1 '7“ | f
“W‘rlw o | . ,,;,33 5 3 3‘_3 _,,( gqg‘,..
i | L
"Ji 1 - FORMVLIS EXPONENTIALIBVS REPLICATIS
Ii i | r
.;: |hi!{ | An & o e R .
i - . " L EVLERO - I
V ! >!|r' ‘ . BT e .
U
il
i
\.
il
: w r .mcxPonentlales repli=
| 3 1 andoqmdem quaehbet poteﬂas abit in exponentem
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i L ari \ 3., etam vis, lllarmn inue-~
; il dibili fagacxtate erutaram neuthuam clare
i - percipi et cognofm poteft ; -hanc.ob rem haud inutile erit, hoc -
* , , loco praempuas pr oprletates tahum exp1 eflienum. exphcare
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- nens fecundae po1eﬂ-atls r=r% quam porm deﬁgnemus lit-:
A tera o, quae cum fit EXPONENs ternae poteftatis, ftatiamus fi-
4l | | mili modo #Y=¢&; tum vero porro ¥i=e; £ =7 etc. ita vt hoc.
4; ! modo totum negotwm reducatur ad confiderationem progres—
i , fioni
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fern {uperet, 1ﬁa' augmentatlo cont1ng1t, 1.d
i1 offendiffe fuﬁimet, quo famatur # —V 2, vbhi
mo eXpoﬁenu ¢ iam maiorem valorem tribuamus
V2. Sit {cilicet =2 ac  prodibit B== 2, hincque porro
2, ficgue deinceps omnes termini noftrae progreflionis nul~
ugmentanonem accipiunt, damfomnes binario acguales
~ Quin etiam idem phocmomcnon locom habebit, {i
mo exponenti o adhuc maiorem valorem tribuamus, fcili~
a__4~, tom emm prodlblt ﬁ___q. et fy 4 ncque vlla vi-

bltur,
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bitnr, veluti fi {umatur ¢ — 6, tum reperietir f—=28; hincque
porIo y=16; § =256, fequentes Vero ob fummam magni-
tndinem vix et 08 Vix quidem exprimere licebit.

'§. 5. Cnm igitnr cafo 5=V 2, incipiendo &b a==0, au~.
gmentatio terminorum non vltra modicam grantitatem excre-
fcat, cum fumpto #=—2 ea quafi fubito in infinimm dilatetur,
maxime fine dubio operag-erit prefivm limitem affignare, vbi
ifta angmentatio incipiat; guem ante guam ex pringipiis Ana-
Iyticis definiamus, hand abs re erit, cafiis quosdam intra Jimites,
Y 2 et 2 examini fubiicers, id quod facili negotio per logarith-
mos cxycii‘ii'.b 11ceb1t Lnm enim it p—=r% erit == elr et
HE=—1 w4 r; fmilique modo erit 11y —I3-+ Hr, tom ve-
50118 =¥y 117 et ita PoIro. Hoc igitur modo examine-
sins cafium, quo r=—7} ynde fit S ’

Jr=o,1760013 et 11¥r—9,24575499
et quia, nofiram,feriem a cyphra incipiendo, flatim perd enimmns
ad terminum %, incipfamus a pofitione =} et calculus fequen-

i modo goncinne abfoluemii, .
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1, 5060
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.]-';O!-.._"isﬁ.‘;i‘j*ts*é; E3. hincqng o
=, 2457379
JB=9,4218292
j=f3:0,254.1 a0 hincque 3——71,837%
Hr==9,2457379 “
Hly=9,5098749
I —0,3235004 Hincque y==2,1062
Jlr=29,2457379 -
11§ =9,5692383
I5—o0,5708841 hincque d—2,3490
Alr—9,2457379
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«115:9,6166220
e 4::3:6“""6 hificque =2, 5920

il{-'"9,6593775
" 17—o0,4564335 hincque _-,860+
A1r—9,2457379
lin=g,7021714

. dm=o0, 5036993 hincque 'vi_s,r893
.IJ r—=29, 2457379

=g, 7+9+372

lh—o, 561614.0 .hmcqm ﬁ*— 3, 644.3 -

v 6.6 Hic ergo termini noftrae progreffionis &, 3, -y,c? etc.
tam lente increfcunt , vt dubitare queamus, an non ad certum
nendam limitem conuergant; verum quia poftremae differen-
& manifello ificrefcunt , necefle eft , vt ipfi termini tandem
ontinno vitra crefcait, vnde concludére licet , limitem ,
em quaerlmus , infra i fubfiftere. Examinemus £rgo fimili
modo_cafum r==%, atque incipiendo ab &=} calculus fequenti
mnd procedet

i g0, 1249587 hincque a—1,3333

er—*g, 0966972

11{3_—9, 2216359

" IB—=o, 1665850 hincque 3= I,4.675
llr—9,0066972

dly=—9,2632822

Iy—o0,1833505 hincque y=—1, 5252
. Hr—o9,0066972 . '
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1id—0,5800477

l, \ _ | J§ —o,1905690 hincque 5,__,’.!:,55%33
| JIr—g,0066972 ATV
l/sw9,287264.z )

/e —o, 1937600 hincque E_.._I 5622
- 1lr=y9, 0966972

W -+ '

| 5 ‘ | ‘ U{ 9,2904572 ' T
1 _

1{==0,1951 808 hincque {— 1, 5674.
Hic iam differentiae manifefto continuo decrefcunt; vnde fatis

3 ___tuto concludere licet, terminos noftrae _progreﬁioms non vitra
| ‘ certam quantitatem auctum irl.  ‘Quoniam- antem fufpicari
1 poffemus etiam hoc cafit differentias iterum augeri , foluno fe-
] . quentls pwblema.tls omnem toIlet dubltationem :

il Ifzmy"zgare limiiem , quem szui’ac mdzx r japerare mcepe-
I vity termini ﬂqﬂme _progreﬂ oms a, ;3, fy, 5 erc m mﬁmrum ,ex- :
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Solutxo.

i
- . - § 5. Quaen ergo oportet maximum valorem radicis #,
: r . ' . pro quo termini noftrae {eriei non in infinitum augeantur, fed
a#{ ! , ' verfus certum quendam limitem finitum conuergant.. Denotet
s 1 - igitur @ terminum infinitefimum noftrae progreflionis, qui

! cum iam limitem quaefitum amgent necefle eft, vt ter-

: .;_) . minus ipfum fequens , qui eft #*, illi fit aequalis, ita vt habea-

1 ' mus hanc aequationem : #*—u; vnde maximum valorem ,

quem littera r attingere poteft , deﬁnm ‘oportet.

exit /r—=12, fiue et1am r=—w" Ma}umus igitur valor mue{hga-

: J : ‘ §. 8.. Cum igitur I'umptls logarithmis fiat w/# =/, hmc
\




mdc 111te111g1tur ) quod fompto tam
:_‘_""\"'haec fra®io vtioque cafi cuanefcat.
 FHhinc erg caftm ‘Maximi inveniendum , differentiale
" lauxué*'“ﬁ‘a&101115 nibilo aequetur; quem in finem dcnotet lo
Jogarithmum hyperbolicum ipfius w, vt eius differentiale ftatui
__Ipoﬁit g, ficque peluemetur ad hanc aequationem /w=1; vn-

fi ¢ defignet nomerum, cuius logarithmus hyperbolicus — x,

"'quem nouimus effe 2,718281828, erit Jr—%, ideoque r= £°.
§ g. Hoc modo igm d1d1c11nus,, quoties radix # maior

"acc1p1atur hoc valore invento £°, toties progreﬂionem noftram
ey o, Vs O, E6te. in. infinitum augen -debere; contra auntem fi
radix # intraiftum valorem {ubfiftat, - tum nof’cram {eriem per-
- pﬁt‘q’l?o" ad ceitim quendam limitern conuergere, qu1 adeo limes

I

p.rp' .pro cafit inuento r=¢° erit w =g, cuius veufas viciffim

inc patet, q'ﬁod hoc modo fiat terminus fequens e‘?: e. Hic
ud inutile erit obfernare, denotante x numerum quemcui-
que diuerfum : ab e ﬁue maiorem fine m-inorem, fsmpar fore

1.

€ que 1ogar1thm15 commumbus fumendls Z e hmcque
0.1/ z*—ll x—1 X, vode Valor ipfius » quouis cafii facillime .

!E
'h.‘ZZQ : X—23 X—4 - b gy ¥x—6
, 30IC300 0,4771213)0,6020600/0, 6989700} 0,7781513

',70,‘-150515-0 0,.1500404
2l 1,41421 lI:H225

P

0, I50515010,1397940
I,41421 |1937972
F 2 “ Pa-

0, 12969010
I,34800
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Patet hic valores ipfins 2, dum x vitra limitem =g aygstur.,
contmuo demefcere et tandem ad vnitatem conuergere , tum,

' vero hmc etiam liquet , maximum valorem 1pﬁuu z inter po-

ﬁnones ¥x—z2 et x= 3 incidere , 1ta vt s certe major fit
quam 1, 44225,
" §. 10. Quaeramus igitur hune ipfum maximumn “valorem
ipfins z ex cafu x——¢—2, 718281828 et quoniam eft
llz—1l¢—I¢, calculus ita fe habebit
ob / 3—0,4342944

erit 1/6—9,6377842

hinc fubtr le= o, 4342544

fitllz—o0,2034898
et [2——0, 1597670 tandem z——1, 4,4467
qui ergo valor prommc eft z —13.
§. x3. Siquis iftum valorem ma}nmum ipfius ¢ accura-

- tius defiderauerit, quam vt tabulae 10ga11t11m1cae vulgares ei,

fufficiant, is eunden ope {feriel maxime C0n11612611t18 €OImIo-
diffime obtinere poterit ; cum enim fit

=1y lx o x g —-1—etc
£rit valor quaefitus

e‘?:I—i—e-—!—m—l—

pro qua ferie fingulae poteftates reciprocae ipfius e pafim ad
plures figuras decimales euoluti reperiuntur.

\

R —-‘I— etc.
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§. 12. Quodfi ergo pro r accipiatur numerus quicunque
minor quam valor modo inuentus 1, 4447, tum feries inde re-
fultans a, B, Vo J,¢ etc. certe ad quendam limitem finitum -
conuerget, qu1, & dicatur =@, ita definietur vt fit =0, ideo-

que r—QP. Ex praecedentibus autem patet femper binos dari
valores ipfius @ ; vnde eadem radix r oriri queat, quemad-
modum in caﬁbus fupra euolutis valores x——2 et x—=4 eun-

dem




;-..dem valorem pLo z. produxerunt, atque hi duo valores ipfius
D g0 :magisia e jnuicem dlfcrepabunt, quo magis radix as-
Aumpta 7-a Hmite-inuento 1, 4447 differat, fiquidem in ipfo li-
rifte ambs alots in vaim codlefennt: His. 1g1mr valoribus in-
wmcndm fcquens problema deﬁmamns |

Problema. - - - -
Sz pro mdzce r accipiaruy numerys gmczmque minor quam

‘?zmex Inuentus e"— I, 4445, inugfligare 5mo.r illos’ &zvalore‘ ad

oy progreffio nofira ¢, (3, vy, 0 etc. caﬂuergere pozeﬁ, Sfiue quae-
gere duplicem valorem ipfius ®, v euadas 1= O ; vbi tamen 0b-

,_/E:marz neceffe eft, valovem radicis ¥ wnitate maiorem accipi
debere, quandoquidem valores rvmmte minores pemharm expli-

3

:arzanem pq/z‘ulam. S
SA e Solutlo. ’

§. 13. Hic primo haud parum aliéenum videbitur, quod‘
_talis acquatio +?—=0 duas inuoluat radices reales, quotiescun-

1

éue ¢ intra limites r et ¢°.continetur, neque Analyfis vilam
methodum -certam prae{'cr1b1t hos . ditos . yalores inueniendij
“{pmoniam autem iam certo nouimus duos dari humsmodx valo-
xés., defignemus. alterum littera W, fta ve etiam fit =

.whincigitar ; eliminando litteram 7, 1m§etrab1mus ‘hanc aeqﬂa-
tionem inter Pety: 12— IT;:E )
.o §.,14. lam ad hanc acquationem refoluendan: ponamus

Up @, vt fit Iy —=Ip—+1, vnde faita fabflitutione reperi-

e ICD*-—?—L; tum vero O= pi’“" ; at alter valor iam erit

= P' y q‘{ll ergo i genere exprimunt binos valores quae-
ALt s."”

§. 15. Sumpto ergo pro [ubita numero p, inde colliguntur
,inm exponentes quaefiti @ et \; ipfa vero radix propofita # ita
F 3 | per
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per p exprimetur , - vt ﬁt / r-_Ti_. Hinc autem viciffim
ex data radice r numerus p aliter colligi nequit, nifi approxi-
mando ; quem in finem notafle imuabit , £ fuerit p—1, hoc
cafu bini exponentes @ et U euadere aequales inter fe atque
adeo ipfi numero ¢, cuiws logarithmus hyperbolicus —1 ;
quod quo clarius appareat, ponamus p=r +w, exiftente w infi-

I

‘hite paruo, qritqu_e P={( 14 u ) ideoque /P= H(x4w). Quia

igitur eft /{ T +w)=—uw, erit/Q=1 ideoque P—¢; tum vero
erit Jr—¢ ideoque r—¢°; qui eft ipfe limes pro radice r fupra
inuentus ; hoc ergo cafu bini valores O et s inter fe conue-~
ninnt. T :

§. 16. Pro reliquis antem cafibus, quibusr minorem
fortitur valorem, bini ifti valores continuo magis a fe innicem

“difcrepabunt. Ita fi capiamus p=2, vt fiat W=2, prodibit

D=2 et Y—4, tum Vero porro ¥ =V 2, qui eft ipfe cafuis,
quem fupra fufius evoluimus , quandoguidem hinc manifefto
fie {(V2i=2 et (V 2)"= 4. Sin aitem fiimamus p—3; fiet =13
et =37 g, qui ergo bini valores locum habent pro
S -l 1
lr— ﬁ-"; ; ipfa ergo radix erit = §>7 7 Tales autem exprefﬁq;
nes , vbi exponentes funt irrationales, inter quantitates inter-
fcendentes referri folent., ' AR
§.17. Vt igitur hoc incommodum euiterius, ponamus
p—=1-3, denotante .,z numernm quantumuis magnum ,
. (n~4-1) (-1 )+ .
eritque O — et = RT3 tum vero erit
I L = : . | _
{r— TRy ! pra vnde ipfe valor ipfins » haid commo-

de referri poteft. Pro cafibus autem fpecialibus hi valores ita
fe habebunt '

1. Si




s tumfvero #2V 2, vt fupra

e
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113, Hd¢oque

e Ty at r= Yo
it P=gret W= tum veroerit / e b
58X N y "

(£77 hinc enim fit 7P=% — etV =7 —

h—E"?'.'u—-_ "I T -

£y i bz —F125 . Jy7 Al — 624 75
P: — g €6 W hine vero erit Jp—— %242
0&.4":-. B . Fd - .

—5 g — i5ag =

1.7 hinc autem fiet #9—=3 = O et r=inoyy,

Problemuatis;”

KTy, it y =,
micas:,eL . pro initio ¥ = o fiet.
=1 ;.tum vero, fumpta abfciffa AC=1,
2D —r guae ergo exhibeat noftram radicem # ;
re-abfciflae wmobls “dabunt exponentes poteftatum 7%, ap-
tag vero .y exhibe t:ipfas poteftates. Jam ex initio A
; . qum. axe faciens angulum f{emire-
Hdc modo pro pundto ('efit abfciffa AP=(
PP Sifmit modo pro-altera-interfectione -
bfcifla erit AT fimulque T U= —. '

" Ab initio igitur ifta curna fipra rectam A Q ver-
bitur'a piihcto B vsque 2d Q ;. at vero a pun&o Q vsque ad |
urua infra iftam reftam cadit, a terming autem U vite-
us continuata in regionem fuperiorem in Infinitum vsque

det.~ Hinc intelligitur, quamdiu abftiffa # minor fuerit -

am @, tum applicatam ¥ — #*"fore maiorem quam x ideo-
ue ad limitem P Q propius accedere, doec fumpto x— AP .
=P etiam fiet y—+% =@. Quando autem fuperat ), ita
‘ ta-

i

deferibatug., spror Tab. I

.

g, I,
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tamen vt minor fit quam W, tum applicata ¥ erit minor quam
x* idc_:o'que propius ad teyminum ¢ accedet ; hocqne eueniet ,
gnamdiu abfcifia & minor fuerit guam = fumpto autem
y— [ etiam fiet y = . Denique vero §i capiatur x > \/, tum
manifefto applicata y maior erit quam x, jdeoqué magis a ter-

mino \p recedet atque adeo tandem in infinitum elongabitur.
§. 20, Hic igitur fingulare Phoenomenon fe offert, in hoc
confiftens, quod, quam diu abfciffa x minor accipitur termino
maiore ', tum applicatay feinper propius ad terminum mi-
porem @ accedat quam X, hocque eueniet quamdin fuerit
x <, et pon nifi in ipfo hoc altero termino x == W, applicata
quoqueiﬁetv- ya=p, Statim enim atque abfcifla ¥ vel mini-

* mum difcrepat a \, applicata .y adhac magis a.\p diftrepabit..

§. 21. Bini igitur ~valores fupra affignati O et \P in hoc
effentialiter a fe inuicem differunt, qiiod § x five maior fine mi-
nor capiatur quam ¢, tum y propius ad @ accedat ;. € ntrarinm
autem guenit in altcro termino quippé a quo, ‘ftatim atque
S fcaerie; ctiam y-adhiic maglé dcedie

f §aer Qo tioe firmmam’ difefeh clarins -appareat 5
confidereimiis cafum ,” quo e, Pzeet W4 atque
jamn fatis liquet , fi progreflionis nbfirae pumeroruni e, B, vs
J etc, primus ferminus o accipiatur min0r quamd 2., fnm
fequentes B v, 0 Etc. continuo propius-ad 2 efle acceffuiros;

quandt)quidem; fumpto o —2 ;0Mmnes Heguentes: eundem valo~

rem recipient. Sumamus igituf_a = 2, attarmnen minus guar
ot AT L - . v, .3 " L. o . Y

4 et quaerammus fequentes ‘ferminos B, iy, 9, Ste. X formula
11g==la-t-1]r pro qua A

Jr=r0,1505150 ¢t [Ir=9,1775798.
quem in finem fribuamus primo termine . valorem §, vpote
medium inter binos limites 2 et 4 et calculus fequenti modo
fehabebit. -,

ad
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’yﬁpa"ﬁ29124—9 = r-ﬂ'.--ﬁ DT TDe
iz {25209 luncque -yr___._, 5,; .’ »

o 4.0;'14.4.2 : 111ncque 6‘ = 2, 5T
TE “‘--Hé.”f- 3” S e

1
T

( ,‘*’379074,0 hmcque 5—2, 3937

,.....,._

-
P

VL e taein e g e 42

la—o,6000 729 hulcque o —'—t’s’“,fg;go
llr=9, 17%5798 EERRI e
1-1'629,7785527 : NSRRI, |

ff3__o 600554.8 hincque ;3_.3,93'6£
lr—y, 1775798 -,

.N'V 9,7781346

lfy_o 5999770 hmcque'y §,9808
~ lr=9,3795798 .. - e
4fta dcad, Imp. §¢. Tom. 1. P. T, G

atet 1ftos terminos contmuo m@gw ‘ad 11m1tem 2

' ,_3_ Ne qms au;: amipatet. hoc .aliter reﬂ'eueﬁeﬁturum s
ipfig.¥a Um tanfym a 4. d1f'crc1mns trxbuatur " ‘enolua-
18 ¢ 99 et calcnlus feqpenn I odt) fe. 11a’oeb1t

118




efis ) e FEe

”5‘._,5 n‘?»‘7575563 SRR o .,.;;.;_M.l veshe
18=—=0,5991792 111ncque‘5‘-__3,973; |
llr—9,1775798 e -
1e=0, 16759 000 (17 X

le=—=0,5980795 111n¢ques_3,96~35

i oy e

Hic ergo quoque euidens eft, telq}ums @, W Y.
magis a limite W —4 recedere_et- conmmemmagls :

I S

r\.ﬂhw" n; 0

¥
l1m1tem QDﬂ'E?bppropmqﬁare‘” ¥
§ 24 Interim tamen manifeftum e[’c ¥ ﬁatuatur exade
¢—=4., tumomnes fequentes termings. pror’fus cundem valo-
rem’ eﬁ'e retenturos ; fatim. vero ; ac lietera o vel tantillom fu-

Llade

Perallellt limitem - 4 5 fequentes téumngs co€11t111u9 magis eum
efle {uperaturos , quemadmodum . i”equens calcu,lus, fumendo

=4, OI oﬁendct ’
la.:o, 6081444 Jdeoque a__4.,0100
774 — -E,_,; a

.. l-"lf___,
‘-‘liﬂr'&»l-ﬁr_ g

lg= 9,780"7242
L J,ﬁ“—*o B g5h52 Jhmcque@ 4.,0138

Hr=—p, 775798, R
1y =9,7811450

Iy—o, 6041502 hmcquefy 430293 .
Hr—g,1775798 . o
115_9,7817300

18 —o0, 6049645 11mcqueé‘ 4,0268
1lr—o9,1775798 f
118—9,7825443

le—o, 6061000 hmcque sm4.,037°
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5% uEem.g mﬁm}mﬁ’eﬁneccﬁ’e eﬂ hﬁ'msmm
di bmo hmltesfb et \p locum haberg uonu,poﬂ'e,, Difi: radix-r

\
It

\ }('ubﬁlteut ﬂatnn vero.ac + humc Yalorem fu~
it hilimites ﬁunt 1magmar11, atque; adeo’ haec ipfa
aria affj gnare licebit , cuiusmodi ,mue{hgatlones cum -
s ' mt tritac haud mutﬂe erit fequens pmblema

'

% :w—s‘!l,—y"l/—-r
;a aequatmne binas htteras x et Jf gerul opertct.{ i R

IR
T im_( A i LR o

yoniam conftat ‘ei};c o
Y e.:—xﬁné .

en‘tq e elgo 2= yl Ty ﬁcque habebimus

syt colylr—4-V —xfinylr

.,a"lnrc fobfituio aequatm ‘noftra eriF
.x:(_cof;}fﬂr+1/—-rﬁnylr) x-{—j“l/ S
Vnde cuifi part‘es reales et unagmarme inter fe feorﬁm aequam

debearit, ériuiitiic hac duaé aequationes: = -
"o |~ ks G 2
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o s A

e "‘vcof glr—=—x
ot m;ﬁn y b=y .
quaf“m 1?’91"“1Or pet Pl‘lorem mlfa praebet tang: y‘lr“"l 54

qua colligimus ¥= __-mg ooy ita vt €X° vaibrc 1pﬁus _y cogmto va-

101 1pﬁus x -affignari queat. syl M

165 28. PIO y auten muemeﬂdo pof’cerlo
4:a131&m:ru1 logaﬂtmm, qm abge Eol

rls aequatiogis
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