen fiet E%;P’ hine antem fit = =

1 : .
(1 _I“?m):ﬁi_—ﬁ_)’

quae sunt quantilates alg

r
YA = PP el

el nunc curva quacsita his formulis definilur

3
_ ap(a—PP)?

==

R . (1 — PP
dp - :

7
apP 1

cbraicae; at vero arcus curvae prodit

_ ap(i— PP
—_—— —EP——-—l—chlp.

Y. Haec solutio adbuc generalior reddi potest; sumia enim pro I' funclione quacungue algebraica ipsius

p, &i capialur g=T+ f Pdp, tum E;% ac proplerea eliam u fiet quantifas algebraica, ac proinde efiam x et v,
. ap¥ (1 - . \
at vero pro arcu habebitur s=— ;’l(—dniin) + T 4/ Pdp.

8. Al solutio adhuc

gencralior reddi polest, si pro v accipiaiur funclio quaecunque algebraica ipsius p;

tum vero ¥ ejusmodi 'functionem algebraicam ipsius ¢ denotet, ut /Vdv quadraturam praescriplam involvat;

problemati enim satisfiet
9. Si insuper haec

vel duos, vel tres, vel

ponendo g =T~/ Vv ‘
conditio adjiciatur, ut non obstante, quod curva non git reclificabilis, tamen unum,

quotcnngue volueris babeat arcus absolute rectificabiles. Hic scilicet fotum negotium

© bue redit, vl in postrema solutione f Vdv cerlis casibus evanescat, seul exhiberi debet ejusmodi curva alge-

‘hraica, cujus area in genere sit f Vdy, gunae tamen cerlis_casihus. t_&vanescat.:

10. OQuadratura proposiia est area cerlae abscissae respondens, ac pro ahscissa = z designetur area per

H:z,itauntsit II:z = [Zdz siquidem Z applicatam dengtet. Aream autern ita definiri p;)namus, ut sit I: 0 =0.

Quodsi jam area desideretur, quae casibus p = o, p=F, p=:y cvanescat, tanium capiatur Z=(p—a} (p— ) (p—7h

quocirca in solntione superiori postrema sumalur pe=(p — o) (p — ) (p—7) ele. vel generalius

dy sin y = dr cos & sin vy,

po=(p — o} (p— P ip—7) cle P;

tum enim sumta pro V tali funclione ipsing ¢, ut-proposita guadratura obtjpeatur, tum curva ibi descripta ab-
* solute erit rectificabilis icasibus p —a, p— ff,p =7, ele. ' - ,

Tis exposilis aggrediamur simili ratione problema nostrom principale, quo debet esse da?sin?y ~— dy* = dr?,
ubi lilterae. m, y et r suni arcus circulares, quorum sinus cosinusve demum fiunt quantitates a]éehraicae. Nune
auicm analysis nostra ordinem retrogradum Leneat. Incipiomus igilur a positione dg sin y==dr sin & et dy=dr cos ©;

quia sutem non y, sed siny vel cosy debet esse quantitas algebraica, posteriorem aequationem Ha referamns:

et integrale debel esse algebraicum. ‘Quod’ ut fieri possit slatuamus

05 ¢ 6in y ==p cos r ~+ ¢ sin 7,
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ut-git oo, nh ‘ © " dy siny =pdr cos r ~t-gdr sin'r

i

enjus integrale ponamus p sin r— g cos ¥ = — cos y, aut cosy==gcosr — psinr, esseque debeal

. ‘ ) ' dg : :
sint.dp—cosr.dg==0 sen tangr.—:d—ﬁ- et

Deinde ob cosy inventum'etiam sin y innotescit, unde ex facta hypothesi cos o sin y = p e0s r =4~ g sin» obfinemnir

cos r——gsinr

Co5 w — {—-—L
siny

unde pulchre sequitur

’ cos 0 sin + — &in 0 cos r cos P . 3

CO5 0} — -
siny

deinde efiam cleganter consentit valor
| a a8 sin 0
tang J“:—q-—' SN0

prorsus etiam ut supra.) -

+ (51 haec cum superieribus comparentur, videmus esse g—cosf, p=— — sin{ cosyy,

dp ™ d(sind cosy) . . Lo

Videamus nunc etiam quomodo pro altera parte dz rafiocinium prosequi debeat: Erat amtem

dr sin o

dr siny=drsinw, unde it dr— — 3 ‘
. N siny 7 - TR S

at jam invenimus

. . . ) . cos -+ g 3in 7
0§ y == geosr — psinr et siny ==V (1 4 2pgsinreosr — ggcos®r — ppsin®) el cos o = e S

sin :
; 1 —pp— ' a . . . .
unde sin @ — w) atque dz==—— . (Consulamus iterum primam solutionem , ubi -erat
q p
siny Y1 —pp — qa) O - B
. dé . . .
0z = df 4~ dyp eritque dp :_tnng v,usinﬂ; jam auiem invenimns ' - - .

1?=—5iﬂ3§05%”: g==cos0, 'sir_nl?‘zV(l — 1) dﬁ:"‘y@ﬁ g‘;; :

‘ e o (oo
? Si“%b:w; tang-vib:—M,

COY) =— — —r o
Y=V a7 Yl — ) P h

consequenter ‘ ' '
A pdy
dop — s

‘ YT U=V~ = g
quo valore substituto colligitur _ _ . o
dE —dx — dp — 1 ( ‘pdg  dgddp ) _ 1 (zﬂdqﬂ —+ pdpilg — dgddp + qqdq-ddp)
o ?=va —pp—gi) \1 —qq  dg*-+~ap* Yl —pp—q9) (1 — qq) (dg® -+ dp*)

quod novimus esse differentiole arcus & cujus colpngens est

dp
_&E“ — q9) 4+ pg

TVl —m—a

Quarum formularum evelutio nimis est difficilis )

drsine e .
Avrun TENTAMEN. Quum esse debeat dx:=— iy ponamus dx == dt 4-dp, erilque
E=—d & dr sin @ o
SRl — 0=y y P

ubi £ el ¢ sunt eliam arcus, gquare dividatur ‘per sin¢, ut habeatur
: . dé  drsine ap
sin?f T siny sin®€  siuZf ’

quod ergo iniegrabile esse debet. In hun¢ finem staivatur
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sin o ot
i —— L E—— ian’
§ln & BIO=G sin=r
abi # non involvat r, simulque integrale fingatur — cot £ == — weolr—+1; wnde differentiando fil
& . i I d
,(&u&: ',w — du oty 4-di = f“ —_ _ﬁ%:—t,
ging sin?r Blu T sin?s
cosr — fsine -
t C0S 51 , ],]].]'IC

. . dp .. | .o . _
sicque eril ducoly—dl= ek Ex quo colligitur dg == (dwcolr — di) sin®§, quia col = Y

ﬂ.cOS‘."-—tSll’l?‘

. sin 1 .
N — cO8 ::
: 7 (sin®r + (u cos T — 1 5in 7')2)’ 5 ¥ {in®r + ( cos r — 1sin ) )
sin @ —
—_ ™, ubi Joco &in £ valorem substituendo

Jam Vero posucramus ——
a P sin y slu?é sm21

§in & (uw cO8™r — 4w gin r cos -+ (1 -+ 1) sin*r)==wu sy

' 1/ i — p—
at vero praecedens operatio prachuerat sin & == _(-—STT—J—Q—[‘Q qui valor suhsututns dat

(e cos®r — 2t giny cos r ~ (1 - 1) sin*r} (1 — pp — gq) = usin’y = (1424 gin r cos r — pp sinr — gq cos?r)

g et 1, u debel definiri, ubi imprimis notasse juvabit, has quantilaies p, 4, 1, %

ex qua aequatione relatio inler p,

olvere debere; unde sequitur aequationem iflam- aeque subsislere, sive ponal,ur r=0, sive

#==90° Al positio r==0 dat wV (1 — pp — gq) =u (I — qq) et u_—_‘—/u——h—j!;g_—gﬁ: altera positio r=90°

quae in illam ducla dat

angulum + non iny

pracbet, (1 -+ ) V(1 —gp — ggh="u (1 — p);
(1416 (1 — pp — g) = (1 — pp) 1 — 99)

IR S

Vi —pp— a9

conditionibus problematis est satisfactum, praetergquam

1=

unde

Sieque t et w definimus per p et ¢, atgue jam omnibus
~ guod adbuc valor anguli ¢ debet delerminari. Verum supra invenimus

dp = {du cotr -— dI) sin*£.

At cum sit _
) cot £= - :i:rt = = (ti-n_rq‘jg)( TS—T 1-7:) Ij—q— z:ll)r
du — pip (1 — g9 =qig (=A== 2pp-t-an) o
(1 —pp~— a0t
g 2 — qp) — pdg (1 ~ )
| A —pp— qg)%

) . dg dy
ractérea 6 = e —— t cotr—— T
p ca esl sin ¢ VP - ) et cotr=2o > ent ergo

i cot ?__ & i (4 — aq) — 2qgdpdg ( — pp — a0) - pdg® (1 — pp)

dg (1 — op — qq)z

In superjori tentamine omnia manent usque ad valorem ipsius ¢, qui cum 1nven1.us sit ex aequauone quadra-

‘F’(T—i_qp——_qq_)’ unde statim prodit
(p eot?r (1 — a7) — qcutr (1 —2pp — qg)-—l—q cotr(l — gq)—-p (1 ~ pp))

tica, sumi debet t—= —

duy col r — dl:=dg .
A —pp— qq)l

.. quae posite dp == dgcolr abit in
col2r {1 — gg)—4=-2pgooly-t-p - pp))

) 3
(1 —pp —qi}?

s du col r — di = pdg (p
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1 - cotfr+pq
Cum vero cotE =ucolr—1:= L?(i_qi)pp —a

B ewtniheetih ii‘fnzﬁ_‘_. U Doy o e e tuie L “"‘:'*"-j-'}”i}"{irfi
1-— gg) (1 — pp—+ 2pg colr -1~ (1 — q9) col"r) : .
unde denique fit B — R R
o . i d . ’ plg . ‘ . L
o T Ty T 1/('1 —pp—-fm oo e

Ubi commode usu venit, ut so]um dlﬂ'erentm]e dg hic 1ns1[ alterum vero dp una cum tangenie r ex calg

excesserit; hane ob rem non D per g 1ta de[imamus ut haec formu]a ad arcum mrcuh reducatur, sed P i

\

CLepn

dp drp i i
o -~ erit quantitas a]ﬂebralca et vocetur — =3 at ue'ex ae uatmne § ="
tum igitur 2 erit qu aq : q fl (i 7 T P—— qq)
. . TR TPt R SLITEL Ll SRR - S WLt pp
minemus quantilatern p; quia enim V(’l pp qq) ‘._'_—S ,({:',&'Q) erit 1 p— = s—s (1 qq)“" unde rep
potesl p el sequens solatio complela concluditur: - mona a a
’ . . , . di X
" .. 1. Copstitutx relatione-quacun ue"iﬂ' ehl‘mcﬂ—'ln'l'er'.sm —et- gy~ positogue- L e quaeralur-quAT S
_ . 1! qt 1q g 1n-¢—ete gy p i q quantiiyyg
R ,p . '
uatione V(1 = =
T “ex T geq” { PP qq) = s(’l—qq) | N
LS L N v d : o I
2 Invenla hac quanhtam p sumatur tanﬂr_d;, atque hmc porro, e
R P R M- L
U= Ly T e e T e gy (i), o i
Yl —pp— 1)’ ¥(1 — qsz) S'q (F—q0) .

3. Deinde quaeratur arcus y, vt &t €08 ¥ = g cos r —psinr.

%, Hinc porro angulus £, ut sit’cot &;ucét'f —1, quo angulo invento habebimus w—_-§+¢:, sied

7 I'Jroblema expedxle est solutum' L P P
NB Hic autem etiamnune desideratur-erilerinm; gx. quo. pateat -in- formula dgp_ (du «cot:r— df) sin®
{itatem cotr ex calculo tolli; in hoc ipso enim:vis methodi, cunmsht ut r ex calculo excedat, propterea quo

tang 7 per dp et dg delerminatur. Ad hoc ergo Crl[erlum ob
- ‘Jm col 7+ g col 2r : :

requiritur, ut ostendatur ex espressione - n C ot Do ruyohu g
- . du cobri— dt
dop == -
Y cotzr — Qtu coL'r—l— i -t

cot r involvet, sed quo,modo? Sapra invenimus ”V(l —pp g =1—ygg, 1+ ”) (i _'*PP
'1+t£‘ % ( '1--?713) (1+“) (i—ﬁ"?) ’

! i

M_ﬂi“_i)

A+ Vit —mp—g)=ul—=rpp)> — T o m PP: = 1— =
1—g9p—qq =it qq:: = u_Hm)v 1-—.*—,1!1 -_~ .qq (L—-,I— e vy == 1 — 2qg+ 7, unde pro determmando
hi‘-l-"?r‘gmr haec‘qa‘equal,io e e : ] T 11 [T AN

7' —qq (‘[ g uuj tt

‘ L

Unde patet praeslare loco ¢ et u valores per p et ¢ m[roducere, uh femmus, ubi : ob dp——dg cot7

prodidit erilerivm, quiesitum,. -~ o e e T e e T

tdyg B '

: i dignum est 'u.d rodest dop == — — = .
Notatu etiam dig » quod prodest dp 70 — )

> ubi jam neque p neque u inesl {ti}! U},,_{,

latione c;—?;—::: s habealur == —sq {1 — ¢g)



